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ON THE W-HOLONOMY 
OF THE INVERSE IMAGE 
OF A STEFAN FOLIATION

Let f ’ be a Stefan foliation ([3]) of a manifold M ’ and let 
fi M -» M ’ be a smooth mapping transverse to Sf' ÜA]). We show that 
there exists a natural homomorphism of the *-holonoray groupoid ([2]) of 
f 1 (7’) into the *-holonomy groupoid of 7.

1. INTRODUCTION

The notion of a Stefan foliation was introduced in([3]). In 
1986 V e r  E e c k e  [4] showed that if f: M -*■ M ’ is a 
smooth mapping transverse to a Stefan foliation y ’ on M ’, then 
the decomposition f" 1 (V’) of M is a Stefan foliation. In section 
2 of the present paper we prove this fact in terms of distin­
guished charts.

By the «-holonomy we mean the same object which was defined in
[2] as holonomy. This new designation is introduced in order to 
distinguish it from the Ehresmann holonomy ( [1], [4]). In section 
2 we recall the definition of a *-holonomy.

The main theorem of our paper, given in section 4, is the 
following:

There exists a natural homomorphism of the »-holonomy groupoid 
of f-1 (S’) into the »-holonomy groupoid of 7 ’.

The analogous result for the Ehresmann holonomy was proved 
in [4] .



2. STEFAN FOLIATIONS AND A *-HOLONOMY

Let M be a paracompact and connected manifold of class c“. 
Let m = dim M. In [3] , Stefan gave the following definition:

(2.1) A decomposition T  of M into connected immersed subma­
nifolds is called a foliation if, for each x e M, there exists a 
chart cp of M which satisfies the conditions:

(i) cp: Dy -*• U<p x Wcp is a diffeomorphism onto U<p x where 
Ucp and are connected neighbourhoods of 0 in R k and 
respectively (k being the dimension of that element of y, denoted 
by Lx, which contains x);

(ii) cf>(x) = ( 0,0 );
(iii) for each L e y ,  the equality cp(D<p n L) = U ̂  x I with

I = {w e Wq,; cp 1 (0, w) e L} holds.
The chart cp satisfying the above conditions is called a dis­

tinguished chart of 7  around x. The elements of 7  are said to 
be leaves of the foliation 7 . If L e f  then each connected 
component of L 0 D^ is called a plaque of f in L. In par­
ticular, := cp 1 (U(p x {0 }) is a plaque which is said to be 
central.

(2.2) Let cp be a distinguished chart around x and let G be 
an open neighbourhood of 0 in W^. It is easy to check that the 
mapping

CpQ := Cp I cp~1 (U cp x G) 
is a distinguished chart of 7 around x, too.

Let G be an arbitrary neighbourhood of 0 in W^. Define in G 
the equivalence relation ~tpQ in the following way: w ~ cpQ w ’ if 
and only if cp ^(0 , w) and <p '*'(0 , w ’) are contained in the same 
plague of cpQ. in particular, we write if G = W^ .

(2.3) Let x and y be points of the same leaf L 6 9" and let cp 
and ip be distinguished charts of tF around x and y, respectively. 
As in [2] , denote by y, the set of all dif feomorphisms f of an 
open neighourhood G of 0 in W^ into W^, such that f(0) = 0 and 
f, f-1 are compatible with the relations ~ipG and ~ Vf(g)*

Define in the relation = in the following way: if
f i: Gi Hi (i = 0 , 1 ) are elements of c4 ̂  r ̂  then fQ = f1 if



and only if there exists a family {f : t e <0 , 1 >} of mappings 
satisfying the conditions:

(i) there exists a neighbourhood G of 0 in GQ n G1 such that, 
for each t e <0, 1>, ffc is an immersion of G into HQ n H^;

(ii) the mapping <0 , 1 > * G 3 (t, w) ft(w) g hq n H1 is con­
tinuous ;

(iii) fg = fglG, f^ = f^|G;
(iv) for each t e <0 , 1>, the mapping ffc is compatible with 

the relations ~  and ~ ;
(v) for each w e G, the curve <0, 1> a t h- ft(x) e HQ n 

takes its values in an equivalence class of ~ty-
It was shown in [2] that 5 is an equivalence relation.
(2.4) In [2], the following fact was proved:
PROPOSITION. If fi e 0 4 ^ ,  gL e cA ̂ r x (i = 0, 1) and fQ = 

= fx, gQ = g1# then gQof0 = g ^  in c4 (pj x .
(2.5) Let cp be a distinguished chart of 7 around x and let 

y: <0, 1> -*• L be a continuous curve. For t e <0, 1>, a pair 
(Cf>, t) is called a link on y if % (t) e P ̂  .

