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Abstract. In the paper we present some conceptions of probability of fuzzy events, especially 
of intuitionistic fuzzy events and discuss them in one perspective and show the utility and 
helpfulness of using the probability calculus to a valuation of some economic situations. 

Section 1. Introduction. Probability of fuzzy events according to the idea of L.A. Zadeh. 
Section 2. Intuitionistic fuzzy sets of K. Atanassov. 
Section 3. Intuitionistic fuzzy event (IFE) and its probability according to the results of  

T. Gerstenkorn and J. Mańko. 
Section 4. Probability of IFE by using the theorems of decomposition and extension principle 

of D. Stoyanova. 
Section 5. Probability of IFE according to the ideas of E. Szmidt and J. Kacprzyk. 
Section 6. A large example showing utility and helpfulness of using a probability calculus to 
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I. INTRODUCTION 

 
In 1965 a fundamental paper of L. Zadeh was published initiating a large 

study of the so-called fuzzy sets. It is very difficult to imagine the origin of the 
idea and theory of the fuzzy set without numerous papers, preceding this theory, 
with considerations of mathematicians and logicians creating the bases of multi-
valued logic and widening the notion of the set of the Cantor type. Among these 
scholars one can always find such Polish names as e.g. J. Łukasiewicz 
(1920,1970), S.Leśniewski (1992), A.Tarski (1956, 1972-1974) and now their 
successors as e.g. T. Kubiński (1960; with his analysis of vague notion) and  

                                                 
* Professor, University of Łódź, Łódź-Poland, e-mail:tadger@math.uni.lodz.pl. 
**Ph.D., XXXI Secondary School of Łódź, ul. Kruczkowskiego 4, 93-236 Łódź, e-mail: 

matmamaster@o2.pl. 



Tadeusz Gerstenkorn, Jacek Mańko 60 

G. Malinowski of Łódź University (1993; with a known monograph on multi-
valued logic). Nowadays, the using of multi-valued logic is quite common and 
normal and the development of this science is stormy. However, the suppression 
of mental barriers was not easy and the process took a long time. 

 Over many years, Zadeh's theory was putting of some generalizations. One 
of those theories gaining every now and again a large interest is the theory of 
Krassimir Atanassov (1983, 1985, 1986,1999) with his conception of the so-
called intuitionistic fuzzy set (in other words: bifuzzy set). Our probabilistic 
problem will be considered in connection with this idea. 

 
 

II. INTUITIONISTIC FUZZY SETS 
 
Let X Ø be an arbitrary set in common sense, treated as a space of 

consideration. By an intuitionistic fuzzy set A in X we mean an object 
(Atanassov, 1986) of the form 
 
  }:))(),(,{( XxxxxA AA   ,  (1) 

 
where 
 μA , νA , X →[0,1], μA – function of membership (as in the theory of  
L. Zadeh), 
 νA – function of non-membership of an element x to the set A, while the 
condition 
 
  1)()(0  xx AA  .  (2) 

 
is fulfilled. 

The difference 
 
 πA(x) = 1 – μA(x) – νA(x)  (3) 
 

is called an intuitionistic index and the number πA(x) ]1,0[  is treated as 

a measure of a hesitancy (hesitancy margin) bounded with the appreciation of 
the degree of the membership or non-membership of an element x to the set. The 
family of all intuitionistic fuzzy sets in the space X will be denoted by IFS(X). 

  
Example 1 (Atanassov (1999)) 
Let X be a set of all states where governments are elected by voting. Let us 

assume that we know the rate of electors voting for a government in each state. 
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Let us denote this rate by μ(x). Let ν(x) =1 – μ(x). This number applies to the rate 
of electors voting against the government. The Zadeh's theory does not give any 
additional information at this moment. But in praxis, there always is a group of 
people not voting or giving invalid vote. There is 1 – μ(x) – ν(x) = π(x) of that 
people. In this manner we have constructed a set }:))(),(,{( Xxxxx  , 

where condition (2) is fulfilled. 
 
