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INFLUENCE OF IUNIC ASSOCIATION ON VISCOSITY
CF ELECTROLYTE SOLUTIONS

I I .  METHOOS OF DETERMINATION OF THE JONES-DOLE EQUATION

Several methods of solvinn the forms of the Jones-Oole 
equatation presented e a r lie r  [ l ]  have been suggested for 
incompletely d issociated e le c tro ly te s  of KA, KA2, K2A, KAj 
and KjA types where K and A are cation arid anion, re sp ec ti
ve ly . ihe d iffe ren t varian ts taking into account the values 
of ionic equilibrium  constant have been considered. The aim 
of sugested methods is  the correct determination of B 
co e ffic ien ts  of the Jones-Dole equation.

ELECTROLYTES OF KA TYPE

In the case of 1-1 e le c tro ly te s  which are comletely d issociated 
the Jones-Dole equation is  given in the form:

t]r s 1 + AVcT + Be (1 )

or at higher concentrations of e le c tro ly te

2
Tjr = 1 ♦ AVcT + Be + Dc ( 2 )

The A and B co e ffic ie n ts  can be determined i f  the above equa
tions are rearranged to the forms:
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( U )

and

- * = A ♦ BVcT ♦ OcJ/2 (2a)

Reationship ( l a )  I s  polynomlnal of  f i r s t  order in re l a t io n  to 
■Jc. Using the l e a s t  squares  method the A and B c o e f f i c i e n t  can be 
ca lcu la ted .  Relat ion (2a) i s  polynomlnal of third order in r e l a t io n  
to and the l e a s t  squares method l e t s  us to determine the a l l  A, 
B and 0 c o e f f i c i e n t s .  They can be a lso  ca lcu la ted  by use other 
methods proposed by H a r t i n u s  e t  a l .  [2] .  In my opinion 
the more cer ta in  way of the determination the . a l l  parameters of 
equations (1) and (2) i s  based on using in the ca lc u l a t io n s  the 
theore t ica l  A c o e f f i c i e n t s .  That i s  because for  other so lut ions  
than in water the agreement of the values  of theoret ica l  and empi
r ic a l  A co e ffic ien ts  is  not re a lly  s u f f i c i e n t  [3 ]. Hence A should 
be obtain from the F a l k e n h a g e n  equation [4].

The symbols in equation (3 ) have their usual meaning. Therefore, 
the lim itin g  ion ic ion ic conductiv ities  are required which may be 
determined from conductivity measurements in e le c tro ly te  solutions. 
I f  the A co e ffic ien t are known, equations (1 ) and (2 ) can be 
rearranged in the following way

(3)

( | z 2U °  - |zt |X ° )2

U j  1 ♦ l z 2 l 1  1 / 2  1  2

T ^ \  J

■rçr - 1 - AVc
B ( lb )c



and

qr - 1 - AVc*

Equation ( lb )  and (2b) can be treated as polyniminal of zero and 
f i r s t  order against of molar concentration, c, resp ective ly . The 
so lution of equation ( lb )  reduces then to ca lcu la tio n  of the 
arithm etic mean and equation (2b) can be solved the least squares 
method. The above ways of ca lcu la tio n  co e ffic ie n ts  give re a lly  the 
better resu lts  because of the lower number of ca lcu lated  parameters. 
Solving equation ( lb )  and (2b) the ind ispensab ility  of taking into 
account the 0 co e ff ic ie n t can be also estimate. When e le c tro ly te  is  
not quite d issociated the equilibrium  of the process: K+ + A'

I / o KA can be described the association constant:

K = I .9 ! .  a 2 2cot y +

where cl is  the degree of d issoc ia tion  and y+ the mean a c t iv ity  
c o e ff ic ie n t. The Oones-Oole equation for th is  case, accordingly 
with 0 a v i e s and M a 1 p a s s [5 ], is  given by:

= l  ♦ A V c “ + B ^ c a  + B p C ( l  - a )  ( 4 a )

where B . * B + B , and B is  co e ffic ie n t of ion p a ir.
1 K+ A" p

Equation (4a) may be rearranged to the form:

- r---- 1A—  = B. * Bn (4b)ca  i  p ot

and hence the Bi and Bp co e ff ic ie n ts  can be obtained by the least 
squares  method. The values of A co e ff ic ie n ts  can be obtained in two 
ways. The f i r s t  one [6] is  based on the extrapolation tj - vs.
Vc\ taking the in tercepts at VcT = 0 as the required A values and 
assumption that the obtained A values are co rrect. The second one
[3] is  based on the ca lcu la tio n  the A values from equation (3 ) 
taking the obtained previously values of ion ic co n d u c tiv it ie s .



