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OPTIMAL DESIGNS FORp+1 OBJECTS
BASED ON DESIGNS FORp OBJECTS

ABSTRACT. The problem of optimizing the estimation of the weights ofp objects
in N weighing operations using a chemical balance is considered. Conditions under
which the existence of an optimum chemical balance weighing design for p objects im-
plies the existence of an optimum chemical balance weighing design for p + 1 objects
are given. We assume that variance matrix of errors is diagonal. We want all variances
of estimated measurements to be equal and attaining their lower bound. o construct the
design matrix of considered optimum chemical balance weighing design we use the
incidence matrices of balanced bipartite weighing designs.
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I. INTRODUCTION

Let us suppose we want to estimate the weights of p objects by weighing
them n times using a chemical balance, p i@ n. The manner of allocation of
objects on the pans is described through columns of the nx p matrix X. Its
elements are equal to -1, 1 or O if the object is kept on the left pan, right pan
or is not included in the particular measurement operation, respectively. It is
assumed that nx 1 random column vector of errors ¢ is such that E(e) = 0On

and e(cc )= ct2G where 0,, is an nx 1 column vector of zeros, G is an
nx n positive definite diagonal matrix of known elements, E(-) stands for the

expectation of (¢) and () is used for the transpose of (m). For the estimation of
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the unknown weights of objects we used the weighed least squares method and
we get

W= (x'G'Ix)~"'x,G_ly

and the dispersion matrix of W is

V(w)=<r2(x G _1Ix) ',

provided X is full column rank, r(x) = p , where w and y are column vec-
tors of unknown weights of p objects and of the recorded results in n weigh-
ings, respectively.

The problem connected with the optimality of chemical balance weighing
design is the choosing of a design matrix X which minimizes ~(x G ~'x) over

D(/j, p) for some real-valued function ¢, where D(h, p) denotes the class of
matrices of n rows, p columns and elements equal to —1, 0 or 1. ¢ is called

an optimality criterion. In this paper we consider the optimality criterion as
minimum variance for each of the estimated weights.

Il. SOME RESULTS ON VARIANCE LIMIT OF ESTIMATED
WEIGHTS

We assume that matrix G is given in the form

I . 0.. 0.

G = o)
0, a,

where n=n{+n2, a> 0 and 1, is the nhxnh identity matrix, h =1,2.

This structure of the dispersion matrix of errors may be useful in the following
situation.
Suppose that are two kinds of chemical balances of different precision. Let
n, and «2 be the numbers of times in which the respectively balances are used.
Suppose further that the matrix X is partitioned correspondingly to the ma-
trix G, i.e.



X= (2)

Ceranka and Graczyk (2004) showed that the minimum attainable variance
for each of the estimated weights for a chemical balance weighing design with

the design matrix X given by (2) and the dispersion matrix of errors cr2G,
where G is given in (1), is

where ml and m2 is the number of elements equal to —1 and 1 in the j th col-
umn of the matrix X, and X2, respectively.
Definition 1 Any nonsingular chemical balance weighing design with the

design matrix X given in (2) and with the dispersi.on matrix cr2G , Where G is
given by (1), is called optimal for the estimated individual weights if

Theorem 1 Any nonsingular chemical balance weighing design with the de-

sign matrix X given in (2) and with the dispersion matrix a~G, where G is
given by (1), is optimal for the estimated individual weights if and only if

X G 'X ={am\ +m2)\p.

In particular case when mx= and m2 = n2 the Theorem 2.1 was given
by Katulska (1989) and if additionally G = 1,, then it was given in Hotelling
(1944).

. OPTIMUM CHEMICAL BALANCE WEIGHING DESIGN FOR
p+1 OBJECTS

Let X given in (2) be the nx p matrix of the chemical balance weighing
design. Based on this matrix we want to construct matrix T of the chemical
balance weighing design for p +1 objects in the form



T= ©)

where 1,, isthe n, x| vector of units.
Theorem 2 If X given in (2) is the nx p matrix of the chemical balance

weighing design with the dispersion matrix (t2G, where G is given by (1),
then the T given by (3) is the nx (p + 1) matrix of the optimum chemical bal-

ance weighing design with the same dispersion matrix er2G ifand only if
X|X, + X2X2 - Brt|lp 4)

and

X1, =0, ()
Proof. The proofis straightforward using the Theorem 2.1.