Example 2. Let us assume that we are interested in classification of 

a businessman from a group X of n men to the category of clever businessmen. 
Let μ(xi) (i = 1,2,...,n) denote a degree of belonging of that businessman to the 
clever ones (more exactly: our opinion of that situation), ν(xi) – a degree of non-
belonging, π(xi) – a degree of our hesitancy or lack of decision. Evidently, μ(xi) 
+ ν(xi) + π(xi) = 1. Let us now assume that μ(xi) =0.2, ν(xi) = 0.5, then π(xi) = 0.3. 
At some favourable circumstances, e.g. at a sudden boom, the maximal degree 
of classification of that man to the clever businessmen is the number μmax(xi)= 
μ(xi) + π(xi) = 0.5. But the situation can also be unfavourable and then μ(xi) =0.2 
νmaz(xi) = ν(xi) + π(xi) = 0.8. At these circumstances that businessman has barely 
perceptible chances of his classification to the clever men. Let us now assume 
that μ(xi) = ν(xi) = 0.5. In this case π(xi) =0; there is a complete lack of our 
hesitancy in classification. We can understand such situation that this 
businessman is very common, poor and nothing can change our opinion of him. 
Let us now assume quite extremely that μ(xi) = ν(xi) = 0, i.e. π(xi) = 1. This 
situation shows that depending on the inflow of information all it can occur and 
we are able easily to change our decision about the value of μ(xi) and ν(xi). 
Lastly, let us assume that μ(xi) = 0.5 and ν(xi) = 0.2 (i.e. π(xi) = 0.3). In this case 
μmax(xi)= μ(xi) + π(xi) =0.8 and νmaz(xi) = ν(xi) + π(xi) = 0.5. These values indicate 
that our businessman has the considerable chance to be recognized as the clever 
one. 

 The above example shows the significant part and meaning of π(x) in 
interpreting of a fuzzy set (a vague notion) and gives an easiness of manner of 
changing the values of μ(x) and ν(x) with coming of some information and 
evolution of knowledge of an investigator in the case of a concrete problem. 

 
 

III. PROBABILITY OF A FUZZY EVENT 
 
If in formula (1) functions μA and νA (therefore also πA) are measurable in  

a probability space (X,F,P) with a σ-algebra F of subsets of a set X and with  
a probability function P, then an intuitionistic fuzzy set A is called an event. The 
family of intuitionistic fuzzy events is denoted by IFM (X). 
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Definition (Gerstenkorn, Mańko, 2001) 
The number 

  
X

AA dxPxxAP )()](5.0)([)(
~    (4) 

 
is called probability of the event )(XIFMA . The so defined function fulfils 

the Kolmogorov's axioms and therefore all properties of the classical probability 
theory. If πA(x) = 0, formula (4) reduces to the known formula of probability of 
the fuzzy event proposed by Zadeh (1968). 

Let us now assume that X = {x1, x2, ..., xn} is a finite set, )(XIFMA  is an 

event and let be in X defined a probability function P = {p1, p2,..., pn}. Formula 
(4) takes in this case the form 

 

 



n

i
iiAiA pxxAP

1

)](5,0)([)(
~  . (5)  

 
Let us now consider a case of the classical probability using the notion of the 

cardinality (power) of the set. 
We call the number 

 card A = 



n

i
iAiA xx

1

)](5,0)([   (6) 

 
the cardinality (power) of the set )(XIFMA . 

This formula is a natural generalization of the formula for the power of  
a fuzzy set given by de Luca and Termini (1972) and modified to the formula 
given by us in 2000. 

Let us now suppose that the probability distribution in the set X is P ={1/n, 
1/n,..., 1/n}, i.e. each elementary event has the same probability 1/n. Then, 
following our paper of 2000, we propose for the probability of the event 

)(XIFMA  the number defined by 

 

 P
~

(A)= 
cardX

cardA 



n

i
iAiA xx

1

)](5,0)([ 
n

1
. (7)  

 
This expression is a special case of formula (5) and presents the classical 

Laplace's probability transferred on the ground of intuitionistic fuzzy events. 
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Example 3. Let X = {x1, x2, ...,x5} be a set of five businessmen with good 
head for business. Let P({xi}) = 1/5 for i = 1,2,...,5. Let A= {(x, μA(x), πA(x)} be 
an intuitionistic set of the form A={(x1; 0.6, 0.1), (x2; 0.6, 0.3), (x3; 0.5, 0.2), (x4; 
0.8, 0.1), (x5; 0.2, 0.3). We randomly draw a good businessman. Then from (7) 

we have P
~

(A) = 0.64. 
 
