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Let. D  be a boolean algebra with the universe H and let. F \ , F-> 
be distinct, ill trail Iters o f  D .  Then the set o f  the form { j1 6  В  :
F\ П F'j(~\ {л\ ->.)■} ф  0} is  a m ax im a l proper su bnniv erse o f  В  w hich we  
shall call a basic . subuniverse.  We prove that every proper subnniverse  
o f  В  is an in tersection o f  a family  o f  basic subuniverses. T his  im plies  
that basic su buniv erses are precisely m ax im a l proper subun iverses o f  
a boo lean algebra. T h e  s a m e  fact, proved in another w ay can be found  
in [3].

For general algebraic’ background we refer the reader to [1] and for 
boolean algebras to [2]. In order to simplify notations we use the same  
symbols for boolean algebras and for their corresponding universes. If 
В  is a boolean algebra, Л* Ç В  and b £  B .  then by ->дЛ and (Ь]в we 
denote the sets

{ ->.r : £ .V}

and
{.r £  В  : .r < h}, 

respectively. Observe that, for every filter F  of В , the set



is a subuniverse of B. The subnniverse of the form F  U ~<uP will be 
further denoted by B \ F . Recall that a filter /? of F  is an ultrafilter -  
i.e. a maximal proper filter -  if and only if, for every /> G В ,  we have

This fact easily implies that, for every proper filter F,  the equality  
В  =  B \ F  holds precisely in the case when the filter F  is an ultrafilter.

We will denote the set-theoretical operations of difference and sym -
metric difference by \  and Д , respectively.

We start with the following auxiliary proposition.

T w o  U ltr a f ilt e r s  L e m m a . I f  В  is a boolean algebra, F \ , F2 are 
ultrafilters o f  В  and a ,b  G В ,  then

F\ П F-i П {»i. -m. I), ~>b, a -r />, ~>(a -j- b)} ф  0.

Here -r denotes the operation of sym metric difference, i.e.

a - b = (a — h) V (l> — u),

where — and V denote difference and sum, respectively.

I ’rooJ. Suppose that

Г] П F-i П {«, -ia. b, —»/>, и 4- b. -i(a -j- />)} =  0.

If a H- b G Fu  then
{a — /), /) — а)  П l'\ Ф 0.

If « — 6 G F], then
- ’/> G Fi

and, therefore,
-i«, />, -i(rt -i- b) G /*2, 

which is impossible because

-if/ Л b A -i(f/ -j- />) =  0.



We have shown that
« -7- b ^ F\

and this means that

~'{u -г- b) £  F\.

In the same manner we can infer that ->(,f -f b) £ F2 which gives us 
that

->(a ~  b) £ F\ П F2, 

thus, we get a contradiction.

By a basic subuniverse ol a boolean algebra H we mean any sub-
universe of the form

where F \ , F, are distinct nit rafilters of B .  Recall that 

В | ( /', П F2) =  ( F\ П F i)  U - й ( / ? 1 П Fi) =  

{.r 6  В  : Fi П Fi П {./•,- .* }  ф 0} =  В  \ ( F XA F 2).

Let us note the iollowing proposition.

L e m m a  1 . E very basic subnn iverse  o f  a boolean algebra is a max-
ima l proper submiiverse.

Prooj. Suppose that И is a boolean algebra and F\, F2 are distinct 
ultrafilters i>l В. I hen l \  П F> is not an ultrafilter and consequently  
the subuniverse of t he form

В Д п / Ъ )

is proper. Now we pick an elem ent b £ B \  ( Æ|(F, П F2)) and we will 
show that the algebra genarated by the set

(/•, n F 2) u { b }

generates B.  Indeed, by I wo I dtra.fiIters Lemma it follows that, for 
every а £ В  \ ( B \ ( F , П F2)),

{!> -~ ii '-ib ~  а] П /", П F2 ф 0.



