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ABSTRACT. The problem of the estimation of unknown weights o f p objects is 
considered. The experiment is carry out according to the model o f the chemical balance 
weighing design under the assumption that the measurement errors are correlated. The 
existence conditions determining the optimum design are presented.
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I. INTRODUCTION

The problem comes from statistical theory of weighing designs. We consider 
the linear model:

у = Xw + c ,

which describe how to find unknown measurements o f p  objects using n 
Weighing operations according to the design matrix X. In the above model у is 
и x 1 random column vector of the observed weights, w  is p  x 1 column vector 
representing unknown weights of objects. X, called a design matrix, can be 
interpreted as a weighing design for a two-pan scale or chemical scale. Assume 
P objects are to be weighed in n weighings, each one o f them at most m 
times. Object j  th is placed on the left pan of scale in the i th weighing if 

Xy = - 1 ,  on the right pan if x tj = 1 and omitted in the i th weighing if x tj =  0,

i = 1,2,..., n, j  = 1,2,..., p . It is assumed that there are not systematic errors and
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they are equal negative correlated, i.e. for an n x 1 random column vector of 

errors с we have E(c) = On and e(cc ) = c r ‘ G ,  where 0n is an / jx l  column 

vector of zeros, G  is an n * n  positive definite matrix o f known elements

G = ( l - / » ) l  + /o l l ' , ^ - < p < 0 ,  (1)
v n - 1

HQ stands for the expectation of (•) and (•) is used for the transpose of (•). 
For the estimation of unknown weights of objects we used the weighed least 
squares method and we get

w = (X G~'X) ' X G"'y 

and the dispersion matrix of \v is

V ( w )  =  cr2 ( X G"'x) ' ,

provided X is full column rank, i.e. r(X ) = p.

II. TH E OPTIM ALITY CRITERION

The concept o f optimality comes from statistical theory of weighing designs. 
The optimality criterions which deal to the weighing designs are considered in 
the literature. For details see Pukelsheim (1993), Shah and Sinha (1989), Wong 
and Masaro (1984). In the case G = I„, some problems connected with the 
optimum chemical balance weighing designs have been studied in Hotelling 
(1944), Raghavarao (1971) and Baneijee (1975). In the situation when not all 
objects are included in each weighing operation and the errors are correlated 
with equal variances, the problem of existing of the optimum chemical balance 
weighing design was considered in Ceranka and Graczyk (2003). They gave the 
lower bound of variance of each of the estimators and the definition ot the 
optimal design. Hence we have

Theorem  1 In the nonsingular chemical balance weighing design with the 
design matrix X and with the dispersion matrix of errors cr2G, where G is 
given in (1), we have



v ( * >  2 - ' ~ b ~ -  J m u .....pm ------— ---- -7
\ + p ( n - \ )

where u = min{u,,M2.....нр}, м; is equal to the number of elements equal to

- 1  in the j  th column o f the matrix X .
Definition 1 Nonsingular chemical balance weighing design with the design

2 яmatrix X and with the dispersion matrix of errors a  G  , where G  is given in 
(1), is optimal if

v / . \  * * 0 - p )  
v ™  = ------- Р ( т - £ Г

\ + p ( n - \ )
m -

for each j ,  j  = 1,2,..., p.
Now, we can formulate the conditions determining the optimality criterion. 

We have
Theorem  2 Any nonsingular chemical balance weighing design with the 

design matrix X and with the dispersion matrix of errors cr G, where G is given 
in (1), is optimal if and only if 

o ) x x - i > -
(ii) M, = U 2 =... =  U p = U

and
(iii) X 'l„ = z p,

where z p is the py. 1 v e c to r  fo r  which the _/" th element is equal to (m —2ы) or 

~ ( m - 2 u ) .

In next section we will consider the methods of construction of the optimum 
chemical balance weighing design based on the incidence matrices of the 
balanced bipartite weighing designs and the ternary balanced block designs.



III. BALANCED DESIGNS

In this section we remind the definitions of the balanced bipartite weighing 
design given in Huang (1976) and of the ternary balanced block design given in 
Billington (1984).

The balanced bipartite weighing design there is a design which describe how 
to replace v treatments in b  blocks such that each block containing к distinct 
treatments is divided into 2 subblocks containing k t and k2 treatments, 
respectively, where к = /с, + кг. Each treatment appears in r  blocks. Every pair 

o f treatments from different subblocks appears together in A, blocks and every 

pair of treatments from the same subblock appears together in blocks. The 
integers v, b, r, k t, k2, A,, Â  are parameters of the balanced bipartite 
weighing design. The parameters are not independent and they are related by the 
following identities

vr = bk,

2 k,kj

A ,[L ,(* ,-l)  + *2(fc2—1)]

** = 2 ktk2

r M ( y - Q

Let N* be the incidence matrix of such design with elements equal to 0 or 
1, then

N * N * ' = ( / - - A 1 - A 2 ) l v + ( A 1 + A 2 ) l vl'v.