 

IV. OTHER CONCEPTION OF PROBABILITY  
OF THE INTUITIONISTIC FUZZY EVENT 

 
We precede the considerations of this section by mentioning some important 

notions. 
For any intuitionistic sets A and B we have: 
 
 )))}(),((min)),(),((max;{( xxxxxBA BABA  , (8)  

 
 )))}(),((max)),(),((min;{( xxxxxBA BABA  , (9)  

 
 ))}(),(:{(' xxxA AA  . (10) 

 
As it is known, a crisp set },)(:{   xxA A  where ]1,0[  is called 

α-level set of A. This set is determined by the characteristic function 
 

 








.)(0

)(1





 xfor

xfor

A

A
A   (11)  

 
Using the operation of α-level, we can achieve the decomposition of the 

function μA on rectangular functions 


 A  (piece by piece constant), where   is 

the algebraic operation minimum for all levels of α and then 
)]([sup)( xx AA 

   over all values of α, i.e. we can express the membership 

function by using the characteristic function of crisp sets. 
If we denote by αAα a fuzzy set with the membership function μ(x)= 


 A , then the fuzzy set A can be expressed by a sum of nonfuzzy sets αAα 

over all levels of α that is 
 

 
]1,0[




AA . (12)  
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It means that if we consider instead of a set A its α-levels Aα , we treat in this 
case the decomposition principle, but if we do the opposite, that is if we 
construct the set A by rectangular functions αAα , we refer to the so-called 
representation (extension) principle. 

 D.Stoyanova (1990) introduced analogous notions in the class of IFS(X). 
So, for ]1,0[,   and 1   and )(XIFSA , we have 

 
)}()1(),(;{(),( xxxA AA    

 
(product of the pair (α,β) and the set A) (13) 

 
 })()(:{(,   xvxXxA AA  ((,)-level of the set A), (14)  

 
 }:)0,1;{()( ,,  AxxAN   (bifuzzy analogue). (15)  

 
The decomposition theorem has then the form 
 

 )(),( ,
,

ANA 


    (16)  

 
and the extension principle of a function f defined in X gives 

 

 ))((),()( ,
,

ANfAf 


  .  (17)  

 
Taking now in (17) f=P for (X,F,P) we obtain the so-called fuzzy probability 

of the intuitionistic fuzzy event A (Gerstenkorn, Mańko-1988a, 1988b) as 
 

 ))((),()( ,
,

ANPAPIFM 


  .  (18)  

 
This formula is a direct generalization of the conception of R. Yager (1979) 

of the fuzzy probability of the fuzzy event. Taking in (17) },...,,{ 21 nxxxX   and 

f=card, we obtain the so-called fuzzy cardinality (power) of the set )(XIFSA  

in the form (Gerstenkorn, Mańko-1988a) 
 

 )(),()( ,
,

ANAIFS 


 cardcard  .  (19)  
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and, in consequence, for 
n

xp i

1
)(  , i=1,2,...,n, 

  ))((),(
)(

)(
)(

~
,

,

ANP
X

A
AP

IFS

IFS




  card

card
, (20) 

 
which is a special case of formula (18). 

 
 

V. PROBABILITY OF INTUITIONISTIC FUZZY EVENTS 
ACCORDING TO THE IDEAS OF E. SZMIDT AND J. KACPRZYK 
  
 
In the paper of E. Szmidt and J. Kacprzyk (1999) we find a proposal of the 

so-called interval probability for the intuitionistic fuzzy event )(XIFMA , 

where },...,,{ 21 nxxxX   and 
n

xp i

1
)(   for i=1,2,...,n. In this case, the number 

 )(),()(
~~

maxmin ApApAP   (21) 

 
is called probability of the event A, where 

 

 



N

i
iA x

N
Ap

1
min )(

1
)(   (22) 

 
is the so-called minimal probability, whereas 

 

 



N

i
iA x

N
ApAp

1
minmax )(

1
)()(   (23)  

 
is the so-called maximal probability. 

