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on Swi atkowsk:i functions

This paper is connected with basic properties of Swigtkowski func-
tions of one and two variables. Among other things, it has been Shown
that, in the class of a.e. continuous functions of class M j of Zahor-
ski, the possession of the Swigtkowski property by a function is equi-
valent to the fact that the function belongs to class M 2 of Zahorski.
The last theorem of the paper 1is connected with the generalisation of
the notion of Swigtkowski function to the case of function of two
variables, in the context that, for this class of functions, the fun-

damental theorem of Mank-Swigtkowski is true.

In paper [11 T. M a n k and T. Swiagtkowsk.i
defined a new class of functions whose elements (according to the
terminology adopted in [3]) will be called Swigtkowski functions
(or functions possessing the property of Swigtkowski). It turns out
that, in some cases, the class of Swiatkowski functions comprises
a number of important classes of functions. In particular, it can
be shown that, in the class of almost everywhere continuous func-
tions of the first class of Zahorski, the fact that the function
f belongs to the second class of Zahorski is equivalent to the
possession of the property of Swiagtkowski by a function f. (see
Theorem 2). Hence it easily appears that, for instance, if f is a.e.
continuous derivative, then it is Swiatkowski function (see corol-
lary 1). Theorem 3 1S connected with generalisations of the notion
of Swigtkowski functions to the case of functions of two variables
in the context that, for this class of functions, the fundamental
theorem of Mank-Swigtkowski is true.

We use the standard notions and notation. By R we shall denote
the set of real numbers with its natural topology.



Throughout the paper, we consider real Tfunctions defined on
the closed segment 1 ¢ R or on the plane R . Let ¥ be an arbitrary
function, then: by Cf (Df) we denote the set of all continuity

(discontinuity) points of f and write Ea(f) = f;l((—<», a)) and
Ea(®) = 1‘_1 (@, +»)) for ae R. The symbol ¢6 denotes class of
such functions f : | =R, that: Ea(f|[R) = 0 or Ea(fl[K)n CFfFt O
and e“(FiK) = 0 or Ea(flK)n / 0 for every ae R and every
nondegenerate segment K c 1.

By [a, b] and (a, b) respectively, we shall denote closed
and open segment joining a and b (for segments lying on the real
line we shall use these symbols also in the case when a > b)". To
simplify denotations, we shall write (@, b) and [a, b] instead of
@ b)nl and [a, b] n I, respectively. Image and inverse image
of these segments will be denoted by f(a, b), f[a, b]l, f 1@, b)
and f *[a, b] respectively, to avoid double brackets. By m(a, b)
we denote the middle-point of the interval (@, b) and by £(a, b)
we denote the distance of points a and b on the plane.

Let D(B”) denote the class of Darboux function (resp. functions
in Baire class 1). According to the definition in [3] we assume,
for a function f of two variables, that fe D if for every closed
segment (@, bj ¢ RL the image f[a, b] 1is a connected set. Mo-
reover we assume Dn Bj = DBA/.

The closure, interior, diameter and Lebesgues measure of the
set A we denote by: A, Int A, 6(A) and p(A) respectively.

The uniformly convergence of a sequence of functions {fn} to
f we shall denote by frl f.

The term Zahorski classes denote the classes k=0, 1,...,5)
defined by Zahorski in [7]- In particular dR = = DB1
and dt2 denotes the class of such functions f, that for every aeR
the sets Ea(f) and Ea(fF) are of type and every one-sided

neighbourhood of each x e Ea(f) (xe EQ(F))intersects Ea(F)(Ea ()
in a set of the positive measure.

To make precise the denotations of the terms used in the pre-
sent paper, we accept the following definitions.

Definition 1 [I] . We say, that a function f : I » R possesses
the property of Swiagtkowski (or f is Swigtkowski function) if for
every two points x, y e I such that f(x) # f(y) there exists a

point z of continuity of f, such that ze (X, y) and f(z2)e (f(x),
(Y-



Definition 2 [6]- We saY* that a function £ possesses the pro-
perty of Young if for each x, there exist sequences {*}, {xX*}

such that x'r" * X, x’r‘] N x  and n I-iomm f(x'r? = f(x) = nI_i’m® f(x’rjl).