If (cp, t), (, v) are two links on y, then they are said to 
overlap if

y~1(V t  n * 0

where, for an open set V c M, -ft 1 (V)fc denotes the connected 
component of 2(-1 (V) containing t.

A finite sequence C = (<pQ, tQ;<jplf tj_; . . .;cpr, tr; iJj, tr+1) (tQ = 0, 
tr+1 = 1 ) of links on y is said to be a chain of charts along -y 
if, for each i s  {0 , 1 , ..., r}, (cf̂ , ti), ti+i> are
overlapping links (<pr+1 = ¥)•

(2.6) Let ( cp, t), (<ii, v) be a pair of overlapping links 
on y. Choose a point x belonging to that connected component of 
Pq, n P  ̂ which contains a connected set f(y'1 (Dy)t n )v) -
Then there exists ( [2]) an open neighbourhood G of 0 in Ŵ , such 
that the mapping



f cp,v;x (w) = pr2 V tp‘1 (pr1 if (x), w) 
is defined in G and is an element of <A^ ^ .

Let L e and let y : <0, 1> ■* L be a continuous curve. Take 
arbitrary distinguished charts cp and iji around ^(O) and '¡¡(I), res­
pectively. Let >?= (cp, t0; cpx, tx; ...; <jpr, tr; if), tf+1) (tQ = 0,
t +1 =1) be an arbitrary chain of charts along y . Choose a 
point x^ ( i = 0 , 1 , ..., r) belonging to the connected component 
of P(pj n P cpi+1 (<Pr+1 = *) containing

r<ar‘1<D<pi ,tl n 2r_1(V i )ti+i ,‘
Define a mapping

V  = fcpr, <pr+1; xr 0 ••• of(?1/ cp2; Xl ° f cpQ, ep1, x0-

It was shown in [2] that f e cAcp, ip and its eguivalence 
class [f̂ ] relative to the relation = depends only on the homo- 
topy class of the curve y . The equivalence class [ f d e n o t e d  
also by [f yl(pty ] is called a »-holonomy of L along y •

(2.7) Let A be the family of all triplets (x, y , y) where x, 
y are points of the same leaf L and '¡j : <0, 1> -*• L is a curve 
joining x to y. The elements (x, J', y) and (x’, y ’, y ’) of A are 
identified (this relation is denoted by ~) if and only if x = x’, 
y = y ’ and [f y,(p,y] = [f for arbitrary distinguished 
charts cp and i|i around x and y, respectively. A class of (x,^,y) 
of this equivalence relation is denoted by [(x, y, Y>]• Define 
the mappings a: A/~ 9 [(x, y , y)] x e M, g: A/~ s[(x, , y)] 
^ y e M. If P( [(x, y , y)]) =a([(x’, y ’)] ), then define the 
multiplication

[(x’, H ’, y ’)] • [(x, , y)] = [(x, y • '¡¡\ y’)].
The definition is correct by (2.4).

It is easy to see that the set A/~ with a, g and the multi­
plication is a groupoid over M which is called a »-holonomy 
groupoid of SF and denoted by »-HoltlF).

(2.8) Let My. be a topological space on M whose base consists



of all plaques. Let n^(My) be the fundamental groupoid of this 
space. It is obvious that there exists a natural groupoid homo­
morphism

Hy: ir1 (M9r) 3 [*] •-» [(^(0), y . y (1))] e *-Hol(7).

3. THE INVERSE IMAGE OF A STEFAN FOLIATION

Let y ’be a Stefan foliation of an m’-dimensional manifold M ’, 
let M be an m-dimensional manifold and g: M -*• M’ a smooth mapping. 
We denote leaves of 7' by L ’, ^g(x)' *“x' etc.