The interval )(),( maxmin ApAp  determines then the lower and upper limit 

of the probability )(
~~

AP . 
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VI. PROBABILITY IN APPLICATION TO ECONOMIC SITUATION. 
EXAMPLES 

 
Example 1. Let X= {x1, x2, x3, x4, x5} be a set of five domains of the 

economy of a country or a state, e.g.: x1 – industry, x2 – health care, x3 – 
education, x4 – architecture , x5 – transportation. Let 

)}(),(),(,{( iAiAiAi xxxxA  , i= 1,2,3,4,5 be an intuitionistic fuzzy set in 

X describing an influence of the given domain of economy on satisfaction of the 
society. We take that A={( x1; 0.3, 0.6, 0.1), (x2; 0.6, 0.2, 0.2), (x3; 0.2, 0.5, 0.3), 
(x4; 0.8, 0.2, 0.0), (x5; 0.4, 0.4, 0.2)}. Let us assume that each domain is similarly 
privileged in an experiment consisting in its choosing for an analysis of the 
importance of the economy domain for the society expectations. We calculate 
the probability in this experiment. Then, in accordance with (5) and (7), we have 

 )]1.04.0()0.08.0()15.02.0()1.06.0()05.03.0[(
5

1
)(

~
AP 0.54. 

Following the procedure (13)-(18), we obtain 
},,,,{ 543216.0,2.0 xxxxxA  , },,{ 543,25.0,3.0 xxxxA  , 

},,{ 5424.0,4. xxxAo  , },{ 422.0,6.0 xxA  , 

}.{ 42.0,8.0 xA   

Other pairs of (α, β) give no new Aα,β.. 
Then 

)},0,1,(),0,1,(),0,1,(),0,1,(),0,1,{( 543216.0,2.0 xxxxxN   

)}0,1,(),0,1,(),0,1,(),0,1{( 54326.0,3.0 xxxxN  , 

)}0,1,(),0,1,(),0,1,{( 5424.0,4.0 xxxN   

)}0,1,(),0,1,{( 422.0,6.0 xxN  , 

)}0,1,{( 42.0,8.0 xN   

and also: 

1)( 6.0,2.0 NP , 
5

4
)( 6.0,3.0 NP , 

5

3
)( 4.0,4.0 NP , 

 
5

2
)( 2.0,6.0 NP , 

5

1
)( 2.0,8.0 NP . 

Hence, on the ground of (18), we obtain 

 )}0,1,
5

3
{(*)4.0,4.0()}0,1,

5

4
{(*)6.0,3.0()}0,1,1{(*)6.0,2.0()(

~~
APIFM  

 )}0,1,
5

1
{*)2.0,0()}0,1,

5

2
{(*)2.0,6.0(  
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)}2.0,8.0,
5

1
(),2.0,6.0,

5

2
(),4.0,4.0,

5

3
(),6.0,3.0,

5

4
(),6.0,2.0,1{(  

and, in the end, in accordance with (18)-(23) 

,46.0)4.08.02.06.03.0(
5

1
)(min Ap  

602.0)2.003.02.01.0(
5

1
46.0)(max Ap , 

which gives 

].602.0,46.0[)(
~~ AP  

 
Example 2. Let us assume that a company is working on the development of 

a technological process. Let X= {x1, x2, x3, x4} be a set of four types of strategies 
that this company takes into account. There are for example: 

 x1 – strategy of technological leadership, 
 x2 – strategy of technological presence, 
 x3 – strategy of technological niche, 
 x4 – strategy of technological rationalization. 
Let 

)}(),(),(,{( iAiAiAi xxxxA  , i= 1,2,3,4,5 be an intuitionistic fuzzy 

set in X describing a role of strategy and its meaning for the condition of the 
company. Let us assume that A={( x1; 0.6, 0.2, 0.2), (x2; 0.5, 0.4, 0.1), (x3; 0.3, 
0.5, 0.2), (x4; 0.9, 0.1, 0.0)}. 

Let each strategy be equally privileged in the experiment consisting on 
selecting appropriate strategy for the purpose of investing in the development of 
the company. We calculate the probability of an event described by the set A in 
this experiment.  

