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ON SOME CONSEQUENCIES OF THE LACK OF INDEPENDENCE
BETWEEN NOISE COMPONENT AND ETPLANATORY VARIABLES
IN LINEAR REGRESSION MODEL

1. Introductlon

In this work we consider a following llnear model
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While analyzing properties of parameter yeotor 3 estimatora one
traditionally accepts an asaumption about distrlbutlonal indepen-
dence between random yariables X=*i « 1, k and random noise com-
ponent 3. This 1is, assuming normal distributiona of considered
yailables, eguiyalent to the assumption that oov (X, S) « 0. We
will check the influence of ayoiding this assumption on an ex-
planation leyel of the model measured by the sguare of oorrela-
tion coeffioient between the yariable Y and linear oombination of
explanatory yariables (3X. The assumption of independence between
explanatory vyariables and a random noise oomponent cannot be ac*
cepted if, for example due to multioollinearity, one rejects from
the model an important explanatory yariable (in such a oaae thia
rejected yariable acta as a part of random noise oomponent 2). In
most casea this yariable ia not independent from the reat ex-
planatory yariables - and oonseguently S is not independent from
them either (and often E(E)i< 0). The existence of auoh condi-
tions we will oall "error 1in speolfioation of the set of ex-
planatory yariables™. We will compare explanation Ileyela of
modela for those well or badly apeoified (in the above aenae).

2. Theoretical explanatlon ooeffiolent of .the ~djljjtIUIMj
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We define the theoretioal explanation coeffioient g -
. 02(Y, 3X) of the model (MR aa foliowat

2 JY*ti
n Q" yay (Y)var&?ﬂ)

It ia egual to the aguare of multiple oorrelation ooefficient £
between random yariable Y and explanatory yariables of the model
.OHL. Ayailing deflnition of vyarianoe and the model JOUIL we
obtalni
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then (1) ia of the form

@ 2 STS)He)
S (pTep+6| + 2p oov (5,S))P™P

The formuta (2) oan be introduoed also in the form

9 el p 00T (1,2) oov (XjsS)p
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In the oaae when ooy (X,Z) 10 » 0, jO takes the form
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The differenoe between £ and £>2 ia ezpreased by a value
2 e > &EOCPe. °F y _or
©
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Denoting p € ma, p®"p <y we oan rewrite the above differenoe
In a following way
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Because of the faot that faotors tf, f + Gg., 7 + 6" + 201 denote

yarianoes of yariables p X, Ycov(x 2). o~Y denomlJiator
of the above fraotion ia nonnegative“{to eedure thiB oondition it

. -T._-6v i .

ia necessary that <> -——-p--« W« assume that thia denominator
is positive. Now we check; for whioh yaluea of a the considered
differenoe takea the nonnegative yaluea.
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The above ineguality ocours for
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Including oondition of Sy to be positive, that isa > -———- g-———
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and notioing that Vy, 6S 1 — ¢g- - %5~ gT * w® obtain
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The eaguality £2 - g*o) oocurs in the case a - - or a -0

(whioh, for fii 0, means that ¢ - 0). Among modela where identi-

oal llnear dfjpendenoioa ezist (that is JO(X) for theae modela



0
is oonstant and fixed and O is oonstant and fised) the model in
whioh o fl 0 has greater yalue of theoretioal ezplanation level
(in the sense £2 - £20) >0), eioept the oase when @BT e (a*, 0)

-2d2y

where oi* m—---—"7* e The following example illuatrates this con-
*+6£
olusion.
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Eznmple. Let 4 * ,(3>= [ -2], 52 « 1. ?rom this
——— [0.9 1

we obtaini y - P $/3 - 1*4,

6¥<(O> mt+ 6v « 2.4,

e@ " 1* 27 == =%833*

1. Let « () - [0.5 0.2]. Then otfl) - - 0.1,

62  * T+ 0L+ XM " 2

£2(1) "1~ o+ “C3I6177.
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Conseguently £ >E£(<,)e-

2. Let 002

[-0.2 0.5]. Then di(2) - -1.2,

6*"2)« 1.4 + 1 - 2.4 m0 =»£2~ does not exist.