The la s t - mentioned one is  more sensible in my opinion.
The values of the degree of d issoc iation  at each concentration 

used can be i te ra t iv e ly  ca lcu lated  from the follow ing equations!

R - i s  the distance of c l o s e s t  approach of ions,
I - the ionic force of e l e c t r o ly te  - JT  3 ca.

The mentioned above both methods methods of solution of equation 
(4a) are based on indipendent determination of the A c o e f f i c i e n t s  
and l in e a r i s a t i o n  of equation (4a) to the e a s i l l y  solvable  form 
(4b) .  In my opinion equation (4a) can be solved using the nonlinear 
l e a s t  squares methods with simultaneous determination of a l l  i t s  
parameters i . e .  A, Bj and Bp.

From equation (4a) and d e f in i t io n  of the to ta l  d i f f e r e n t i a l  i t  
follows that :

(5a)

(5b)

where !

( 6 )

where:

- | p  = c ( l  - a ) ,  
P

^ r  ' ^ r .exp .  ~ * 2 r , c a l c . ’

Applying the least squares method to the equation (6 ) the 
system of equation (7 ) is  obtained:
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where the unknown quantity are increments of AA, AB̂  and ABp .
The f i r s t  s tep in ca lcu la t io n  must 

, ( 0)
'P

be an evaluation of the 
i n i t i a l  values  of Av“ / , and Bp° \  Then the Ka values  are used
to ca lc u l a t e  the degree of d i s s o c i a t i o n ,  a  , from equations (5) 
and the Ai^,  dt^/dA, ai2r /aB^ , and 3tjr /3Bp values  for a l l  
experimental po ints .  The next s u i t a b le  sums, occuring in equation

are obtainedsystem ( 7 ) ,  are ca lc u la ted  and A^1^, B^1  ̂ and B̂  ^
i pso lv ing i t .  As a r e s u l t  i t  allows us to evaluate more p re c i se ly  the 

a lues  o f :  A(1) = A(0) ♦ AA( 1 ) , b [ : )  * fl[0) + AB^X) and b£ L) =
procedure i s  repeatedB<°> . Then the a l l  c a lcu la t io n

B ;L) and B^l )
p ( 1  \ 

taking into account as the i n i t i a l  values  A , ___
ge t t in g  in the second cycle  of c a lcu la t io n  the next correct  values
of searched c o e f f i c i e n t s .

The ca lc u l a t io n s  are f in ished  i f :

* n (k>rfTJr a n
(k+l ) < d (B)

where :

d -  the experimental error  of »Jr ,



k - number of ca lcu la t ion  cycle ,  
n - number of measurement.

I t  should point out that taking Into considerat ion the number of 
p a r a l l e l  searching parameters the above-method can be used only for 
data of high prec i s ion .

I was reported e a r l i e r  [ l ]  that in e l e c t r o ly te  solut ion of KA2 
type the following e q u i l ib r i a  can be expectet :

ELECTROLYTES OF KAj AND KjA TYPES

KA* + A" * = *  KA2 and K*2 ♦ A' * = *  KA+

for which the equilibrium constants  are expressed:

K ( 10)

K ( 11)

where

In y± = ( 12)
1 ♦ rboh VT

*ao h ^



In equation (12) and (13) the AQH and BDH c o e f f i c i e n t s  are the 
Debye-Hiickel ones. 'The parameter of the c l o s e s t  approach of ions,  
R, according to J u s t i c e ' s  sugges t ion,  can be assumed to the BJer-  
rum’ s d istance q * | z jZ 2 |e 2/2kT [7, 8] ,

The J  o n e s-D o l e  equation takes the general  form [ l ]

tjc = 1 ♦ Ayfcdja^ * o»^[B^c(l - 0*2 ) + BjCoij] ♦ c ( l  - o(j)Bq (14)

where and c ij  are the degrees of d i s s o c i a t i o n s  re l a te d  to the
and Ka2 equilibrium constants ,  r e sp ec t iv e ly .  The Kal and Ka2 

values  may be found from conductivity measurement of e l e c t r o ly t e  
s o lu t io n s .

The degrees of d i s s o c i a t i o n  oi  ̂ and 012 for  each e l e c t r o ly t e  
concentrat ion used are ca lcu la ted  from Kal and Ka2 so lv ing the 
equation system (10 ) - (13 )  using the i t e r a t i v e  method of succes ive  
approximations.  In th i s  aim subroutine c a l l e d  ALFA 12 can be used.

Equation (14) contains as  many as 4 unknown parameters.  The 
s imultaneously c a lcu l a t io n  of them would be, in my opinion* theore
t i c a l l y  po s s ib le  using the nonlinear l e a s t  squares  method i f  the 
whole procedure was converged. The obtained r e s u l t s  would be burden 
with s i g n i f i c a n t  e r r o r s .  I t  i s  more reasonably to determine the 
l im it in g  ionic co ndu ct iv i t i e s  from conductivity measurements in 
e l e c t r o ly t e  so lu t ions  and using them to ca lc u l a t e  the A c o e f f i c i e n t  
from equation (3 ) .

