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ON LOCAL ONE-PARAMETER GROUPS OF LOCAL TRANSFORMATIONS 

IN DIFFERENTIAL SPACES

In the paper there ha» been considered a problem of mutual cor-

respondence between the vector fields and local one-parameter groups 

of local transformations in the category of differential spaces gene-

rated by a single function.

On a C°° -manifold, every vector field X corresponds to an 

equivalence class of local one-parameter groups of local trans-

formations in a 1 : 1  manner.
In this paper we consider the problem of a correspondence. 

between the vector fields and local one-parameter groups of lo-

cal transformations for a differential space (M,C), where C is 

a differential structure on M generated by a single function f.

He wish to thank Prof. W. Waliszewski for suggesting the pro-

blem.

Throughout this paper, by a differential space we shall mean 

a couple (M,C), where C is a differential structure on a $et 

M in the sense of s i k o r s k i  (see [1]). If h is a 

smooth mapping from a differential space (M,C) into a diffe-

rentialapace (N,C')« we write hj (M,C) ■* (N#Cf). The set of 

all C®-functions on the 3et R of all real numbers is denoted 

by C00 tR>. ket V be an open subset of R with the natural to-

pological structure. By C°°(V) we denote the set of ail C40- 

-functions on V. The set of all C®-functions on R * R is de-

noted by C°°(Ra). designates the differential space U e ,
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C^IIflli where I£ » { — €#£) # £ > 0. C(A) denotes the set of 

all functions f|A, where f a  C and A is an open set of the 

topology of (M,C).

Let (M,C) be a differential space, and let U and V be two 

open sets of the topology of (M,C). A diffeomorphism t (U,

C(U)) ■* (V,C(V)) is called a local transformation of (M,C). U 

is called the domain of (f.

A local one-parameter group of local transformations of (M, 

C) is a,set | Ua , A' where U is an open set of the

topology of (M,C), Ea - a positive number, and - a local

transformation of (M,C) for each t, Itl < CQ , satisfying the 

following conditions«

1) {ua}ae A ifl an °P«n cover of (M,C),

2) the domain of |tl < Ea , contains U^, and <Po*a * 

is the identity transformation on Ui the map <t,p) — ► tpt (p) 

is a smooth map from Jt * (Ug.*C'(0 )) into (M,C), (

3) if |tl, ls|,,|s+tl < Ea , then <Pt *a * ° is defined*

its domain contains Ua and (<Pt *a) o <ps*a *Hq) * for

q e Ua ,

4) if Utt n Ufi t 0 , then for each point p«íüa n U fl one can 

choose t < min such that, for Itl < £, and <f>t^

agree on a sufficiently small neighbourhood of p.
' ' •' ' . i  ̂.

Let G|- {ua ,Ca ,<ft(a)}a e A  and G| « { V  V * t I  be

two local one-parameter groups of local transformations. He say 

that G., and Cj are equivalent and write Gj ~ G| if the fol-

lowing conditions Is satisfied: if Pa n Vy * 0 , then for each 

point psl^nVy, there 1« a number 6 > 0 f 6 < min (Ca * 1^) •

such that, for |'tl<6, ft*a * and. agree on a sufficiently

small neighbourhood of p.

To Gj we can associate a vector field X on <M,C) as fol-

lows. For p« M and f e e  we define the value X(p) of tile, 

vector field X at p by

m  x ( p ) ( f ) . f - ( f o y t ,a)i(p)|tM), p « u a .



The vector field X is called the infinitesimal transformation 

of the local one-parameter groups G, of local transformations.
I \

l
Lemma. Let C be the smallest differential structure on M 

containing a function f, and let X be the infinitesimal trans-

formation of two local one-parameter groups of local tranaforma- 

tions G, - { uQ .ea ' «Pt<a)] a c A  and Gl’ "i V V Vt(a))T e i of (M' 

C). Then, for each point P0 e U a nVy, there exist a neighbour-

hood U, U C Ua n Vy, of pQ and 0 < E < min such that

(2) (f o (ft <a)) (p) » (f o Vfc<a)) (p) for pe II, t « I E.

P r o o f .  Suppose G, - { V ^ t ^ l a «  A and G1 * ( V

« I ^ave aa their infinitesimal transformation the sa-
me vector field X. Let pQ be a point of Ua n V^. X(f) is a 

smooth function on (M,C). Thus there exist a neighbourhood U 1 
of pQ contained in Ua n V J and. a function ge C® (R), such that

<3) X(p) (f) » ( g o  f) (p) for pet).,.

Denote by the symbols cp(a) and the smooth mappings . (t,

p) **Vt (a>(p) from (Ua ,C(Ua )) * JEa into <M,C) and- it,p)
( v)

V t (p) from (Vy ,C(Vy)) ■ into <M,C), respectively. Be-

cause of the continuity of the mappings and it follows

that there are neighbourhood UQ of pQ contained in 0̂  and a 

positive number € < min(£„,nv) such that ® J a)(U„) u V  <i).(U ) Cu 11 O t O
C U. for Itl < C .

o ^
From condition (3) of the definition .of a local one-parame-

ter group of local transformations, one sees that, for P « U a f> 

o vy, iti < tQ, r

. X«ft (a)(p))(f) (f o <pt(a))(p),

. («>

X(Vt (r)(p))(f> - (f o Vt (y,)(p>.