3. Let c(® [0.2 0.5]. Then a3 - -0.8,

62(3) -.1.4 + 1 - 1.6 - 0.8,

eld -’ -ols™ -1- ' B

Conseguently g 2(1) < ¢ %Oy



Aaauming that —ii— <1, the meaaure £? 18 nonnallzad in tha ranga

6Y
(O, 1). Now, we Find the adequate aasumptions tor g when

oov(X,3) 4 0. We check® whether there exiat suoh vectors c for
which £2 < 0 org2 > 1.

At firat we assume a m(3% > —:(—[+g—65) (neoessary conditlon for

poaitivity of 6y).
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1 Prom definition of correlation ooeffioient £ it ahould be
that (02 <1. Thia 1ineguality is obvioua for£>2 (see the relation
(4)). However, due to relation (2) and ita additive complex form

it ia not obYioua why it ahould be that p2 ~ 1. Prom further
findinga (formulaa, relations and examﬁlea) it la seen that there
are pointa of the parameter epaoe of the ttAR. model In whioh the

relation 82 « 1 does not hotd, Selecting theae pointa ia very

usfeful in planning auoh experimenta in which the ineguality £2£ 1
holda (sennible earpyriments whioh are ooherent with statiatioal
and eoonom&trio theory) and for pre-teating purpoaea.
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the yalue of g2 eiceeds 1.
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Summing up,g2e<0, 1> forp T » a 6 {(- Mct> 2 >

In the eiample from thia paragraph the norraalizing oondition was
fullfilled, ezoept a(2).

3. Conseguenciea of wrong apeolfioation
of eiplanatory yariablea

Aa we noticed in the introduction, the wrong apecification
of the aet of eiplanatory yariablea is the one of the caunea
of the dependenoe between X*, i1 ml, k and 2. Thia dependenoe is
an eaaential difficulty in an estimation prooeaa of the model
JAIRL parametera. The leaat aguarea eatimator ia then biaaed and

inconaiatent.
To inTestigate the influence of the wrong apeoification ot

the aet of explanatory yariablea we oonaider two modela dt.,, cVg.
We aaaume about and dAlg that

riyY - @ f

@) dR2» Y - pZ X, + p2dk+l Xk+l + S2,

ooy(S2, Xk+1) - 0.

Let us suppose that
1)tUl 1a badly apecified becauae the eaaential eiplanatory

yariable Xk+1 ia not included. We analyse the conaeguenoiea
induced by thia faot.



2><At2 is well specified (beoause varlable XktHJ ia included).

3) * eee Xk, and are independently dlstributed.

Prom the definitions of~ and g we obtain the following
properties of the noise oomponent of the model cU".

(8) <9 (P2 " PIM-1 + FAK+1M+] + 82

(©)) ~Nan) - m(p2 - Py + P2,k+#k+1

(10)  TM (2,) -6~ . (p2 - p)Ji(p2 - p,) * 4 .k, (5k+l

612 ¢ 2Pa.ic.i (Pa -P1)'4

(11)  00vTIx],S.D mcm (p2 - PIM + (3 fAl <P

It foliowa that, in generat, wrong specifioation implies depen-
dence (11) between I1 and , that is, « 1 0 ezcept the oase when
d=20and pl - p2 is independent from Xj) - yarianoe-ooya-
rianoe matrix A is assumed to be nonsingular and positiye defi-
nite.

4* Wrong speoifioatlon of ezplanatory yariables
and theoretlcaj ezplanatlon ooeffiolent of a model

Now, we oompare the ezplanation ooeffioients of «tl and dJ2«
Prom (3) we hayet
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The ezplanation ooeffioient of tig oaa be expre8aed by the follow-
ing formule