In [I] it has been shown that the class of Swigtkowski func-
tions is not contained in the class DB”. So, the question of
finding a necessary and sufficient condition for a function
fe DB to be a Swiatkowski one seems interesting. The answer to

this question is given by Theorem 1 which will be preceded by the

following lemma:
Lenéma I [6]. Let fe"B~ Then f e D if and only if f posses-

ses the property of Young.
Theorem 1. Let £ : I %R and let f & My. Then F possesses

the property of Swiagtkowski if and only if f e cW#.

Proof. Necessity. Let K be an arbitrary nondegenerate
interval and let o e R. Suppose that x e Ea(f|[R). Now, if f(K) =
= {fX)}, then Ea(fiK>n cf * O- In the opposite case, according
to the fact that f e D, we infer that there exists an element
x" of Ea(f|K) such that f(x) # f(x"). Let x"e CFn (X, Xx“) n
n f1(fF&), TF(x")). Of course x" e Cf n Ea(flK). This ends the

proof of necessary condition.
Sufficiency. Let x1# x2 e I and let fix® t Ff(x2). since

f e D, then there exist points x*, x2 e (X~ x2) such that 0 #
t f(xp, FT(x2)) ¢ [FE), Tx2)] c (fIxj), F(x2)). Assume, TFor
instance, that: f(x*) < f(x?) < f(x2) < f(x2).

Put = fir,, v i and let A = g~1 xJ), xi)). It is suf-
g e Y g-1(9(xd), 9gxi))
fice to show, that

-i - Df
g (@Ixj), g(x2)) t 27" . m
Assume, to the contrary, that:
1 DFf
g-1(g(x1), g(x2))e 2 . an
Put h = g~ = fJE£. Since fe BIf then there exists the point
XQ e A such that xQ e Ch.

Now, we remark that, is a sequence of elements of A
and lim x = x , then {h(xn)} 1is the sequence of elements of
n & ® n

the segment (@(xXj), g(x2)). Hence, according to the continuity
of h at xQ, we infer that



hx0) e [g(x), g(x2)] C (gfx”™, g(x2>).
Of course g(xQ) * g(x") or g(xQ) * g(x2). Assume, For instance
that g(xQ) * g(x2). According to the continuity of h at xQ, we
deduce that there exists an open segment (@, b) ¢ [x1, x2] such
that

xQ 6 (a, b) and g((a, b) n A c @IXJY), g(x2>) @

It is easy to see that:

@ xQ)Qn AtOor xQ,b)n A/ZO @"H
If Xo € A, then (27) follows from Lemma 1, if x, e A \ A then (27)

u
is, of course, true too.

Now, let
an arbitrary element of the set (@ xQ)nA, if (@a,xQ)nA*0

xQ , if @ xQ)nA=0

* "an arbitrary element of the set (x0,b) nA, if (xXQ,b) nA*0
xQ, if (x0,b)nA-0

Remark that x e [x*, x*] £c Ix,, x2] an(g\ x,, x*] is tRe non-
degenerate segment. Denote A = A n [x*, x ]- Thus xQ e A and,
according to € ) and (1), we infer that

A e 2 T. (©)
Put B = [x*, x*] \A*_. Of course x*, x* " B*. Moreover (2
implies, that f( )c (-«, g{x2)). Thus, according to the fact

*

that f e oU

g<x2)
, we deduce that E (I [x X*1* n CF * A~ which

means, according to £3), that B* /7 0. Now, let (a, 3) be an arbi-
trary component of B . Then

gla, 3] ¢ (-®, g(xM]- (O
In fact. Assume to the contrary that:

gla, pl n (@ix®), + » + 0. (C)
First, we remark, that since g e D, then:

<ye [a pl -9 e @X-D, 9(x2))} = 0.

It is easy to see (according to (@) and (*)) that g@) e @XM,
g(x™1, which, according to (4") is impossible, because g e D.
The obtained contradiction ends the proof of (4).



