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ON PROPER SUBUNIVERSES
OF A BOOLEAN ALGEBRA

Let. B be a boolean algebra with the universe B and let Fy, Fs
be distinct ultrafilters of B. Theu the set of the form {x € B :
FiNFan{e,=r} # 0} is a maximal proper subuniverse of B which we
shall call a basic subuniverse. We prove that every proper subuniverse
of B is an intersection of a family of basic snbuniverses. This implies
that basic subuniverses are precisely maximal proper subuniverses of
a boolean algebra. The same fact proved in another way can be found

in [3].

For general algebraic backgronnd we refer the reader to [1] and for
boolean algebras to [2]. In order to simplify notations we use the same
symbols for boolean algebras and for their corresponding universes. If
B is a boolean algebra, X € B and b € B. then by =g X and (b]g we
denote the sets

{-e:a e X}
and
{reBsiz=s b}.

respectively. Observe that, for every ilter I of B, the set
FU-gl
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is a subuniverse of B. The subuniverse of the form U =gF will be
further denoted by B, Recall that a filter B of F' is an ultrafilter -
i.e. a maximal proper filter — if and only if, for every b € B, we have

{b,=b} N F # .

This fact easily implies that, for every proper filter F| the equality
B = B|F holds precisely in the case when the filter F' is an ultrafilter.

We will denote the set-theoretical operations of difference and sym-
metric difference by \ and A, respectively.

We start with the following anxiliary proposition.
o o

Two Ultrafilters Lemma. If B3 is a boolean algebra, Fy, I, are
ultrafilters of B and a,b € B, then

Fy 0 Fyn {a.=a,b,=b,a+ b, =(a+b)} # 0.

Here = denotes the operation of symmetrie difference, i.e.
a+=b=(a—=0)V(b—a),

where — and V denote difference and snm, respectively.
Proof. Suppose that
Fy 0 Fy 0 {a,=a,b,=b,a+b,~(a+b)} = 0.
If a+b¢€ Fi, then
{a—=bb—a}n F #0.

If a —be Fy, then
a,—h e I

and, therefore,
—a,b,=(a +0) € F,,

which is impossible because

~a AbA=(a+=b)=10.
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We have shown that

(L+I)¢F1

and this means that
=(a+0b) € F,.

In the same manner we can infer that =(a + b) € F, which gives us
that
“(a+b)€ FyNFy,

thus, we get a contradiction.

By a basic subuniverse of a hoolean algebra B we mean any sub-
universe of the form

BI(Fy Fy),
where Fy, Fy are distinet ultrafilters of B. Recall that
BI(Fin Fy) = (FiNF)U-g(FiNF) =
{.I' € B: F] N l'_‘z n {.I', —I;I'} # w} = B\ (F]AF))

Let us note the following proposition.

Lemma 1. Every basic subuniverse of a boolean algebra is a max-
imal proper subuniverse,

Proof. Suppose that 3 is a hoolean algebra and Fy, I are distinet
ultrafilters of B. Then /0 Fy is not an ultrafilter and consequently
the subuniverse of the form

BN Fy)

is proper. Now we pick an element b'e B\ (B|(F N F3)) and we will
show that the algebra genarated by the set

(F1 N Fy) U {b}

generates B. Indeed, by Two Ultrafilters Lemma it follows that, for

every a € B\ (B|(In N F)),
{b+a,~b+a}nNF,NF, # 0.
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This means that every such @ can he expressed in terms of generators
because

b+ (b+a)=-b+(-b+a)=a.

Lemma 2. If A is a proper subuniverse of a boolean algebra B,
then for every b € B\ A there exists an nltrafilter F' of A such that

(blpNF =(=blgNF =0,

Proof. Suppose that b € B\ A is such that, for every ultrafilter [
of A, we have
(IJ]H nir =,‘é ]
or

(mb)lgNF ¥ 0.

For every ultrafilter /7 of A, we pick an element qp € F such that
qr < bor qp < =b and we define a subset () of A as the set of all
qr obtained in the above manner. We aim at showing that ¢ can be
extended to a proper ideal of A and thus we have to prove that every
finite subset of Q has a non-unit supremum. Suppose that, for some
finite X' C Q, sup(N) = 1. Put

X: = [blann X

and
X, =(-b]lgn X,
Since X C (b]g U (=h]g. then

X=X,UX,

and thus
1 = sup(X) = sup(Xy) Vsup(Xy,),

where sup(X}) < b and sup(.X;) < b, Now, we get that
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b —sup(X,) =
(b= sup(X7)) A (sup(X;) Vsup(Xy)) =
((b=sup(Xy)) Asup(Xy)) V(b= sup(Xi)) Asup(Xy))
< (b=sup(Xi))A=b=o.

This would mean that sup(.Xy) = b which is not possible since X; C A
and be B — A.

We have shown that every finite subset of () has a non-unit supre-
mum which implies that the set =,4Q can be extended to an ultrafilter
of A. This, however is a clear contradiction becanse — by the definition

of Q - every ultrafilter of A must contain the complement of an element

of ﬁAQ.

Theorem 1. Every proper subuniverse of a boolean algebra is an
intersection of a lamily of basic subuniverses.

Proof. Suppose that A is a proper subuniverse of a boolean algebra
B and b € B\ A. We need only to show that b does not belong to some
basic subuniverse of B containing A. By Lemma 2, we get that there
exists an ultrafilter /' of A snch that

(blgN F = (=b]lgN F = .
Let Fy, F, be ultrafilters of B such that
b ¢ I:'l- =b ¢ F)

and

F < Fyni.

Then we have
b¢ B|(FyNF,)

and

Bl(l" n Fg) 2 AIF = A,

as required.
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Theorem 2. Maximal elements of the set of all proper subuniverses
of a boolean algebra are precisely all its basic subuniverses.

Proof. By Lemma 1, it follows that all basic subuniverses are maxi-
mal proper subuniverses. To prove the converse inclusion observe that
every proper subuniverse must be contained in a basic subuniverse —
by Theorem L. Thus a maximal proper subuniverse must be equal to
the basic subnuniverse containing it.
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Stanislaw Wronski

O PODALGEBRACH ALGEBRY
BOOLE’A

Niech B bedzie algebra Boole’a z  uniwersum B 1 niech
Fy, Fy beda rvéznymi ultrafiltrami B, Wowezas zbior postaci
{reB: FinFyn{e,~a}#0} jest maksymalng podalgebra B ktora
nazywac hedziemy podalgebrg bazowg. Udowodnimy, ze kazda wlasciwa
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podalgebra B jest iloczynem rodziny podalgebr bazowych. Pozwala to
stwierdzié, ze podalgebry bazowe sa wszystkimi podalgebrami maksy-
malnymi algebry Boole’a. Ten sam fakt jakkolwiek dowiedziony w inny
sposob mozna znalez¢ w [3].
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