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t . INTRODUCTION 
1 

Our analysis is focussed on a subclass of biased estimators, 
i.e., the ridge estimators of the parameter vector в of the 
model 

Лд.-{<b n' k,*,Y - Xfl • S,v(x) - lco,v(J6(Y)> - n Q, 

<Py «df v(XB, d 2l)). 

where: 
фП»к _ a s e t o { r e a l ( n > K) matrices, 
f - (U.7,9) - a complete probability space with 9 as the 

measure for which № ( U ) • 1, U it the set of elementary 
events, IF is the Borel o"-field of subsets of U , Y, 2 : 

(U, У ) - * ( Я П Л П ) | 4 П is the n-dimensional space of reals, 
7 - the Borel d -field of subsets of ft", 
у, |eft n - sample values of Y, 2, 
t, A - expectations and dispersion operators. 
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fc(Y) - X B , * ( Y ) - d2i - A (2 ) ,в e R k , x e n n ' k , d2 , к 0 Д,п о,п e A, 

v ( x ) - rank(x) - k Q < к, v (А (Y)) •» rank(A(Y )) « n < n, 

" 9 y =ctfyCXB.d2!)" read as "probability distribution of У is 
multivariate n-dimensional normal distribution with fc(Y) • XB 
and А ( У ) = d 2I". 

Minimizing the quadratic form Ф • II Y - Xfl||2 with respect 
to В we obtain the least squares estimator B Q of the paramet
er vector В in the model oU^, i.e., 

b Q - ( X ' X T V Y . 

For the model OX. , in the case of bad-conditionlna of the matrix of 
X'X, one can propose the following estimation criteria func
tions: ф 0 1 = I У - ХВ||2 + cB'fl and $ 0 2 - BY - Xfl|2 + fl'Cfl. 
Minimizing the form ф 0 1 with respect to В we have the ridge 
estimator 

B Q 1 • (X*X + cl) - 1X'Y, C 6 R + , R + - {6€ft: 6 > 0 ) 

(X' is the transpose of Xj, and doing the same with the form 
$ 0 2 we obtain 

B Q 2 - (X'X + C)~ 1X*Y, С - diag (c,, ..., cfc) , с±6 R +, С € R** K. 

For the reasons of easy handling the derivation of theore
tical results concerning the properties of B Q 1 and B Q 2 it is 
necessary to reparametrlze the model di^, in the following way. 
Let X x * XQ, a - Q'B, XB - XQQ'B - X # a , Q'Q - QQ' - I ( k y 
Q'X'XQ » Л, where Л - diag (\̂ t Л К ) . \ i • Л^Х'Х) are 
the eigen value matrix and the i-th eigen value of the matrix 
X'X. Then the model cU _ can be written as 

or 

Oi^ -(<R n K k,*,y - x # a + 3, v ( x ) - k 0,v(A(Y)) -

и- 2 
Minimizing the form - II Y - X#c» И with respect to a we 

obtain the least-squares estimator (l.s.e.) of the parameter 
vector a for the model tU* , i.e., 
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A 0 > A "V Y . 

As was shown by T h e o b a l d [13] the relation MSE(B ) > 
к к 

> M S K ( b q 1) holds if О < с < 2d2k/io2 ^ A.T1 - ^ a 2 ) , where 
i-1 1=1 

M S E ( B ( i ) ) - fc<B(i) " fl)'fB(i) ~ fl) - * ( l | B ( i ) ~ flH2)' » n d t h e 

relation MSE ( B Q ) > MSE B Q 2 holds iff : ̂  > \ L (cc2 

- 2d 2)d~ 2 > O, i - 1, .... k. 
These relations concerning MSE are to be true if c, (c^, 

i - 1 , ..., k) are given. If they are not one can propose: 
1.1. Estimators for с [2, 8, 4]t 

£i - s e / a o o * ) ' Aoo«) - ™VA?3 }, k ' s * • 

- E'E/(n-k), E - Y - X A , 
* о о 

к 

«2 - " 4 
1-1 

к 

ч i-i 

Using the definitions of c,, c 2, S 3 we can define the fol
lowing ridge estimators 

Boii - ( x ' x + 

B 0 1 2 " ( x ' x + 6 2 I > - 1 

B o i 3 - ( x ' x + 

for С [ 1 ] . 

e, - dlag ( c n , C | t ł ) , a i t - S 2 / A 2
( l ) , i - 1 1 c , 
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Ć 3 » diag ( C 1 3 , 

Using these definitions we can define 

в 0 2 1 - (X'X + ̂ f'infj 
в 0 2 2 - (X'X •ĄrV * i 

B023 " ( X ' X + ^ 3 ) " 1 X ' Y . 