(3.1) We say that g is transverse to y' if, for each x e M, 
the equality

9*TxM + Tg(x)Lg(x) = Tg(x)M ’ 
holds. This is denoted by g <+> 7

(3.2) It is well known that connected components of g-1 (L’) 
for L ’ e 7 ’ give a decomposition of M into connected immersed 
submanifolds. Moreover, the codimension of g 1 (L’) equals the 
codimension of L ’. Denote this decomposition by g-1!?’’) or simply 
by 7 .

PROPOSITION. 7 is a Stefan foliation.
(3.3) V e r  E e c k e  proved this proposition in [4] but 

we prove it in a quite different way here.
P r o o f .  The only fact which has to be proved is the exis­

tence of distinguished charts of 7.
Let x e M be an arbitrary point. Let cp’: D^, -*• Û ,, x W^, be

a distinguished chart of 7  around x = g(x). Denote by L the 
element of 7  containing x (dim L = k) and by L’ the leaf of 7 ’ 
for which g(L) c L ’ (dim L ’ = k ’). Take a connected and re­
latively compact neighbourhood P of x in g 1 (PCp>) such that the­
re exists a chart of the submanifold g 1 (L’), defined in P 
and satisfying 4>(x) = 0. It is easy to see that the mapping 
h = pr2 ° (f’° g is a submersion in x, thus in an open neighbourhood 
W of x contained in g'1 (DCf,>). Let be a regular foliation
of W induced by h. Define P to be the connected component of



W n P containing x. Let Ç = (W, p) be a tubular neighbourhood 
of P such that W c W, and p 1 (x) is connected and transverse to 
leaves of 7^ for each x e P. The mapping

cp : W a y (ÿ p(y), h(y) ) e K k x R m ’-k’ = ]Rk’x R m_k

is a diffeomorphism on some neighbourhood D̂ , of x. One can sup­
pose that cp(D<p) is of the form U<p x W<p where Uy, W<p are con­
nected neighbourhoods of 0 in R k and R m_k, respectively. Set 
cp: = cp I Dq,. Note that 
(*) pr2(f = pr2 <p’g
by the definition of cp .

We show that cp is a distinguished chart of 7 around x. Con­
ditions (i) and (ii) of definition (2 .1 ) are obviously satisfied. 
Let L e ^ .  We prove that

cp (L n Dq,) = Uq, x I

where I = {w e W^; cp-1 (0, w) e L}. Let (u, w) e cp(L n D^). Then 
there exists y e L n D<p such that cp(y) = (u, w). Denote by L ’ e 
e T  ’the leaf for which g(L)cL'. Since pr2 cp’g cp-1 ( Û , x {w}) = {w}
by (*) and pr2 cp’g(y) = w, we have gcp-1 (U£p x {w} ) c cp’"1(u(p) x {w})c 
c L ’. Thus cp“1 (U(f x {w}) c g-1gcp-1 (uCpX {w}) c g-1(£’ ). The set 
cp 1 ( x {w}) is contained in L since it is connected and con­
tains y. In particular, cp-1 (0, w) e L, so we/. We have (u, w) 6
e U(p x /.

Conversely, let (u, w) e U ^ x / .  it is obvious that cp~1( u, w)e 
e D^. We show that cp-1 (u, w) e Ï. Since w e 1, therefore 
<p 1 ( 0, w)e Ï,. Analogously as above we prove that g? -1 ( U<p x {w} ) c L’. 
Then the connected set cp"1 (U(p x {w}) containing cp-1 (u, w) has to 
be contained in L. In particular, cp-1 (u, w) e L, so x % c 
c cp(L n D<p). □

(3.4) Let cp: D ̂  -+ U ̂  x w q, be a distinguished chart of 7  
constructed as above by using the distinguished chart cp’: D^, -*■ 
■* Û ji x w (p) of We have



PROPOSITION. W^ c w y, . Equivalence classes of ~ y are equal 
to connected components of intersections of with equivalence
classes of ~ £p, in W^,.