In the present paper we study some methods of construction the matrix T of
an optimum chemical balance weighing design for p + 1 objects. The method

utilizes the incidence matrices of the balanced bipartite weighing designs for
p = v treatments.

IV. BALANCED BIPARTITE WEIGHING DESIGN

A balanced bipartite weighing design ( See Huang (1976) and Swamy

(1982)) with the parameters v, , k2, 11,, is an arrangement of v elements
into b blocks 5, = } each with k =kt +k2 distinct elements, the
number of elements in b\" being kj, j =1,2, i =\,2,...,b such that each

element occurs in r blocks, each pair of distinct elements is linked in exactly
blocks and 1 - linked in exactly ~ blocks. If B is a block with subsets # (I)
and B " such that B = {B":Z"2*} where B" =

BN =ja™a”2\...,a”\ then two elements in B are said to be linked or

1- linked if and only if they belong to different subsets or the same subsets of



B, respectively. AU v, b, r, k\, k2, > arc the parameters and they are
not independent and they are related by the following identities

vr = bk,
A,v(v-I)
2k}k2
X\Kx{Kkx- \)+k2(k2-1)]
2k{k2
r A\k(v-\)
2k 2

In the next part of the paper balanced bipartite weighing design with the pa-
rameters v, k]t k2, A|, 92 will be written as v, b, r, k\, k2, At, An.The
existence of the balanced bipartite weighing designs with the parameters
v, b, 1, ku, k2\, 4,, N2 implies the existence of the balanced bipartite
weighing design with the parameters v, b, r, k{2 =k2l, k2 =ku, A2-1n

the other words, if in the balanced bipartite weighing design the size of sub-
blocks is changed, the other parameters are the same. Then without lose of gen-

erality we can assume that kt <k?2.
If in the balanced bipartite weighing design the number of objects in the first
subblock is not equal to the number of objects in the second subblock * k2)

then each object exist in r, blocks in the first subblock and in r2 blocks in the

second subblock, r =r, + r2. Then:

_aly-1)
M 2k2
Hr(y_l)

” 2k{

Let N* be the incidence matrix of such a design with elements equal to 0 or
1, then:
N*N* =(r-J1i- A)lv+(a}+A)IMv.



V. CONSTRUCTION OF THE DESIGN MATRIX

Let Nh be the incidence matrix of a balanced bipartite weighing design
with the parameters v, bh, rh, kU, k2h, \ A2/1» N = 1>2. From the matrix

N*( we construct the matrix N /A by replacing klh elements equal to 1, which
corresponds to the elements belonging to the first subblock by elements equal to
—1. Thus each column of the matrix N /A will contain kU elements equal to
-1, k2i elements equal to 1and v- kih - k2h elements equal to O.

Now we define the matrices X, and X2 of the chemical balance weighing
designs in the form:

x,=n;, (6)
X2=N 2. )

Now we define the matrix T of the chemical balance weighing design as

N, It
T= iy ®
N2 ORjJ

In this design we have p =v+ 1 and n, =b\, n2- b2. Clearly, such de-
sign implies that rth object is weighed  +r2 times, i = 1,2,...,v and (v + I)th
object is weighed b{ times.

For finding the optimality condition we have to determine the relations be-
tween the parameters of the balanced bipartite weighing design, for which the

matrix N, satisfy the condition (5). From (5) we have N, |;i = 0p.This condi-

tion is fulfilled if and only if r2l —ru = 0. The last equation implies that
&1 —«k L. This contradicts with the assumption, hi other words, we cannot con-
struct the design matrix T in the form (8).

Now we consider the matrix X ( of the chemical balance weighing designs
as



X,= 9
_N’
Then
N, h
T=-Ni 1, (10)
n, G0,

In this design n, = 26,, n2 =b2, each ofthe v first columns of T contains
2r,, +ri2 elements equal to -1, 2r21+r2 elements equal to 1 and
26, +b2-2r, -r 2 elements equal to 0, (v+ I)th column contains 26, ele-
ments equal to 1and 62 elements equal to O.

Let the dispersion matrix of errors cr2G be in the form

a
G=.opq A~ °A (11)
®aA w L

Theorem 3 Any nonsingular chemical balance weighing design with the de-

sign matrix T in the form (10) and with the dispersion matrix ot errors cr G ,
where G is of the form (11), is optimal if and only if

(12)
and

2e(6,-r,)-r2=0. (13)
Proof. For the design matrix T given by (10) with the matrix G given by
(11) the condition (5) is always fulfilled. From the condition (4) we have

2N.N, =[2a(r, -A2, +n1)+(r2-A™ + 1 2)]1. +

+[2AFY -Al)+2 DLy



The last equality will be true if and only if (12) and (13) are satisfied. Hence
the theorem.