The purpose of this paper is to present some results on 
chosen properties of ridge estimators. 

In § 2 we will present some analytical results for B Q > B Q 1 , 
B02' A o ' А 0 Г A02* 

In § 3 we will present some of the results concerning pre
cision and predictive power for B Q l 1 #

 в
0 1 2 ' B013' B021* B02? 

B Q 2 3 obtained by the use of Monte-Carlo experiments. The plan 
of experiments was prepared jointly. Konarzewska carried out 
the experiments and their analysis, and wrote § 3. Milo wrote 
§ 1, § 2 and § 4. 

2. SOME RESULTS ON THE PROPERTIES OP B Q, B Q 1. B Q 2 

In what follows we will use 
• T h e o r e m 1 (see [ll]). Let * y.»A* y(y,V). Then 

i) S ( y ' A Y ) - tr ( A V ) +'р'Ар, 
ii) the r-th cumulant of Y ' A Y is 

% r ( Y ' A Y ) - 2 r" 1(r-1)l[tr < A V ) ' + r t l ' A S V A ) 1 " 1 ] / 

^ л x 2(k-2)(n-k) 

2 \ Ao(l) 
n-lJ _2 - 1 

\ 

C 2 - diag ( c 1 2 c k 2 ) , c 1 2 - Х ^ / Ч в ^ Х ' Х В - 6 s 2 ) , 
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(hence: var (Y'AY) - 2tr (AV ) 2 + 4(j'AVAu) , 
ft.- • . 

iii) cov (LY, Y'AY) - 2 L V A J I . • 

T h e o r e m 2 (see [9]). Let В be the linear estimator 
of B, B e <R K with the dispersion matrix A ( B ) = t (В - * (в ) ) 
(В - fc(B))' and the total MSE(b) - fc(B - B ) ' ( B - В). Then if 
fe(B) Ф В holds we have 

MSE ( B ) - tr (D), D - i ( B - B)(B - B ) ' « A ( b ) + bias ( B ) bias (B'X 

bias ( B ) - t ( B ) - fl, bias ( B ' ) m [bias ( в ) ] ' . • 

T h e o r e m 3 (see [ю]). Let Р ц =• 0СЦ( ji, ft) and Y - • 

- d + CU,jj, deft, ft 6 ftnxn. Then 
9 y - (^(Cu + d, С П С ) . • 

T h e o r e m 4 (see [5]). Let S>y «=<Х>у(р,П) and Q -

- Y'AY + 2 a'Y + 5, A € & n , , n , аь<й.п, a e <P.. Then <PQ » X 2(s, A.) 
if 

s »,tr(AV) -v(VAV), VAVAV • VAV, 

V(a + Ap) - VAV(a + Ay), Л - a + 2 а'у + p'Ay . • 

Using the definitions of t, A , MSE, var, B Q , Y Q, 
E o ' Bo1' *o1' Eo1' Bo2' Yo2' ^ and the theorems' U 4 we 
obtain 

a) the case B Q , $ Q, E p: 

. 1a) B Q - X" 1X'Y, X - X'X; 

3 2a) * ( B Q ) - B , a ( B q ) - d 2 X' 1; 

^ 3a) 'PB -0PB ( B , d 2 X " 1 ) . M S E ( B Q ) - d 2 t r ( X _ 1 ) ; 
о о 

4a) BMł Q - Y ' x X - 2X'Y, i ( B ^ B Q ) - d 2tr (X" 1) + b'B; 

5a) var (B^B q) - 2d 4tr ( X - 2 ) • 4d2fl' X ~ 2 B ; 