If in the balanced bipartite weighing design k } *  k 2 then each object exist 

in r(|) blocks in the first subblock and in blocks in the second subblock,

r  = r(0 + r(2)- Then r( i ) - 4 ( v - 1) ( 2*2)~1. Г(2)=Л1 ( v - 1) ! 2* .)’ '-
A ternary balanced block design is defined as the design consisting of b 

blocks, each of size к  , chosen from a set of objects of size v , in such a way that 
each of the v treatments occurs r  times altogether and 0, 1 or 2 times in each



block, (2 appears at least ones). Each of the distinct pairs of objects appears A 
times. Any ternary balanced block design is regular, that is, each treatment 
occurs alone in blocks and is repeated two times in р г blocks, where p x and 
р г are constant for the design. The integers v, b, г, к, Я, /?,, p 2 are 
parameters of the ternary balanced block design. Let N be the incidence matrix 
of the ternary balanced block design. It is straightforward to verify that

vr = bk, 

r = Pi +2Pi>

A(v —1) = p i (k  — l) + 2 р г {к — 2) = r (к — l) — 2 р г,

NN' -  (/?, + 4р 2 -  Л)1„ + Ä í X  ={r + 2р г -  Ä ) l v + A l X -

IV. OPTIM AL DESIGNS

Let N* be the incidence matrix of the balanced bipartite weighing design 

with the parameters v, bv rp ft,,, k2i, Я,,, From the matrix N, we form 

the matrix N, by replacing k\\ elements equal to +1 of each column which 
correspond to the elements belonging to the first subblock by —1. Thus each 
column of the matrix N, will contain &ц elements equal to —1, &2i elements 

equal to +1 and v - k u - k 2, elements equal to 0. Let N 2 be the incidence 
matrix of the ternary balanced block design with the parameters 
v, b2, r2, k 2, Ä2 , p \ 2, p 22. From the matrices N, and N 2 we construct the 
design matrix X of the chemical balance weighing design in the form

Lemma 1 Any chemical balance weighing design with the design matrix X 
given in (2) is nonsingular.

Proof. Since G is the positive definite matrix then X G X is nonsingular if
and only if X X is nonsingular. Hence



X X - ( r ,  -  Aj, +Л,, + r2 + 2p22- X 2) I„ +

+ (^2i ~ \ \  +b2 ~ 2гг + Л )  M v
and

d e t ( x x )  = (r, -Я ,, + Л,, + r2 + 2 A i •

4*2 1121 
Because Ä:,, Ф k 2l then we get the thesis.
Theorem 3 Any chemical balance weighing design with the design matrix

• • • 2 X in the form (2) and with the dispersion matrix a  G , where G  is given in
(1), is optimal if  and only if

(Í) —A, I *̂ "̂ 2 "^^2 —2a*2 <0
and

(ii) p  = -
(Г( 21) r(ll)+ ,2 ^2) (̂ 1 + 2̂ 0(^21 Л |'* '^2+ Л  2r2)

Proof. It is the consequence of the Lemma 1 and the Theorem 2.
From Theorem 3.4 o f Huang (1976) and Theorem 1.1 o f Billington and 

Robinson (1983) (see also Ceranka and Graczyk (2004a, 2004b)) we have

Theorem 4 If for p  = - (4 s r2 - t 1 - 5 t  + 4s/ + 4) the parameters of the 

balanced bipartite weighing design are equal to v = 2 r(2 .s - l)  + l, 

6, = f(2 /(2 .y - l)  + l), r, = ŕ ( 4 s - l ) ,  ku = 2 s - l ,  k2i=2s,  A ,,=2s, Ál i = 2 s - l  

and the parameters of the ternary balanced block design are equal to 
v =  b2 = 2 /(2 s - l)+ l ,  r2 = k 2 = 2 t ( 2 s - \ ) - \ ,  ^  = p i2 = 2 t ( 2 s - l ) - 3 ,  

p 22 =1, s, t = 1,2,..., st > 2 , then X in the form (2) is the design matrix of the 
optimum chemical balance weighing design with the dispersion matrix of 
errors ct2G, where G is given in (1).

From Theorem 3.4 of Huang (1976) and Lemma 2.8 o f Billington and 
Robinson (1983) we have

Theorem 5 If for p  = -2 (Ss t2 - 3 t 2 - 2 /  + 8 j/) the parameters of the 

balanced bipartite weighing design are equal to v = 2 /(2 i- l ) - t - l ,  

b{ = /(2 /(2 s - l)  + l), rx = r(4 s - l) , ku = 2 s - l ,  k 2 i = Á i[=2s,  Л21 = 2 ^ -1  and 

the parameters of the ternary balanced block design are equal to



v = b2 = r2 = k2 = 2 t ( 2 s - \ )  + \, /i, = 2 / (2 j-1 ) ,  p i2= 1, p n = t ( 2 s - \ ) ,  
s,t = 1,2,..., .V/ > 2, then X in the form (2) is the design matrix o f the optimum 
chemical balance weighing design with the dispersion matrix o f errors cr2G,
where G is given in (1).