This means that every such a can be expressed in terms of generators 
because

ft ( ft -f- «■ ) —  “»ft -r (-»ft 4- ( i )  —  (i .

L e m m a  2 .  I f  A  is a proper subnniverse  o f  a boolean algebra B ,  
then for every  ft €  B  \  A there exists an ultra filter F  o f  A such that

(1>]в П F  =  П F  =  0,

Proof.  Suppose that ft G B \  A is such that, for every ultrafilter F  
of A , we have

(ft]« П F  Ф 0

or
(“'ft]« П F Ф (Л,

For every i|| trafi Iter F  of A ,  we pick an element, (ц? G F  such that 
ар <  /) or <//■• <  —ift and we define a subset Q of A as the set of all 
<li? obtained in the above manner. We aim at showing that Q can be 
extended to a proper ideal of A and thus we have to prove that every  
finite subset of Q  has a non-unit supremum. Suppose that, for some  
finite .V Ç Q. sup(.Y) =  l .  Put

A', =  (ft]« n  A

and
A'a =  H > ]«  П .Y.

Since A' Ç (ft]« U (“»ft]«, then

A =  A , U A j

and thus
i  =  su p(A ) =  sup(A'i) V sup(A^), 

where sup(A'i) <  ft and sup(A^) <  -»ft. Now, we get that



b -  snp( A', ) =

( /> - su p (A i)) A (siip(A'j) V sup(A'2)) =

((b -  sup(A'i )) A  sup( A'i )) V ((/» -  sup(A'i)) A sup(A^))

< (b — sup(A'i)) A  - ib =  o.

This would mean that snp(A'i) — b which is not possible since A \ Ç A  
and b E В  — A.

We have shown that every finite subset of Q  has a non-unit supre-
mum which implies that the set ->AQ  can be extended to an ultrafilter 
of A.  This, however is a clear contradiction because -  by the definition  
of Q  -  every ultrafilter of A  must contain the complem ent of an element 
of ->a Q-

T h e o r e m  1 . E v ery proper su bun i verse o f  a boolean algebra is an 
intersection ol ;t fam ily  o f basic subuniverses.

Proof. Suppose 1 hi»f .1 is a proper subuniverse of a boolean algebra. 
В  and b E В  \  A . YYe need only to show that ft does not belong to some  
basic subuniverse of В  containing A.  By Lemma 2. we get that, there 
exists an ultrafilter F  of .1 such that

(b]H П F  = (->/)]д fi F  = 0.

Let F\, F 2 be ultrafilters of В  such that

b £  F \ . -t b f' 2

and
F  С  Fx D F2.

Then we have
b i  B \ ( F \  П F-i)

and
B \ { F } П F-i) D A \ F  =  A ,

as required.



T h e o r e m  2 . M axim al  e lem ents o f  the  set o f  all proper subuniverses  
o f  a boolean algebra are precisely all its basic subuniverses.

Proof. By Lemma 1, it follows that all basic sub uni verses are m axi-
mal proper subuniverses. To prove the converse inclusion observe that  
every proper subnniverse must be contained in a basic subuniverse -  
by Theorem I. Thus a maximal proper subuniverse must be equal to 
the basic subuniverse containing it.
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O P O D A L G E B R A C H  A L G E B R Y  
B O O L E ’A

Niech В  będzie algebrą Boole’a z uniwersum В  i niech 
Fu  Fi  bed a różnymi ultrafiltrami B . W ówczas zbiór postaci 
{.)■ £  В  : Fi fi Fi П {.г, -i./'} ф 0} jest maksymalną podalgebrą В  która  
nazywać będziemy podalgebrą bazową. Udowodnimy, że każda właściwa



podalgebrą В  jest, iloczynem rodziny podalgebr bazowych. Pozwala to  
stwierdzić, że podalgehry bazowe są wszystkim i podalgebrami maksy-
malnymi algebry Boole’a. Ten sam fakt jakkolwiek dowiedziony w inny  
sposób można znaleźć w [:{].
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