6a) $>B,B / t f2 * x J , B / d 2 ( . , . ) since d 6 ( x X~ 2X' ) 2 * d 4X X - 2 X ; 
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7a) Y q - XB Q - ( I - M)Y, M - I - X X _ 1X'| 

8a) S(Y o) - Xfl, Л(У о) - c^Cl - M ) ; 

9a) 9q - СОГл (xc, d 2 ( i - M)), MSE(Y ) «• d 2 x ; 

o o 

10a) y ^ Y Q - Y ' ( I - М)У, * ( У 0 У 0 ) - d 2k + fl'X fl; 

11a) var (У 0У 0) - 2d 4k + 4d2fl'X fl; 

m \ * y . o , . ) , 

13a) E Q • МУ - M S , * ( E Q ) - O; 

14a) J B ( E q ) - d 2 M , 9 E - Otfg (O, d 2 M ) ; 
o o 

15a) M S E ( E Q ) - o*2(n-k), E ^ E - У'МУ - Z 'HZ i 

16a) 8(E^E o) • d 2(n-k), var ( E ^ E Q ) - 2d 4(n-k); 

17a) 9 3 - Х 2 ,((n-k), o ) ; 
ЕДЕ /d K E J d o o o o 

b) the case of В л , , ж* .,, Е ,s O' o' о» 

lb) В о 1 - (Х + с1 ) - 1 х'У; 

2ь) * ( в о 1 ) - ( х + c i ) " 1 х ' в , а ( в о 1 ) - а2 ( х + c i ) " 1 х ( х + 

+ c l ) " \ 

зь) $>в • = J T B ^ ( * ( в о 1 ) . л ( в о 1 ) ) , M S E ( B q 1 ) - d 2tr ( х ( X + 

+ c l ) - 2 ) + c2fl' ( X + - c l ) " 2 e ; 

4b) в о 1 в о 1 - у х ( x + ci)" 2 x'y, * ( в ^ в о 1 ) - d 2tr(x(x.cir 2) + 

+ fl' X ( X + c l ) " 2 X fl,-

5b) var ( B O 1 B O 1 ) - 2d 4tr ( x 2 ( X + c l ) " 4 + 4d 2fl ' x ( X + 

+ c l ) " 2 X (X + c l } " 2 I B ; 
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6 b ) $> j * % •>(•,.) because 
b o i b « , i " B ; i B o i / d 

d 6 X (X + cl)" 2 X(I + cl ) ~ 2 X ' * D 4 X (I + cl)~ 2X'; 

7 b ) $ O 1 = X B Q 1 - X (I + cl)~ 1X'Y; 

8b) u ( Y O 1 ) - X ( X • ci)" 1 xa , * ( Y O 1 > « D 2 X ( x • сх'Г'хЛх + 

+ c l ) " V ; 

\ ' ^ o ^ o ^ ' ^ o ^ ' m s e ( y
0 1 > ' Л C X 2 ( X . 

* c l ) - 2 ) * c2fl' (X • cl)" 1 X (X + cl)~ 1B; 

12b) <PA . 2 * X 2 . , (...) since 

10b) * o ł ? o 1 - V'X (X + c l ) " 1 X (X • cl)"1X'Y, 

* ( Y ^ V o l ) • d 2tr ( X 2 ( X + C L ) " 2 ) * fl'X(X + C I)" 1X(X * 

+ c l ) - 1 X B; 

11b) var (У;,У о 1) - 2d 4tr (X 4 (X + c l ) " 4 ) + 4d 2B' (x ( X • 

* cl)' ,) 4XB; 
2 

*o1*o1"* Yo1*o1' 

o»6X (X • c l T ^ X + c l ) " 1 X ( X + c l ) * 1 X ( X « c l)" 1X' * 

Ф d 4X (X + С1)" 1Д(Х + c l ) " 1 X'; 

1 3 b ) Eo1 - M o 1 Y ' M Ó1 " M o V Mo1 * Mo1» Mo1 - 1 " X ( * + 

+ C L ) - 1 X ' . 