From Theorem 3.4 of Huang (1976), Theorem 4.4.3 of Billington (1984) and 
Theorem 2 o f Saha (1975) we have

Theorem  6 If for a given p  the parameters of the balanced bipartite 

weighing design are equal to v = 2 / ( 2 i - l )  + l, fc, = / ( 2 i ( 2 s - l )  + l),

r, = / ( 4 j - 1 ) ,  *„ = 2 j - 1 ,  *21 = = 2s< ^  = 2 s ~ 1 and the Parameters of 
the ternary balanced block design are equal to

(i) p  = - 3 ( l2 i /2 - 5 / 2 - 9 /  + 24j/ + 3)_I, v  = Jc2 = 2 / ( 2 s - 1 )  + 1,
b2 = r2 = 2 (2 /(2 .y -l)  + l), /12=4/(25 — 1), p n = 2 ,, p 22 = 2t(2s  — 1),

(ii) p  = -3 ( l2 s /2 - 5 / 2 -2 1 / + 48J/ + 15)"1, v = k2 = 2 t ( 2 s - \ )  + \, 

b2 = r2 = 2 (4 /(2 „v -l) + 3), Л, = 4 (2 /(2 j-1 )  + 1),

P 11 = 2 (2 /( 2 i - 1) + З), p 22 = 2 t ( 2 s - \ ) ,

(iii) p  = - l ( \ 2 s ŕ  - S t 2 -2 1 / + 4 8 r f -9 ) ’ ',  v = k2 = 2 / (2 j -1 )  + 1,

Z>2 =  r2 = 2 ( 4 í ( 2 i - l ) - l ) ,  K  = 4 ( 2 / ( 2 i - l ) - l ) ,

P\i = 2 (2/( 2j? — 1) — 1), A 2 = 2 /(2 .y - l) ,

(iv) p  = - { $ s t 2 - t 2 +t  + 1ÓÍ/ + 19) , v = 2 f (2 s - l )  + l,

A2 = 4 (2 / ( 2 í- 1 )  + 1), r2 = 8 ( / ( 2 s - l )  + l), k2 = 2 ( * ( 2 i - l )  + l) , 

Я ,= 4 (2 /(2 5 -1 )  + 3), p l2= & { 2 s - l ) ,  p 22 — 4>

(v) /7 = —(4 í/2 - t 2 + 9 /+ I65/ + 67) , v  = 2 /(2 j-1 )  + 1, 

b2 = 4 ( 2 / ( 2 s - l )  + l) , r2 = 4 ( 2 / ( 2 s - l ) - l ) ,  k2 = 2 / ( 2 * - l ) - l ,

^2 =  Л 2 = 4 ( 2 / ( 2 i - l ) - 3 ) ,  /з22 = 4 >

(vi) p  = ^ ( \ 2 s t 2 - 5 í 2 -2 1 í+  48s/ + 9) v = *2 = 2 / ( 2 s - l )  + l,

b2 = r , = 4 ( 2 / ( 2 j - l )  + l) , A ,= 2 (4 # (2 j-1 )  + 1), A j = 4 ( í ( 2 s - l )  + l), 

p 22 = 2 / ( 2 í - l ) ,



(vii) p  = -7)(\2st2 - 5 / 2 - 2 1 / + 48.«+ 15) , v = fc2 = 2 / ( 2 i - l )  + l, 

b2 = r2 = 2 ( 4 / ( 2 s - l )  + 3), Aj = 4 ( 2 / ( 2 i - l )  + l),

Pn = 2 (2 /(2 .s - l )  + 3), p 22 = 2 / ( 2 i - l ) ,

(viii) p - - 3 ( \ 2 s r  ~ 5 t2 -2 1 / + 48ä7 + 21) , v = k2 = 2 / ( 2 s - l )  + l, 

b2 = r2 = 8 ( / ( 2 j - 1 )  + 1). Aj = 2 (4 / ( 2 í- 1 )  + 3),

Pn = 4 ( / ( 2 s - l )  + 2), p 22 = 2 / ( 2 s - l ) ,

(ix) p  = - ( 4 s t 2 - ŕ - /  + 8í/ + 5) , v = k2 = 2 / ( 2 s - l )  + l,

b2 = 2 (2 /(2 jt-1 )  + 1), r2 = 4 ( / ( 2 i - l )  + l), Aj = 2 ( 2 / ( 2 s - l )  + 3),

Pu = 4 /(2ä  -1 ) , p 22 = 2,

(x) p  = - ( 4 s t 2 - t 2 + / + 16.V/ + 19) , v = 2 /(2 j-1 )  + 1,

b2 = 4 (2 /(2 .v -l)  + l), r2 = 8 ( / ( 2 s - l )  + l), k2 = 2 ( / ( 2 i - l )  + l), 

A j= 4 (2 /(2 í-1 )  + 3), p n = 8 /(2ä '-1 ), p 22=4,

where s,t  = 1,2,..., s t>2,  then X in the form (2) is the design matrix of the 
optimum chemical balance weighing design with the dispersion matrix of 

errors cr2G , where G  is given in (1).