We can remark that:

EFf(x") If|[x,, x*]> ¢ A o)

From (2°) we deduce that x* e A or x e A. Assume, for in-
stance, that x* e A. Hence f(x*) e (XD, gix?)), which means

that Ef(xQ) (F|l[x*, x*1> * 0- Since fe M* then Ef(xXQ (FlLx-,

x*j)ﬂ:ZDf. This, according to (5), contradicts (3).

It is easy to see, that the class of Swigtkowski functions
is not contained in the class cAI'n D as well as in #*n B~

The above theorem leads us to a number of interesting corol-
laries. Below, we shall present some of them.

Theorem 2. Let f be a.e. continuous functions and fecU”. Then
feM if and only if f possesses the property of Swiagtkowski .
Proof. Necessity. We shall show that f e df, which ac-

cording to Theorem 1 denotes that f possesses the property of
Swiatkowski .

Let a be an arbitrary real number and K an arbitrary nondege-
nerated interval. Suppose that Ea(f|R) f 0 *Ea*fF|K» » Then»
according to our assumptions we have that Cfn Ea(fIR) i 0O (Cfn

n Ea<fF K> * 0)-

Sufficiency. Let a be an arbitrary real number and let x e Ea(P)
(proof in the case if x e E~(F) 1is similar). Let K be an arbitrary
one-sided neighbourhood of x. If fK) — {f(xX)} then p(E (H n K) -
= UK >0.

In the opposite case, we infer that there exists a point ye (Kn

Ea(f)) \ Ff 1({fxX)}P and so there exists a point z e (X, y) n cf
such that f(z) e (FX), f(y)) ¢ (-». a). Then there exists a posi-

tive real number 6 <min (]Jz-x], 1|z -yl]) such that f(z - 6,
z + 6) c (~«(a), which means that p(Ea(f) o K) > 2i > O.
Corollary I. Let ¥ be a.e. continuous derivative. Then f posses-

ses the property of Swiatkowski .

The next corollary is the simple consequence of Theorem 2 and the
theorem of Mukhopadhyay I2]-

Corollary 2. Let f be a.e. continuous and fe cui. Then if £ maps
no zero measure perfect set onto an interval, then f possesses the
property of Swiagtkowski.



corollary 3. Let f be a.e. continuous and aproximately con-
tinuous function. Then f possesses the property of Swigtkowski.

In [I] it has been shown that, if fR possesses the property
of Swigtkowski and fn&DB~ for n = 1, 2.. and moreover fn~~f then
f possesses the property of Swigtkowski (and of course f e DBM).
This theorem is the fundamental theorem of Mank-Swigtkowski .

In the present paper it will be demonstrated that the funda-
mental theorem of Mank-Swiagtkowski is true also for functions of
two variables (if we assume the definition of Swiagtkowski function
in such a way as in Definition 3). By K(x, r) we shall denote an
open circle having the centre at x and the radius r.

Definition 3 [4] . We say, that a function ¥ : R2 *R possesses
the property of Swiatkowski if for every two points x, ye R2 such
that f(x) # f(y) there exists a point z of continuity of Ff such

that g KM, y), 88 X y)) and F(@) ¢ (), T¥))-

Lemma 2 [3]. Let {fn¥=1 be a se<luence of real functions of
two variables such that fR e DB for n =1, 2, ... Then if fnf
then f 6 DB".

Theorem 3. Let {fn}‘r;EX be a sequence of real functions of two
variables such that ffie DB1 and TR possesses the property of
Swigtkowski for n = 1, 2, ... Then, if fn==f then fe DBN and F

possesses the property of Swigtkowski.
Proof. According to Lemma 2, it is suffice to show that F
possesses the property of Swigtkowski.