If the chemical balance weighing design given by the matrix T in the form
(10) is optimal then

V(w.) = — .
VJj 2abx

We can notice that if the parameters of two balanced bipartite weighing de-
signs satisfy conditions Aji = Atl and Jlz = /112 then we have

Corollary 11f A2/, - Aa =0, li =12, then the chemical balance weighing
design with the design matrix T in the form (10) and with the dispersion matrix

of errors cr2G , where G is of the form (11), is optimal if and only if the condi-
tion (13) is fulfilled.

VI. THE BALANCED BIPARTITE WEIGHING DESIGNS
LEADING TO THE OPTIMAL DESIGNS

We have seen in Corollary 1 that if the parameters of two balanced bipartite
weighing designs satisfy the condition /121 - AY1=0, h = 1,2, then a chemical
balance weighing design with the design matrix T in the form (10) and with the
dispersion matrix of errors cr2G , where G is of the form (11), is optimal if and

only if the condition (13) is true. Under these condition we have formulated a
theorem following from the paper of Ceranka and Graczyk (2005).

Theorem 4 For a given a = --------------—---- the existence of the balanced bi-
2s(v-c2)
. L . . 2sv(v-1) 2s(v- 1)
partite weighing design with the parameters v, o, = --------------- , L E—]——
c2(c2-1) c -1
c(c-I cc+1 . . j i 2mv(v-1
*n:-S.H)> *Zi:-(4r- Au =s,A21=s and v, 52:——(----)
2 2 cfc D
2 -1] *D=£I£ =0, i;;=£1£i0,~ =u 7~2=, ¢c=23...
c -1 2 2

i,m=12,.., v>c2,implies the existence of the optimum chemical balance



weighing design with the design matrix T in the form (10) and with the disper-

sion matrix of errors 0 2G , where G is of the form (11).

Proof. It is easy to prove that the parameters of the balanced bipartite weigh-
ing designs satisfy the condition (13) for a given a .

Theorem 5 For a given a = 0,25 the balanced bipartite weighing designs

with the parameters v=13, bx=78, r, =48, £n =3, k2 =5, A, =15,
n2,=13 and v=13, b2=39, r2=15 kl2=1 k2 =4, A, =2, =3 give
the optimum chemical balance weighing design with the design matrix T in the
form (10) and with the dispersion matrix of errors cr2G , where G is of the form

(1D).
Theorem 6 For a given a = 0,5 the balanced bipartite weighing designs

with the parameters
(i)v=13, b\ =78, r, =36, kn —2, k2i =4, A, =8, =7 and

v=13, b2=78, r2=42, it2=2, k2=5  A2=10, A2 =11,
(li)v=13, 6, =78, r, =42, Jfc,,=2, £2i =5> "ii=10> *2i=u
and v=13, b2 =78, r2=36, kl2=2, k2=4, A2=8, Aj2=17,

(iif)v =17, 6, =68, r, =20, =1 Aj=4, A, =2, A2l=3and
v=17, b2 =136, r2=48, £2=2, &2 =4>12=8, 452 =7,
(iv)iv=21, 6, =42, r, =12, Mj=1 kyu=5, An =I, Aj, =2 and

v=21, b2=210, r2=30, N2=1 k2 =2, A2=2, A2 =1,
give the optimum chemical balance weighing design with the design matrix

T in the form (10) and with the dispersion matrix of errors €"G , where G is
of the form (11).
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UKLADY OPTYMALNE DLAp + 10BIEKTOW
W OPARCIU O UKLADY OPTYMALNE DLAp OBIEKTOW

W pracy omawiane jest zagadnienie optymalnej estymacji nieznanych miar obiek-
tow przy wykorzystaniu operacji pomiarowych w modelu chemicznego uktadu wagowe-
go. Podane zostaty relacje wymagane, aby istnienie optymalnego chemicznego uktadu
wagowego dla p obiektéw implikowato istnienie optymalnego chemicznego ukiadu
wagowego dla p + 1 obiektéw. W modelu liniowym zaktada sie, ze btedy pomiaréw sa
nieskorelowane i maja rézne wariancje. Do konstrukcji macierzy uktadu optymalnego
wykorzystuje sie macierze incydencji dwudzielnych uktadéw blokdow.