The other parameters B^, B2 and Bq can be ca lcu la te d  in two 
ways :

1° Using equation (14) in the form of t o t a l  d i f f e r e n t i a l

An r s A0i  + âB^  A B 2 + 30^  * Bo (1 5 >

where a n r / 9flo = c ( x " “ i * »  3nr / 3Bi = coli (1 " a 2  ̂> dllc/dB2 3 
and from the app l icat ion  of the l e a s t  squares method the fol lowing
equation system can be writ ten: ’
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Finding increments of ABq , AB^ and AB2 the more p rec ise ly  
values of the B co e ffic ien ts  can be calcu lated  and the whole proce
dure is  repeated as mentioned above analogous method for incomple
te ly  d issociated 1-1 e le c tro ly te s .

2° Equation (14) may be linearized  to the form:

Tjr - 1 - - c ( l  -
cetjO<2 b2 +  B i

I  -
(17)

The le f t  hand
assuming the value of Bq co e ffic ien t.

side of equation (17) can be ca lcu lated  
Then B̂  and B2 co e ffic ie n ts  

can be obtained from the least squares method. The ca lcu la tion  must 
;,e repeated for the Bq values changing with the d e fin ite  step t i l l  
to find  the minimum of the standard deviation of the function

°V  * V ^ yi|6xP ‘ ” y l ,c a lc .^  / (n-3)



estab lish ing  in th is  way the optimal values of the BQ, and B2 
co e ffic ie n ts .

I t  may be noticed that in both methods the experimental data of 
high precision should be used. Lu ck ily , as a ru le  , Ka  «  Ka2 and 
ad d itio n a lly  “  0. In th is  case otj = 1 and equation (14) has 
a form:

r/r = 1 ♦ Ary6oi2 B jC d  - a 2) B2cw2 ( 18)

This equation can be solved with help of the both e a r l ie r  pro
posed methods and only two parameters, B ( and B2, to be determined. 
Both the methods w i l l  be s ig n ifica n ty  s im p lified  from the fo llow ing
reasons:

1 The determination of the c*2 value reduces to the ite ra t iv e
solution  of the system

1 - oi
‘ a2 co.2( l  + oi2) y ^ 2

and

OHI f ,  y  -------------------------------—

K 1 + RBqh-vT

where I = c ( l  + 2c*2).

2° In f i r s t  method, above e a r l ie r ,  only the system of equations
remains for solution:

ratjr '
ABl l [ l 5 7 j i æ l-i i ab2 E

3-rjr

AB r f— 1l ^ a e j i
3TIr
3B2-> ao2-1

aJ k
3B~ t - E ï k l  . 

3B2j i  ^ r ,1

3° In the second method, equation (18) can be rearranged to 
the form:

1 - ctnr- i- A v ^
- B2 + Bj



where 8̂  and B2 co e ffic ien ts  are determined by the least suares 
method.

I f  also the K ^  value is  very small then a 2 “  1 and equation
(18) changes i t s  form to:

*»

t jf  « 1 ♦ A V ?  ♦ B jC  (1 9 )

ch a ra c te r is t ic  for completly d issociated e le c tro ly te  and which can 
be solved by one from the e a r l ie r  described methods.

ELECTROLYTE OF KAj AND KjA TYPES

As i t  was reported e a r lie r  [ l ]  in so lu tion ' of e le c tro ly te  of 
KAj type the follow ing e q u ilib r ia  can be expected:

Kai Kj 2 K jj
KAg ♦ A" * = *  KAj, KA+2 ♦ A" 9 = *  KA^, K+3 + A* *=*• KA+2 

characterized by the constants:
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. in y ,  -------- -------
K 1 + RB0HV Î

(25)

and I  = 201̂ 2 (1  + 3 a j)c .

In the case of so lution of e le c tro ly te  of KA  ̂ type the Jones- 
-Oole equation has the form [ l ] :

I f  the values of Ka l , K  ̂ and Kaj  are known, the d issoc ia tion  
degrees oi^, c*2 and ot̂  for each concentration, c, can be i t e r a 
t iv e ly  estimated. The subroutine ALFA 123, with considerably more 
advanced algorithm than mentioned above subroutine ALFA 12, may be 
applied for i t .

With the aim of reducing the number of parameters ( f i v e )  the 
values of ion ic co nd uctiv ities  should be indipendently obtained 
( I . e .  by measurement of e le c t r ic a l conductivity  of e le c tro ly te  so
lu tio n s ) and the A co e ffic ie n ts  ca lcu lated  from equation (3 ).