Let Xj_, x2 e R2 and f(xx) * f(x2). Assume, for instance, that

fXj) < f(x2). Put Ay = K(m(x1, x2), x2)). We shall show
that there exists a point zg AN n such that f(z) e (M),
f(x2)). Put

aj = F(xx) + » (F(x2) - F(xx)); = f(xx) + 8§ (F(x2> - fox~I
and let

=a’+ | @ -cD, 8 = +] @ -

Now, we shall show that there exists an open circle A2 =

= K(@Z», r~ such that m <~ 5(j, x2), A2 c and f(A2) c
2

c (@[, a". Let N® denotes such natural number that for x e R and
1 /~ ~t\



Since fe D, then there exist points z, z£E e (X x2) such

that f(zp = and f(z®) = 3*. Hence, we can choose from

Km(z™, zj])D, \ e~zIl" zl)) a Pc°int zi 6 cf such that N (El1* e
N1 1

e |f[, PID. OFf course e AjJ. Let >0 be such real number
that rx < jJ g (., x2) and if A2 = K(zIf rn, then A2c A and
5(fN (A2)) « ij (i - “ii-

it is easy to see that:

f(A2) ¢ («i, a ®)
In fact. Remark that |[f(X) - fN @) <y (@ - aM) for X e A2,

which means that (6) 1is true.

If T(A2) = {f(zx)}, then we put z = z1 and so z is the re-
quired point.

In the opposite case, let aj, <2 denote such elements of @@",
at), that a2 < a2, a2 - aj <™ (@ - a") and there exist points

y2,y2 e A2 such that y2, y2, z» are colineare and Ty = aj,

f(y2> = °2" Moreover, we put =a2 +1 (@2 " a2"’ = a2 +
+ N (@2 - aj) and let z2, Zje (vj, yp be such points that
f(z2) = P2, T(z"2) = P2* In analogously way as above, we can prove
that there exists an open circle A3 = K(z2, r2) such -that r2 <
< g(xIf x2), A3 c¢ A2 and f(A3)c <a", a”).

In this way we have defined two sequences {An} and {[<*,, a’1}
where AR = *<«,, !» rn-1)*
If for some n_. f(A ) = {f( z o then we put z - zn -1 *
o o]

and so z is the required point.
Now suppose that f(An) 1is a nondegenerate interval for n = 1,

2, ... Hence, {An} and {[a, a£]} are infinite, decreasing se-

quence of closed sets and

Ilim 5CA) =0, lim 6 ([a;, aj]) =0, FfT(An)c (an, ar.ji
n »a n n-»>®
1

o9 _
Let {z} = fII An>*
n*



Of course ze A and f(@)e (ffx™), f(x2))-

[e0)

Remark that {f(z)} = H [<» «w] e In fact. Assume, to the
© n-1 n n
contrary, that ] a’] = {a} and a t f(2) = a". Let, for

instance, a"< a. Let n* be such natural number that a"< a™* < a.
Then z e An*+1 and f(z) e FlIAn*+i> ¢ (@ an*)t which contra-
dicts our assumption that a" < a™*.

Finally, we remark that z e Cf. This ends the proof.

H. Nonas and W. Wilczynsk:i in [3] have
assumed the following definition of Swiatkowski function of two
variables: a function f : R2 *R possesses the property of Swiat-
kowski if for every two points X, y e R such that TX) f f(y)
there exists a point 2z of continuity of f, such that ze (X, y)
and f(z) e (F(x), f(y)). H. Nonas and w. Wilczynski have shown
the example of a sequence of functions (fn) such that for every
n, fne D and fn possesses the property of Swiatkowski, as well
as fn ~ f, but f fails to possesses the property of Swiatkowski .
If we additionally assume that fne Bi (=1, 2, ...) then it
is not known the answer to the question: does f possesse the pro-
perty of Swiatkowski? (if we assume the definition of Swiagtkowski
function in such a way as in paper [3])-
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0 FUNKCJACH SWIATKOWSKIEGO

W pracy tej zostaly oméwione pewne whasnos$ci Ffunkcji Swiagtkowskiego. Poka-
zane zostato m. in., ze w zakresie prawie wszedzie ciagtych funkcji pierwszej
klasy Zahorskiego, klasa funkcji posiadajacych wkasnosc Swigtkowskiego jest
réowna klasie M 2 Zahorskiego. Prace zamykaja rozwazania dotyczace wkasnosci

Swiatkowskiego funkcji dwéch zmiennych.



