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We prove that on algebras of polynomials there are at least two
vector space topologies making the multiplication separately contin-
uous. This solves a problem posed in [2].

Let A be a real or complex algebra provided with a vector space
(Hausdorff) topology 7. We say that it is a semitopological (resp.
topological) algebra if its multiplication is separately (resp.jointly)
continuous. In [2] it was shown that every uncountably generated
algebra has at least two different topologies making of it a complete
semitopological algebra. As one of these topologies we can take the
maximal locally convex topology 7.k¢, given by means of all semi-
norms and as another — the topology 7},, given by means of all
p-homogeneous seminorms with a fixed p satisfying 0 < p < 1 (it is
known (see [4], Example on p. 56) that 7LC is a complete topology
and the same was proved in [2] about the topologies 75, ,.). However,
as shown in [2], on a countably generated algebra all topologies 72,
coincide and so there was asked a question whether, in particular,
7LC is a unique topology making of the algebra P(t) of all (real
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or complex) polynomials a complete semitopological algebra. It was
mentioned in "added in proof” that the answer to this question is
in negative and the aim of this paper is to provide the reader with
details of the construction.

Let @ be the family of all sequences ¢ = (¢;)$° with entries of the
form ¢; = s; + m, where s; are natural numbers satisfying 93— 22
and m is a non- negatlve integer depending upon gq. Clearly q €Q
implies ¢ € @, where ¢ = ¢; +1. For a fixed ¢ in Q denote by R, the
family of all sequences r = (r;)3° of real numbers such that ri > 1
and rp = 1for k = 0 or k # g; for all i. Put R = {J,coRy. The
definition of R implies that for each r in R and each natural m there
is a natural k(r,m) such that for each k > k(r,m) there is at most
one j satisfying

(1) ks §<k+im "and »; >

Every sequence r in R defines on the algebra P(t) a norm

(2) el = 3 lai(a)]| s,

1=0

where z = Y 0° ai(z)t' is a polynomial in P(t), so that only finitely
many coefficients a;(z) are different from zero. Denote by 7r the
topology given on P(t) by means of all seminorms (2), r € R. Clearly
all maps z — ai(z) are linear functionals on P(t), which are contin-
uous in the topology 7g.

Proposition. The algebra A = (P(t), TR) is a complete locally con-
vex semitopological algebra and T # TLEC . Consequently the alge-
bra P(t) has at least two different complete locally convex topologies

making of it a semitopological algebra.

Proof. First we show that A is a complete topological vector space.
Let (24 )aca be a Cauchy net in A. Thus for each r in R and each
positive ¢ there is an index a(r,€) such that |zo — zg|, < € for all
a, 3 > a(r,e). Since the functionals a;(z) are continuous in the topol-
ogy TR, there exist finite limits a; = limq ai(z4), for 7 = 0,1,2,...

We shall show that only finitely many numbers a; can be different
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from zero. In fact, if a;, # 0 for an increasing sequence (ix) of na-
tural numbers, then there is a subsequence ¢, = #,, with 9'—;"-‘2’—‘ >2
so that ¢ = (¢;) is in Q. Setting r,,, = max{1, ](i—:[} and r; = 1
for i # g for all m we obtain a sequence r = (rp) in R. Since the
norm | - |, is continuous in the topology 7y there exists a finite limit
M = lim, |24]|,. But for any fixed m we have |a,,, (zq)| > ]i’im-l for
sufficiently large a, what implies |24|, > 2™+|a,, (z4)| for this a.
This implies M > m, what is impossible, because M is finite and m
was an arbitrarily chosen natural number. The contradiction shows
that only finitely many numbers a; are different from zero. Thus set-
ting z, = Eg° a;t' we obtain an element of P(t). Put yo = o — Zo,
it is also a Cauchy net in A and lim, @i(yo) = 0 for all 2. The com-
pleteness of A will follow if we show that lim, |yq|, = 0 for all r in R,
because then lim, z, = z,. Assume then that M, = lim, |ya|r, > 0
for some 7, in R and try to get a contradiction. Define a support
of a non-zero polynomial z setting supp(z) = {1 : ai(z) # 0} and
put supp(0) = 0. For each r in R and for all z,y € A the relation
supp(z) N supp(y) = 0 clearly implies

(3) |z +ylr = |2]r + |ylr.

Choose an index a, € a so that |ya, — ya|r, < %—9- for all &« > a,
and put S, = supp(ya, ), it is a finite or empty set of non-negative
integers. Define a projection P on A setting

B Z ai(z)t',
i€S,

clearly it is a continuous operator on A. Denoting by I the identity
operator on A we have the following obvious relation true for all
elements z in A

@) supp(Pz) Nsupp((I — P)z) =0 and
supp(({ = P)z) N supp(ya,) = 0.
Thus

[Ya — Ya,lr. = |P(Ya) = Yau + (I ™ P)yalr,
— Ip(ya) " yaolra + I(I = P)yalrr.,’
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which implies |(I — P)ya|,, < M,f- for all & = a,. Since lim, a;(y,) =
0 for all ¢ and S, is a finite set, we have limg |Pya|,, = 0. Thus by
(3) and (4) we obtain

M, =lim |ya|r, = lim |Pyq + (I — P)yals,
o [¢3
= lim [Pya/,, + lim |( = P)yalr,

= lim (I - Pyalr, < 22,
what is a contradiction proving the completeness of A.