W«oł) • Mo,Xfl; 

14b) A(E > - d 2 M o 1 M ; r J (M o 1XB. rf2MolM;,); 
Ol Ol 

15b) MSE(E o 1) - d 2tr (H o lM',) • a'X'M^XB. E ^ E o l - V'M^M^Y; 

16b) t(E^BQ,) - d 2tr ( M o l M ^ ) i fl'X'MolMolXflf 
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• y q 2 ) -o* 2tr ( x 2 ( x + с ) " 2 ) + a ' x ( x + с Г 1 х ( х + 

• с)"*хв; 

10c) Y o 2 $ o 2 - Y«X ("X + C ) _ 1 X ( X + C ) ~ V y , 

V a r ( E ó l E o 1 > • 2 r f 2 t r ( M ó l M o 1 > 2 + 4 d 2 f i ' X ' ( M o 1 M o l ) 2 X f l , 

17b) 9 f X2 (.,.) since d V : M . ) 2 + d4H'H^ 
P' P >M P ' P lA* ' o l 0 1 Ol O T 
E o 1 E o 1 / d E o 1 E o 1 / d 

c) the case of B p 2 , Y q 2 , E q 2 . 

1с) В о 2 - (I + С)" 1Х'У; 

2с) *<в о 2) - (i + с Г ' а ' в , а ( в о 2 ) - d 2 ( х + с Г 1 х ( х + О ) " 1 ; 

Зс) 9 - *» ( f c ( B _).Л(в -)), MSE(B -) • d 2 t r ( ( X + c)~ 2l) + -
Во2 В о 2 о2 о2 о2 

+ (в'(1 + С ' 1 X ) _ 1 ( l + X с " 1 ) * 1 * ) ; 

4с) В ^ 2 В о 2 - Y ' X ( X • C ) " 2 X ' Y , « ( B ^ 2 B o 2 ) - d 2 t r ( x ( X • С ) " 2 ) + 

+ fl'X(X + C ) ~ 2 X B ; 

5c) var (B ^ 2 B q 2) - 2d 4tr (i ( X + C ) " 2 ) 2 • 4d 2e'l ( X + C ) ~ 2 X ( X + 

+ С)" 2Хв; 

6c) 9 , * X 2 ,(.,.) elnce 
Bo2 Bo2 / r f B o 2 B o 2 / d ' 

d 6 X ( X + C ) " 2 X ( X + C ) " 2 X ' * d 4 X ( X + C)"V; 

7c) Y q 2 » Y B q 2 - X ( X + C ) " 1 X ' Y ; 

+ O ' V ; 
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t t f ' A ) - A r ( x 2 ( x • c ) ~ 2 ) 4 a ' x C x 4 c ) ~ 1 r ( x + *o2 o2 
+ c)"'iei 

1 1 c ) var ( V o 2 V Q 2 ) - 2d 4tr ( X 4 ( X 4 c ) " 4 ) * 4 d V x ( X • С Г 1 

X(X + C ) - 1 X ( X + C)" 1X(X + С)" 1ГВ; 

1 2 C > ^ Л , Л 2 * Л 2
 ( " - ) 8 I N C E 

Y o 2 V o 2 / d Y Ó 2 Y o 2 ^ 

d 6x(x + c) - 1x(x + c)'1x(x + c)"1x(x + c)"1x' * 

Ф d 4x(X + C)" 1X(X + C)" 1X'; 

1 3 c ) E o 2 " M o 2 V ' M Ó 2 - M o 2 ' M o 2 * M o 2 ' Mo2 " 1 ' X ( X + C ) _' X'' 

* ( Eo2> - M o 2 X f l ; 

1-е) A ( E O 2 ) - d 2 M O 2 ^ 2 , P E o 2 - M o 2 X f l , d 2 M O 2 M ^ 2 ) ; 

15c) M S E ( E o 2 ) - d 2 t r ( M O 2 M O 2 ) 4 fl'x'MO2Mo2xe. E ; 2 E O 2 - v ' M ^ M ^ y ; 

16c) « ( E O 2 E o 2 ) - d 2 t r ( M O 2 M O 2 ) • в ' х ' М < ; 2 м о 2 х в , 

v a r ( E Ó 2 E o 2 ) - 2 t f 4 t r C M Ó 2 M o 2 ) 2 + 4d 2B«X'(M^ 2M o 2) 2Xfl; 