According to (5) and (7) we have 

.6375,0)]0.09.0()1.03.0()05.05.0()1.06.0[(
4

1
)(

~
AP  

Following the procedures (13)-(18) we receive in turn 
},,,{ 43215.0;3.0 xxxxA  , },,{ 4214.0;5.0 xxxA  , 

},{ 412.0,6.0 xxA  , }.{ 41.0;9.0 xA   

We notice that other couples (α, β) do not carry new sets Aα,β.. 
Then  

)},0,1,(),0,1,(),0,1,(),0,1,{( 43215.0;3.0 xxxxN   

)}0,1,(),0,1,(),0,1,{( 4214.0;5.0 xxxN  , 

)}0,1,(),0,1,{( 412.0,6.0 xxN  , 
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)}0,1,{( 41.0;9.0 xN  , 

and at the same time  

1)( 5.0;3.0 NP ,
4

3
)( 4.0;5,0 NP  ,

4

2
)( 2.0;6.0 NP  ,

4

1
)( 1.0;9.0 NP . 

Finally, on the ground of (18), we obtain 

 )}0,1,
4

2
{(*)2.0,6.0()}0,1,

4

3
{(*)4.0,5.0()}0,1,1{(*)5.0,3.0()(

~~
APIFM  

)}0,1,
4

1
{(*)1.0,9.0(  )}1.0,9.0,

4

1
(),2.0,6.0,

4

2
(),4.0,5.0,

4

3
(),5.0,3.0,1{( . 

And, finally, according to relations (18)-(23) 

,575.0)3.03.05.06.0(
4

1
)(min Ap  

675.0)0.002.01.02.0(
4

1
575.0)(max Ap , 

which gives 

 ].675.0,575.0[)(
~~ AP  

 
 

VII. FINAL REMARKS 
 
In the presented paper we have emphasized the meaning of unappreciated 

element defining the intuitionistic fuzzy set which is the hesitancy margin. This 
parameter contributes a subtle flexibility to the notion of that set. We have given 
formulae on probability of the intuitionistic fuzzy event as a generalization of 
the ones known from the paper of Gerstenkorn and Mańko (1999). We have 
presented different conceptions for calculation of that probability. Its choice 
depends on the situation and some opportunities of an investigated problem. 
Therefore, it is very difficult to decide which method is a better one. 
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PRAWDOPODOBIEŃSTWO ZDARZENIA ROZMYTEGO  
I JEGO ZASTOSOWANIE W PROBLEMACH EKONOMICZNYCH 

 
Praca ma ukazać zastosowanie prawdopodobieństwa zdarzenia rozmytego do oceny pewnych 

sytuacji ekonomicznych. W części wstępnej artykułu zarysowano ogólną ideę tak zwanego zbioru 
rozmytego wprowadzoną do nauki i praktyki przez L.A. Zadeha w 1965 r. 

Koncepcja ta wyrosła na podstawie rozwijającej się od początków XX wieku logiki 
wielowartościowej przy wybitnym wkładzie w tej dziedzinie polskich uczonych. Zainteresowanie 
tą teorią w Polsce było i jest duże, i to podniesiono w rozdziale 1. 

W rozdziale 2 omówiono pewne uogólnienie teorii Zadeha zaproponowane przez  
K. Atanassova. Ukazano zalety wprowadzenia do rozważań oprócz tzw. funkcji przynależności 
także funkcji nieprzynależności elementu do pewnego zbioru, a w konsekwencji pojęcia tzw. 
marginesu niepewności, co odpowiada wielu sytuacjom spotykanym w praktyce. Zilustrowano to 
przykładami. Zbiory tak scharakteryzowane nazywa się intuicjonistycznymi rozmytymi lub dwoisto 
rozmytymi. 



Tadeusz Gerstenkorn, Jacek Mańko 70 

Rozdział 3 omawia prawdopodobieństwo zdarzenia rozmytego na podstawie prac własnych 
Rozdziały 4 i 5 przedstawiają inne koncepcje prawdopodobieństwa niedawno zaproponowane. 

Rozdział 6 stanowi ilustrację sposobu obliczenia prawdopodobieństwa według różnych 
koncepcji w odniesieniu do problematyki ekonomicznej. Daje to obraz zalety prognozowania 
opartego na wiedzy. Rozdział 7 zawiera uwagi końcowe. 