From Theorem 3.4 o f Huang (1976) and Theorem 2.9 o f Ceranka and 
Graczyk(2004a) we have

Theorem  7 If for p  = - 2 > ( \ 2 s r - 5 r - 9 t +  24st+ 3u} the parameters of 

the balanced bipartite weighing design are equal to v = 2 /(2 .y -l)  + l, 

bt = / (2 /(2 s - l)+ l)  r, = /(4 j-1 ), ku = 2 s - \ ,  k 2i =  A,, = 2s, Ä2l= 2 s - \  and 

the parameters of the ternary balanced block design are equal to 
v = k2 = 2 /(2 s  —l) + l, b2 = r2 = 8 s / - 4 /  + k + 1, Aj = 8 j / - 4 /  + w-1,

p n = 2 s t - t  + \, p n = 2 t ( 2 s - \ ) ,  s,t,u = 1,2,..., st> 2, then X in the form (2) 
is the design matrix of the optimum chemical balance weighing design with the 
dispersion matrix of errors ct2G, where G is given in (1).

From Theorem 3.4 of Huang (1976) and Theorem 2.10 of Ceranka and 
Graczyk (2004a) we have



Theorem  8 If for p  the parameters of the balanced bipartite weighing 

design are equal to v = 2 / ( 2 i - l )  + l, bx = / ( 2 / ( 2 j - l )  + l) rx = / ( 45 - 1), 

kxx = 2 j - 1 ,  k2x = Яхх = 2s, Aj, = 2.i -1  and the parameters o f the ternary 
balanced block design are equal to

(О р  = - (Л и г + 4s/ 2 - ŕ  +t + 4 s tu -6 tu  + u - \ }  , v = 2 /(2 .y -l)  + l, 

b2 = « ( 2 / ( 2 j - l )  + l), r2 = m (2 í(2 j-1 ) -1 ) , k2 = 2 t ( 2 s - \ ) - \ ,

Яз = p x2 = w ( 2 ;( 2 j -1 ) -3 ) ,  p 22=u, s,t,u = 1,2,..., st>  2,

(ii) p  = - ( 9 u 2 +4st2 - ŕ  +t + 4 s tu -8 tu  + u - \ y , v = 2 t (2 s - 1) + 1, 

b2 = m (2 /(2 í-1 )  + 1), r2 = 2 u ( / ( 2 s - l ) - l ) ,  k2 = 2 ( / ( 2 i - l ) - l ) ,

A1 = u ( 2 t { 2 s - i ) - 5 ) ,  p X2= u ( 2 t ( 2 s - l ) - S ) ,  p 22 = 2 « i( / (2 j -1 ) - 4 ) ,  

s,t = 2,3..... st> 6, u = 1,2,...,

(iii) p  = - ( \ 6 u 2 +4i/2 - t 2 + / +  4.9/1/-1 0 iM + « -l)  ', v  = 2 / (2 j -1 )  + 1,

b2 = m (2 /(2 í-1 )  + 1), r2 = m (2 /(2 j-1 ) -3 ) ,  k2 = 2 t ( 2 s - l ) - 3 ,

^2 = « ( 2 / ( 2 í - l ) - 7 ) ,  p X2 = m (2 /(2 í-1 ) -1 5 ) , p 21=6u, 

s,t = 2,3,..., st >6, u = 1,2,..., 
then X in the form (2) is the design matrix of the optimum chemical balance 
weighing design with the dispersion matrix of errors <t2G, where G is given in 
( 1).
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U W A G I O O P T Y M A L N Y C H  C H E M IC Z N Y C H  U K Ł A D A C H  W A G O W Y C H  
D L A  N IE P A R Z Y ST E J L IC Z B Y  O B IE K T Ó W

W pracy om aw iany jest problem estymacji nieznanych miar obiektów  w  modelu  
chem icznego układu w agow ego przy założeniu, że błędy pom iarów  są  skorelowane. 
Zostały podane warunki określające istnienie pow yższych układów. D o konstrukcji 
macierzy układu w ykorzystuje się macierze incydencji dw udzielnych układów bloków
i trójkowych zrów now ażonych układów bloków.