17c) 9 j * X2 , (...) eince d 6 ( M ' M - ) 2 * 
Е о 2 Е о 2 " E o 2 E o 2 ^ 2 ° 2 ° 2 

From the comparisons of Оа)-(ба), Оь)-(бЬ), (1с)-(бс) it 
follows 

S t a t e m e n t 1. Let the assumptions of model ОЛ^, and 
Theorems 1*4 hold. Then (acoording to Оа)-(ба), Оь)-(бЬ), (1c)-
-(6c)) the replacement of B Q with the B q 1 (or B q 2 ) signifies 
the change of analytical form (with respect to the expressions 
connected with B Q ) of expressions defining the expectation 
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value, dispersion matrix, normal density functions, the total 
MSE, the "length" of estimator, the expectation value of the 
"length", variance of the "length", density function of the 
"length". 

S t a t e m e n t 2. Under the assumptions of model M-^ and 
Theorems 1*4 (according to the relations ( 7 a ) - 0 2 a ) , (7b)-(l2b), 
(7c)-(12c)) the replacement of predictor Y Q with the biased 
ridge predictor Y q 1 (or Y Q 2 ) signifies the change in the ana
lytical form (with respect to the relevant expressions connect
ed with V ) of the expressions defining predictor's expect
ation value, dispersion matrix, normal density function, the 
total MSE, the "length", the expectation value of the "length", 
variance of the "length", density function of the "length". • 

S t a t e m e n t 3. Under the assumptions of model tM.̂  

and Theorems 1+4 (according to (13a)-(l7a), (13b)-(17b), (13c)-
-(17c)) the replacement of residual vector E Q with the ridge 
residual vector E q 1 (or E q 2 ) signifies the change in the 
analytical form of the expressions defining the residual vec
tor's expectation value, dispersion matrix, normal density func
tion, the total MSE, the "length", expectation value of the 
"»jngth", variance of the "length", density function of the 
"length". • 

S t a t e m e n t 4. Under the assumptions of model OJL^, 
and Theorems 1т4: a) estimators B Q , B Q 1 , B q 2 have multivariate 
normal distributions, b) the predictor Y Q and the residual 
vector EQ have multivariate singular normal distributions and 
the predictors Y Q L , Y q 2 and the residual vectors E Q L , E Q 2 

have multivariate normal distributions, c) the only random quan
tities which have X 2 distributions are Y ' Y _ and E * E ; ot-

o о о о 
her quantities as B ; B Q , B ^ , B ^ B O 2 , , E ^ , 

о 
E o 2 E o 2 ' d o n o t n a v e x distribution. • 

The above statements 1-4 state the fact of change in the 
analytical form of the formulae defining some of the chosen 
real or random functions that describe the performance of es
timators, predictors and residuals, For the model iH^ we were 
not able to find out the precise relation (equality or in
feriority or superiority) between chosen real and random func-
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b) if cl > Л, then A ( A Q ) > A ( a q 1 ) ; 

c) M S E ( A Q L ) < M S E ( A q ) If 0 < с < 2d 2 

ко- 2 

K Г/ k \2 
£ V ( E \ al) -i-i L 4

i l ti / 

/ k 

4 i-1 

i-i / x i-i * 

e) var ( A ^ A O 1 ) < var (A^A q) if c 3(2k + d 2k) + • 

N i-i i-i / \ i=i 

+ 6d 

i-1 / \ i-1 1=1 / 

T h e o r e m 6. Under the assumptions of Theorem 5 we 
have: 

a) Y Q 1 * X # A
0 1 i 8 biased predictor; 

b) A ( 7 o l ) < A ( ? 0 ) if c 2l > Л 2 ; 

tions of B 0. B o 1 , B o 2 , Y Q, Y o 1 , Y o 2 ; E Q , tC%, Zq2. It 
is easy to do it for the model tU£, С and in fact it was done by 
M i l o in the previous works [б, 7 ] ) . Here we present only 
some final statements. 