To prove that A is a semitopological algebra it is sufficient to
show that the operator z — tz is continuous, because it implies the
continuity of the operator of multiplication by any fixed polynomial.
Thus it is sufficient to show that z — |tz|, is a continuous norm on
A for each r in R. But it follows from the relation [tz|, = |z,
where r} = ﬁr-‘*l'—‘, 1 =0,1,2,.... We have r' € R because for any
q € Q the sequence (g; + 1) is also in Q.

It remains to be shown that the topology r is different from nie..
To this end it is sufficient to indicate a norm | - |, on P(t) which is
not continuous in the topology 7r. We put

lzlo = > (k + 1)|ax(z)|.

If it is continuous in the topology g, then there is a finite number
of elements (V) ... r(*) in R and a positive constant C such that

(5) I-’E'o < Cmax{lxlr“)""7'x'r(8)}

for all z in A. We shall use now the formula (1) taking there an
m with m > s and a k with k£ > max{C, k(r(),m),.. L E(r®,m)}
we obtain an index j, > k with 7'§-:") =il for it ), 28, .v8 - Sek
ting now in (5) = t)» we obtain [t/°|, = (j, + 1) > k > C and
C max{|t°|,),..., [t |1} = C so that (5) fails to be true. Thus
| |5 is a discontinuous norm on A and so g # TEC . The conclusion
follows.
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By a result in [7] the algebra (P(t), 7L<, ) is a topological algebra.
We shall show that the constructed above algebra A is not topolo-
gical, what gives an alternate proof of 7g # 7LC,. In fact, if A were
topological, then for each r in R there would exist a positive constant
C and a finite number r(V), ..., r(*) of elements of R such that

(6) "zylf‘ S Cmax{lxlr(l)) sevy Im'r(') } ma‘x{lylr(l)7 sevy Iy'r(&)}

for all 2,y € A (see 1], [3], [5], or [6]). Suppose that the formula (6)
holds true and chose r so that limsupr; = co and the corresponding
sequence (¢;) consists of even numbers. Using again the formula (1)
choose an odd m with m > 2s. Choose an index j with ry; > C' so
large that the interval of integers with center at j and length m lies
entirely on the right of k(r,m). By (1) this interval must contain two

points of the form j — p and j + p such that r;?_p e r?_’p = 1 for
i = 1,2,...,5. Setting now z = t/*? y = tJ=P with p as above we
have left hand of (6) equal to ry; > C while the right hand equals
exactly to C' and (6) fails to be true. Thus A is not a topological
algebra.

The construcion given in the Proposition can be extended onto
some other algebras accordingly to the following pattern: suppose
that a (real or complex) algebra A can be decomposed into a direct
sum A = A, + J where A, is a subalgebra of A and J is its two-
sided ideal, so that each element z of A can be uniquely written as
T = &, + x, with z, € A, and z; € J. Suppose that A, has some
complete topology 7r making of it a semitopological algebra and
different from 7,%¢ | which is given by means of a family of seminorms

(| - Ir)rer. We provide A with the topology 71 given by means of
seminorms of the form

le(r,a) ~= |zolr S |$l|a,

where | - |4 is an arbitrary seminorm on J, so that 7y restricted to J

equals 7EC . For a fixed y = y, + y1 € A we have
q mazx

I'Tyl(r,a) = I‘Toyolr S lxoyl + x1yla
(7) < |ZoYolr + [Zoy1la + |21Y]a,

and similarly for |yz|, ). Since the maps  — |2,y,|r, = — |Zoy1]a
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and z — |z,y|s are continuous seminorms on (A, 7y ), the right mul-
tiplication by y is a continuous map. Similarly the left multiplication
by y is also a continuous map, so that (A4,71) is a semitopological
algebra. It is not hard to see that the topology 7 is complete on A
and different from 75, (it is different from it on the subalgebra 4,),
so that A has two different topologies 7, and 7L, making of it a
complete semitopological algebra. This pattern can be used when A
is an algebra of polynomials in an arbitrary (finite or not) number of
variables, or a free algebra (algebra of polynomials in non-commuting
variables) in arbitrary number of variables. To use the pattern we fix
one variable t, and take as A, the algebra P(t,) (as topology 7 we
take the topology used in the Proposition), then the ideal J consist
of all linear combinations of monomials, each of them containing a
variable different from ¢,. Unfortunately this method does not work
for many algebras. In particular we do not know the answer to the
following

Problem. Suppose that A is an infinite dimensional real or com-
plex algebra each element of with all elements algebraic (over the
field of scalars). Is TEC, the only topology making of it a complete

mazr

semitopological algebra ?

REFERENCES

[1] T. Husain, Multiplicative Functionals on Topological Algebras, Boston, 1983.

[2] A.Kokk and W. Zelazko, On vector spaces and algebras with mazimal locally
pseudoconvex topologies, Studia Math. 112 (1995), 195-201.

[3] A. Mallios, Topological Algebras. Selected Topics, Amsterdam, 1986.

[4] H.H. Schaefer, Topological Vector Spaces, Springer Verlag, New York, 1971.

[5] W. Zelazko, Metric generalizations of Banach algebras, Dissert. Math. 47

(1965).
(6]

(7]

, Selected topics in topological algebras, Aarhus Univ. Lect. Notes 31
(1971).

, On topologization of countably generated algebras, Studia Math. 112
(1994), 83-88.




CONCERNING TOPOLOGIZATION OF P(t) 159

Wiestaw Zelazko

O TOPOLOGIZACIJI P(t)

Dowoduzi sig, ze w algebrze wielomianéw istnieja conajmniej dwie
rozne topologie zupekne, przy ktorych algebra jest przestrzenia wek-
torowa topologiczna z oddzielnie ciaglym mnozeniem. Rozstrzyga to
problem postawiony w pracy [2].
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