(3.5) P r o o f .  The first part of the proposition follows 
directly from the definition of cp. We show that the second part
holds. Let be an equivalence class of Then Û , x
x L ) c L, so g<p (U<n x & ̂  ̂) c L’ n Since the set

component

JCp * & ; Li n u

gcp 1 (U(p x I10*) is connected, it is contained in a plaque of q> . 
Consequently, Z (0) = pr2 cp>gcp~1 (U(p * £(0)) c / ’(0, by (*), where 
/ ’(0) is a connected component of t ’ = {we W^,; (p>~1 (0, w) e L ’}. 
Thus being connected, is contained in a connected
of w<p n l ’(0).

Conversely, let £’ be a connected component of the set Ŵ , n 
n where is an equivalence class of . Consider the
set A : = cp 1(Uy * It is connected. Therefore g(A) is con­
nected and pr2 (¿>’g(A) = pr2 ip’gcf1 (Û , x / ’) = c c if’ by
(*). Thus g(A) c L ’, so A c  g-1(£’). Conseguently, A is con­
tained in a leaf of 7  since A is connected. Obviously, A c d̂ ,, 
so it is contained in a plague of (f . Then we have I ’ c * . O

4. THE MAIN THEOREM

Let g: M •+ M ’ be a smooth mapping transverse to a Stefan 
foliation 7 ’ of M \  Then it is well known that there exists a 
natural groupoid homomorphism

G: tt x ( My) a [f ] !-»■ [g«3i]6 it^M’y,) 
where 7 = g- 1 17’).

(4.1) THEOREM. There exists a natural groupoid homomorphism 
G: *-Hol(y) -*■ *-Hol(7’) such that the diagram 

GU1 (Mrr) --*- ^ ( M ’y,)
<**> |H? ,

*-Hol(7)— * *-Hol ( 7 ’) 
commutes.



(4.2) P r o o f .  It is easily seen that if we want diagram 
(**) to commute, the mapping G has to be defined by the formula: 

G([(x, y , y)]) = [(g(x), go 3», g(y))].
We show that this definition is correct. Let (x,^0, y), (x, 3^, y) 
be triplets from A such that f ̂  ■ (pftp = f ; cp,ip ĉ 'cp,W’

where cp, V are arbitrarily chosen distinguished charts around x 
and y, respectively. Note that, for an arbitrary curve y in Lx, 
it is possible to choose a chain ~C ’ = ( cp\ 0 ; c p t^; ...; (p’r, tr; 
\p’, 1 ) along g 0 # such that the charts cp, (flt ..., cpr, iJj (de­
fined as in (3.3) from the charts of 5’) form a chain C =  (cp, 0; 
Cf>1, t^; ...; cpr, tr; 1) along t . This can be obtained in the 
following way: for each s e <0 , 1>, there exists a distinguis­
hed chart of around g y (s). For every chart <P’(S)» 
define the distinguished chart of 7 around y(s) as in (3.3). 
There exists a finite subfamily {cp, cp^, ..., Cpr, i|>} of { cp̂ sy 
s e <0 , 1>} with cp = cp (Q), (pL = cp( s y  <P = cp(1), such that 
C = (cp, 0 ; cp1, t1; ...; cpr, tr; , 1 ) is a chain along a , where 
tl' fcr are suitablY chosen parameters from <0, 1>. It is 
obvious that ^ \ q ) > °’> tp’jg )» fcx; ^ ’(s )' tr; ^ ’(l)' = 
= (cp’, 0 ; cp’lf tx; ...; Cp’r, tr; i))’, 1 ) is a chain along g ° y .

It is clear that the ranges of charts of this chain can be 
assumed to be convex.

Let e., (i = 0, 1) be the chains along and go^, res­
pectively, constructed as above. By the assumption, f  ̂= fjĵ  in 
o4-^>^-We have to prove that f g’0 = f in ^cp\y»'Note that, by 
proposition (3.4), the diffeomorphism f can be considered as 
an element of cA-̂ , By the transitivity of =, it suffices to 
show that = fgi in In view of proposition (2.4),
it will be sufficient to prove this last equivalence in the case 
when the chains and consist of two links. In other words
we have to show that
<***> - f (p»,v»;g(x) ln e4 <p>,ip> '

Denote f cp,y;x by f 0 and fcp>,V’; g(x) by fl and r e c a 1 1 that



fQ (w) = pr2 <¡1 i f "1(pr1(p (x) , w)
for w in some open neighbourhood of 0 in W^, and

f^w) = pr2iK tp’”1(pr1cp>g(x), w)

for w in some open neighbourhood of 0 in .
Define

ft (w) = p r ^ ’ip'-1 ((1 - t) cp, g i f ~ 1 ( p r ^ c p ( x ) ,  w)
+ t(prx c f ’ g ( x ), w ) ).