T h e o r e m 5. Let the assumptions of «М,̂ , and Theorems 
1r4 be fulfilled. Then: 

a) A , • (Л+ cl)"1x'y is biased estimator; ol 
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2d 
к 

2 
Е Л 

с) MSE(Y .) < MSE(Y ) if С < 

£ «* \ - л 

1-1 

d) fe^ói^o1) < *(^ó' 0) i f condition (d) from Theorem 5 
holds; 

e) var (?',У ,) < var ( C ' ? ) if condition (e) from Theorem 
O L O L о о 

5 holds; 

f) 2 , is biased estimator of lt(2), ё , - Y , - ¥ ,. • 
O L O L O L O L 

It is easy to find out that; 

18a) MSE ( 2 o 1 ) < MSE(EfQ) if c( ̂  ot2 ^ + o*2k J < O; 
4 - 1 ' 

1 8 ь ) »(8^.в о 1х*(в;» 0) и K ^ a i ч * Л ) < 0 ' { E •? -i 
4 * 1 

18c) *(E Q l) < a(E Q) if (I * С Л . ) 2 < 0. 
V 

Because с > О, к > O, d > О, V i : А,̂  > О therefore the 

relations 1 l ( A O 1 A O 1 ) < t ^ ) , var ( A ^ A ^ ) < var A Q A Q , 

i ( ? o 1 ? o 1 ) < К(? 0У 0). var < var (? 0? Q) bold independently 
of conditions attached, to them. This is due to the analytical 
form of these conditions. By the same arguments, that is 
c,k,rf > 0, V i : A A > О and the form of conditions given in 
order to save the truth of relations (g), (h), (i) in the 
Theorem 6, the relatione (g), (h), (i) do not hold. Hence: 

T h e o r e m 7. Under the assumptions of Theorem 5 the 
following relations hold: 
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a) M S E ( 2 q 1 ) > M S E ( 2 q ) ; 

b) W £ 0 l i 0 l ) > « * ; * ; > ; 

c) л(й о 1) > » ( 2 0 ) . • 

3. PROPERTIES OF RIDGE ESTIMATORS OBTAINED 
BY THE USE OF MONTE-CARLO EXPERIMENTS 

In experiments we have tested the behaviour of the estim-
ators b o , в о 1 1 , в о 1 2 , в о 1 3 . в о 2 1 , в о 2 2 , в о 2 3 in B o 2 2 the 
parameter б was equal & - (k-2)(n-k)/(n-k+2). We have made an 
attempt to compare these estimators considering the precision 
of estimates of the vector и of the model tM,Q. The base of 
experiments were empirical values of X and в obtained from 
the least squares estimation. We took under consideration 4 mat
rices X for two explanatory variables. The descriptive cor
relation coefficients were 0 . 9 9 8 9 , 0 . 9 9 7 7 , 0 . 9 8 5 9 , 0 . 9 5 8 0 . The 

2 
values of d were taken as equal to those from the least squar
es estimation. In the second variant the values were increased 
by about 20% (we assumed that bad-conditioning caused under-
estimation of d by the use of least squares residuals). In 
each experiment we have generated 1 0 0 realizations of the ran
dom vector Z, calculated the values of estimates and chosen 
measures. Then we have calculated the mean values . of these 
measures after all 1 0 0 realizations. We have considered the fol
lowing measures of estimators precision and prognostical proper
ties: standard error of estimate, mean bias of estimate, mean 
absolute bias of estimate, square root of the M S E , mean abso
lute percentage error, mean square prediction error, mean abso
lute error, mean square percentage error, standard prediction 
error, mean absolute relative error. We now present some of the 
results of experiments in Tab. 1 and 2. Square root of MSE 
(RMSE), sum of predlotion errors (SPE), mean relative absolute 
error (MARE) were the measures which differentiated best the 
estimators which we have analyzed. 
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T a b l e 1 

The results - MSE and SPE criterion (ranking) 

^ ^ \ V a l u e of correlation 
^ ч > * ^ ^ coefficient 

Estl- ^--v. 
ma tor ^ — . 

0.9989 О.9977 0.9859 О.9580 Sums 
of 

ranks 

^ ^ \ V a l u e of correlation 
^ ч > * ^ ^ coefficient 

Estl- ^--v. 
ma tor ^ — . 