S im ilary  as in the case of e le c tro ly te  of KA2 type the two 
methods of determination of the Bq , B^, b2 and B-j co e ff ic ie n ts  can 
be used.

1° From the ra la t io n sh ip :

and by applying the nonlinear least squares method the equation 
system is  constructed, from which succesively decreasing increments 
of ABq , A B j, AB2 and AB3 values are determined and f in a l ly  the 
proper values of the B co e ffic ie n ts  are obtained.

2° L ineariz ing  equation (26) we haves

rjf * 1 + A-^o^otjcÇ + °*i 1 " a 2^c *  02a 2^1 " a 3^c + 03OI2OI3Ĉ  +

♦  ( 1  -  o l  j  ) c B q (26)

y *

= B, + B

- 1 - A-y/cdjOtjOtj - BqC( 1 - o ^ )  * B jC O I^  1 - c*2 ) 
cô o<2oij



The le f t  - hand side of the above aquation is  ca lcu lated  assu
ming the Bq and Bj co e ffic ie n ts . The fl2 and values are determin
ed by the least squares method. The ca lcu la tion  must be repeated 
for Bq and B̂  changed with fixed step down to the minimum of the 
standard deviation , This procedure optimizes the values of B0,
B p  B2 and B j co e ffic ien ts . In my opinion the f i r s t  method is  in 
th is  case much more e ffe c t iv e  for solving equation (26). Accuracy 
of the experimental must be extremely high and the number of data 
r e la t iv e ly  large.

Generally, the equilibrium  constants f u l f i l le d  the inequality
Ka3 > K a2 > Kal "  °*  i , e ' 011 = 1 and aquation (26) s im p lifie s  to 
the form:

Tjr = 1 + Ay'ca^a '̂ + B ^ l  - oi2)c + a 2[B2( l  - a 3)c + BjCijc] (28)

for which the values O j, a 2 are ea s ily  obtainable and the above 
mentioned two method of so lution can be applied (the nonlinear 
least squares method and lin e a r is a t io n  of equation (2B) to the 
s im p lified  form of equation (2 6 )).

72- - 1 - AJc,oi9a,' - B ,c ( l  - a „ ) c  l - o / ,
y -------------- ^ ; c ..*--------—  ■ b 3 * B2 — ^  (29)

Frequently, also the re la tion  Kj3 > Ka2 * 0 and oj2 * 1 takes 
place. In th is  case only the parameters B2 and Bj remain unknown 
and the equation (26) changes it s  form:

rit - 1 ♦ A^ca + B2( l  - o fj)c * B ^ c

which can be eas ily  rearranged to the form eas ily  solvable by using 
the simple least squares method.

In the case of completely d issociated e le c tro ly tes  of KAj type 
(oij = oi2 = oi3 1 1) equation (27) s im p lifies  to the form:

tjr = 1 + AVc + BjC



which can be also solved using e a r lie r  mentioned methods applicable 
to the completely d issociated 1-1 e le c tro ly te s .

As a recap itu la tion , one should claim  that u n t il  now the pro
posed new methods of so lving the Jones-Dole equation for the incom
p le te ly  d issociated e le c tro ly te s  (e sp e c ia lly  non-symetric ones) 
were no reported in the l ite ra tu re  regarded to v isco s ity  of e le c 
tro ly te  so lu tion .

I  hope that these methods w i l l  be useful in  determination of 
the co e ffic ie n ts  A and B of the extended Jones-Dole equation. I t  is  
esp ec ia lly  s ig n if ic a n t , because the values of A and B co e ffic ie n ts  
re f le c t  ion-lon and ion-aolvent in te rac tio n , resp ective ly . They are 
d ire c t ly  connected with specified  ions, which s u f f ic ie n t ly  f a c i l i 
ta tes in te rp re ta tion  of obtained data.
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WPŁYW ASOCJACJI JONOWEJ NA LEPKOŚĆ ROZTWORÓW ELEKTROLITÓW 

I I .  METODY WYZNACZANIA WSPÓŁCZYNNIKÓW RÓWNANIA JONESA-DOLE’ A

Zaproponowano szereg metod rozwiązywania równań Jonesa-Dole’ a 
dla roztworów e lek tro litów  niecałkow icie ¿dysocjowanych typu KA, 
KA„) l^A, KA,, i KtjA (K - kation, A - anion) f l j .  Rozważano różne 
warianty uwzględniające wartości stałych  równowag jonowych. Propo
nowane metody mają na celu głównie poprawne wyznaczenie wartości 
współczynników B równania Jonesa-Dole’ a i  powiązania tych wartości 
ze ś c iś le  określonymi jonami.