Next from {3) we have '



X(«ft (a)(p))(f) * (g o f o<pt (a))(p),

(5) p« UQ, It! < E0  

X(Vt <0,) (p) > (f) - (g o £ o<^(5f))<p>.

The napping £ o <p belongs to C(Ua) * C 00 (ICa). The mapping

£ o belongs to C(V^) * C® Therefore, there exist a

neighbourhood U2 o£ pQ contained in U1, a positive number

E < Eq and mappings F^ and F^« C 00(R2), such that

(£ o ¿p(a)Mp,t) - F„(f(p),t),

(6) for p « U 2' 111 < E

(f o V(Y))(p,t) - Fv (f(p),t).

Thus, if pc U. " U, ItI < E, from (4), (5) and (6 ) we get
\

If Fv (f (p) ,t> - (go Fy) (f (p) ,t) , F(p(£(p) ,0) - £<p) ,

~  Fv (f(p),t) - ( g o  Fv)(f(p),t), Fv (f(p),0) - f(p).

From the uniqueness theorem for solutions of differential equa-

tions we have

Fv (f(p>»t) - Fv (f(p),t) for pel), Itl < ?.

So, by (6) we obtain (2).

Theorem. Let C be the smallest differential structure on a 

set M which contains a function £ and let the topology . (M, 

C) satisfy Kolmogoroff's separation axiom Tq . If two local one- 

-paramefcer groups cl local transformations have the same vector 

field as their Infinitesimal transformation, then they are

equivalent.

P r o o f .  Since the topology ot (M,C) satisfies Kolmogo- 

roff's separation axiom ' T / then £ is one-to-one- Suppose

°1 * and G’t * { W V tfa)}Y<I have' 88 't$j%



infinitesimal transformations, the same vector.field X. We shall 

show that G1 ~ Gj . From Leana, for pQ « Ua n Vy there exist a 

neighbourhood U of p„ contained in U_ r» V„ and 0 < £ < min
i O u > Y

(Ca ,HY), such that

(f o <ft(a)) (p) « (f o \ (a)> (p)

for peU, Itl < Z. Hence, and coincide on U for

Itl < C, and this completes the proof.

If the topology of a differential space does not satisfy the 

separation axiom TQ, then the 1 : 1 correspondence between the 

vector fields and the equivalence classes of one-parameter

groups of local transformations can fail. Now we shall give sui-

table examples.

2
Example i. Let s R -» R be the canonical projection <p̂  # 

p2) ■ Pj) and let C be the smallest structure on R2 containing 
JT1. Let us put

•P2> “ (p 1 + t, p2 + t) ,

P1*P2 ,t« R

<?t(p1'p2) “ (p 1 + t, p2 - t).

[r2, and [R2 ,E,Vt J, C > O, are two different, not equi-

valent, local one-parameter groups of local transformations which 

have the same vector field as their infinitesimal transforma-

tions.

Professor Z. Moszner in his paper (which will appear in Ten- 

sor) considered the function <p1: R -* R given by the formula

1 for p = O, t * R,

(p, t) ® 1 sgn (In I p | + t) Iple4" for p e < 1,®) u ( -1 ¿0 ), t«R, 

-sgnilnlpl + t) Iple*1 for p e (0,1) u <-®,-1>, t < R.

This function will be used in the following example.

Example 3. Let t be a ijonzero number and let t « R. Put



0 for p ■ 0 ,

<(>rt(p) * »gn(ln|£j ♦ tMpie* for p« <fr I ,•) u <-lrl ,0 ),
*

-sgn(ln|£| +t)tplefc for p « (O.lrl ) u (-a»,-lrl>»

I

<ft ( P) •* P • %  i(P> * I Pi tor ps R.

Let C be the smallest differential structure on R which 

contains the function f. Consider the differential space (R,C). 

For each r # 0, G* ■{R#E*‘Prt} Gi " C > °'- ar®
two different, not equivalent, local one-parameter groups of 

local transformations which have the same vector field as their 

infinitesimal transformations.

i »
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0 LOKMJJÏCH JEDNOP ARAMF.TROWYCH GRUPACH PRZEKSZTAŁCEŃ 

NA PRZESTRZENIACH RÓŻNICZKOMTCU *

« ' • •

W pracy rozvaiany jcat problem wSajatnntj odpowiednioici pomiędzy polami 

wektorowymi i lokalnym jednoparaneurcwymi grupami prz*kazt*!c«rf lokalnych’ w 

kategorii przestrzeni rliniczkawycb gecujrowanych prze* jedn« funkcję.