1 2 1 2 1 2 1 2 

Sums 
of 

ranks 

В 
о 

3 3 3 7 1 1 1 1 20 
вои 7 7 4 1* б 6 6 6 43 
% 2 1 1 1 4 3 3 2 » 16 
Boi3 6 5 7 5 S 5 5 5 43 
B021 4 4 5 2 2 2 3 3 25 
В022 2 2 г б 1 1 1 2 17 
В023 S 6 б 3 4 4 4 4 36 

* It was the only example when the estimator BQI\ had not bad MSE pro
perties i at the same time it ahowed great bias. 

The results - MARE criterion (ranking) 

T a b l e 

^ ^ V a l u a of correlation 
^ s ^ . coefficient 

Esti-
ma tor 

0 .9989 О.9977 0 .9859 0 . 9 5 8 0 Sums 
of 

ranks 

^ ^ V a l u a of correlation 
^ s ^ . coefficient 

Esti-
ma tor 

1 2 1 2 , l'.1 2 1 2 

Sums 
of 

ranks 

Б 
O' 

1 1 1 1 1 1 I 1 8 
B 0 1 1 6 S 5 5 5 6 4 5 41 
B 0 1 2 2 i 1 1 4 5 X 2 17 
B 0 1 3 5 4 4 4 3 4 3 4 31 
B 0 2 1 3 2 2 2 2 2 2 2 17 

*022 2 1 i 1 1 1 1 1 9 
B 0 2 3 4 3 3 3 з 3 3 3 25 

Considering M S E and S P E the best were the estimators B q 1 2 and 
В and then В л, В . Differences between В and В in OŁA О Oi\ ol2 o22 
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absolute values of RMSE and SPE were not great. Considering MARE 
(and other prediction errors) the best was B Q estimator and then 
B q 2 2 . Greater values of prediction errors were for B

o 2 i » Bo12" 
The estimators B q 1 1 , B

013« Bo-23 behaved very poorly - in every 
experiment they were worse than ordinary least squares estima
tor. 

We have considered models with matrices of observations X 
taken from practice of econometric modelling. In many experim
ental studies of ridge estimators the matrices X are the ma
trices of standardized observations. The problem of standar
dization is at least controversial (see [ 1 2 ] ) . We have con
ducted experiments without standardization - it is not indispen
sable in defining and computing ridge estimators. However, by 
applying standardized observation matrices (for explanatory va
riables) we can generalize results of experiments for a wider 
class of matrices X and parameters 6 . In designing future ex
periments we will Include cases of standardization, and inter-
pretabllity of estimates of standardized model parameters and 
consider models with greater (than two) number of explanatory 
variables. It will need more precise definition of bad-con
ditioned matrices of observations. 

4. FINAL REMARKS 

The results presented give us some idea about the studied 
quality of considered estimators. Studies are far from the end. 
In an analytical realm such estimators as A q 2 < B

0 n < B
0i 2» Ьо13 

Bo21' Bo22* Bo23 need further studies. In doing further Monce-
-Carlo experiments the most difficult problem we have faced is 
to find out possible ways of parameter space reduction but with 
keeping in mind one of the ultimate goals of experimentst to 
cover as dense as possible the parameter space. 

It is an open question how to study and compare different 
results of studies, the properties of estimators in the case of 
models with and without standardization in У and X, standardiz
ation and orthogonallzation in У and X. 
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0 ESTYMATORACH GRZBIETOWYCH WEKTORA PARAMETRÓW 
OGÓLNEGO MODELU LINIOWEGO 

Artykuł zawiera nowe wyniki analityczne dotyczące konsekwencji zastąpie
nia metody najmniejszych kwadratów B q , predyktora Y Q - X B q , wektora reszt 
E " Y - Y przez ich grzbietowe analogony zarówno przy założeniu, gdy wyko
rzystujemy macierz korekty cl, С - diag (Cj, с ) z tytułu złego uwarun
kowania macierzy x'x, jak 1 przy założeniu, że korzystamy z oszacowań ma
cierzy cl, C. 

W przypadku losowych macierzy cl, С przy użyciu metod Monte-Carlo zba
dano zachowanie się wybranych estymatorów i dokonano ich zrangowania względem 
miar predykcyjno-dokładnosciowych. 