We show that there exists an open neighbourhood of 0 in W m  on
Awhich all mappings ffc are defined. Note that the mapping

a: <0, 1> x Wq, 3 ( t ,  w) -*■ (1 - t )  ( f ’ gcp~1 ( p r 1 cf ( x ) , w)
+ t(pr^ (p’ g(x), w) e U^. x W<p, 

is continuous. For each t e <0, 1>, we have a(t, 0) = ( f ’ g ( x )  e  

e cf’(D^») since g(x) e D^>. The set q>>(D^>) is an open sub­
set of U q,, x W ( p , .  By the continuity of a, for each te  <0, 1>, 
there exist a neighbourhood Vt of t in <0, 1> and a neigh­
bourhood Gt of 0 in Wjp, such that a(Vt x Gt ) c ^ ’(D^» ). Let

« s
{V , ..., V. } form a covering of <0, 1>. Set G: = O  G . Then 

tl s j=l d
a( <0, 1> x g ) c <p’( D > ), which means that all mappings ffc are
defined in G.

AWe now prove that ft is the homotopy realizing equivalence 
(***). Every ft is an immersion at 0. Indeed, let v 6 T qW ^  and 
assume that ft* v = 0. Then a(t, •)* ve T Ig(x)(U^, x {0}). The­
refore pr2* a(t, ')* v = 0 but, on the other hand, pr2 a(t, •) = 
= icL. by (*).W(f

Consequently, pr2* a(t, • )*v = v. Hence v = 0. Now, similarly 
as above, using the continuity of the differential of a ,  we can 
assert that there exists a neighbourhood G of 0 in G such that,

A  t A
for each t e <0, 1>, the mapping ffc is an immersion in G. Con­
sequently, condition (i) of definition (2.3) holds.

Condition (ii) of (2,3) is guite obvious.
Note that



fQ(w) = pr2 xp’ cp ’_1 (íp’g cp ”1 (pr1 cp (x), w))

= pr2 W _1 (pr1(|)(x), w) = fo(w )
by (*), and

fx(w) = pr2 V ’(p’"1 (pr1 (p’g(x), w) = f^w).

Thus condition (iii) of (2.3) holds.
AWe now prove that, for each t e <0, 1>, the mapping ffc is 

compatible with ~ <p* and Indeed, let be an equivalence
class of-v^A. Note that a({t} x I^) c U^, * Iq because pr2a(t, w)

A _  1= w for each w e G. Therefore if’ a({t} x ¿g) is contained
Ain some leaf L’e 7 ’ by (3.4). Hence ft(/Q) c I' where I’ = 

= {w’e W^,; V ’”1 (0, w ’) e L’}. Since ft(¿0) is connected, it is 
contained in a connected component of I’, thus in an eguivalence 
class of So, condition (iv) of (2.3) holds.

-1To prove condition (v) of (2.3), note that Cp’ a(<0, 1> x {w}) 
is contained in some leaf of 7 ’because of the equality pr2a(t, w)

A= w. Consequently, the image of the curve <0, 1> a t h+ ft(w) e 
e Wty> is contained in some set V  and, since it is connected, in 
an equivalence class of ~ .

This completes the proof of the correctness of the definition 
of G.

It is easy to check that G is a groupoid homomorphism. □
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Andrzej Piątkowski 

0 *-HOLONOMII PRZECIWOBRAZU FOLIACJI STEFANA

Niech 7 ’ będzie foliacją Stefana ([3]) na rozmaitości M ’ i niech 
f: M -* M ’ będzie gładkim odwzorowaniem transwersalnym do 3 ’ ([A]). W pracy 
tej pokazujemy, że istnieje naturalny homomorfizm grupoidu *-holonomii ([2]) 
foliacji f ^(y’) w grupoid *-holonomii foliacji 7'.