2
Prom (13) and (14) it foliowa that the oondition for*>2 > #f
(that ia, the explanation level of the well specified model M2

to be greater than adequate Yalue for badly speoified model cU®)
ia a relation

<f2 -p,>>*(p2 -e,> seLi *!.»,¢

eioe’ @
(15) + 2 P2,kt1 (P2 *?Pl),d >

Becauea of positive definitness of matriz A both sides of the

ineguality (15) oan be, without changing the sign, multiplied

by
~ P,» Subatituting for c the ezpreaeion (11) we obtain

(p2 - pl1),S(p2 - +P?2+1 P2 ,k¢1 Pi* Pi +

+ 2 P2,kt1 ~2 *?PI® ~ Pi * Pi >
>Pi $ (P2 ““Pi><P2 "™ Pi>*Pi + Pi,knPi““" Pi +

2 P 2,k +1 P i o* ~



After simplifioation and utilization of the following substitu-
tions

"2 P2 P4 SA21*% Pi AN PEM ML

we obtain a reiation

72311 'thi +PLIcl WkLI* - 51 §

(16) + ZPgANICPATN ““t2i d Pp > ==

Julfilment of the vrelation (16) depends on oonorete valuea of
veotor d elements - that ia, on the valuea of oovarianoes between
Ik+l tmd other eiplanatory vyariables, and on the degree of
dependenoe between Xj£t1 and Y. Therefore It is not obyioue whether
aome well speoified modela have always greater coefficiento
(level) of eiplanation than some badly apecified ones.

5. Conoludlng remarka

In the paper we formulated a meaaure of theoretioal eiplana-
tion level in linear regreasion model as the multiple correla-
tlon ooefficient of eiplained yariable with the set of eiplanatory
yariables. We showed that a yalue of this measure is closely oon-
nacted with a laok of eiistenoe of dependenoies between eiplana-
tory yariables X and noise oomponent S whioh eipresses the model
error. We Tfound the necessary conditions for this measure to be
norraalized in the range (0, 1) when there erist non-zero ooya-

riancea between X and 2 * In the badly speoified model a set
of eiplanatory yariablea is suoh that considered dependenoe of the
form ooy (20, N 0 eiists, eicept the situation when the ya-

riables not included are independent from the rest of eiplanatory
yariables. Thia faot is of great importanae in the oase when
we use mechanical technigues for yariable seleotion (for inatanoe
rejection of the yariable beoause of strong multioollinearity
although from economical theory we know about its important



Influenca on explained yariable). It can imply that least aguares
estimates are biased and inoonsistent.

It 1is not, howeyer, obvious 1in what way good specifioation
implies the level of eiplanation coefficient of the considered
model. It was shown that inolusion of all important yariables
does not necessarily leads to an inorease in the yalue of expla-
nation coeffioient of our linear model.

Our results oan be especially useful in designing of simula-
tion experiments - they make possible a serious reduction of
experimental parameter space. The authors plan to make similar
analysis for empirical models substituting theoretical (popula-
tion) measures by their estimators.

Iwona Konarzewska, Whadystaw Milo

0 PEWNYCH SKUTKACH BRAKU NIEZALEZNOSCI
MIEDZY SKLADNIKIEM ZABURZAJACYM
A ZMIENNYMI OBJASNIAJACYMI W LINIOWYM MODELU REGRESJI

_ Przy analizie wkasnosSci estymatorow wektora_parametrow @ Ii-
niowego modelu_regresji przyjmuje sie, _ tradycyjnie, zg&ozlnle
0 niezaleznos$oi rozk¥adoéw zmiennych objasniajgcych i =

1 zaburzenia losowegoS (oznacza to, zo w przypadku rozktaddw
normalnyoh, cov (X,Z2) - 0). W_pracy badamy wptyw uohylenia tego
zatozenia na stopien objasnienia modelu, zdefiniowany jako kwa-
drat wspotczynnika korelacji miedzy zmienng objasniang Y a linio-
wa kombinacja zmiennych objasniajgoyoh p X. Rozwazamy takze przy-
padek, nazwany btedem specyfikacji zbioru zmiennych = objaaniaja-
cych, polegajacy na nieuwzglednieniu w tym zbiorze waznej zmien-
nej, ze_wzgledu na_jej wysokie skorelowanie =z _pozostatymi zmien-
nymi objasniajacymi. Pokazano takze, ze nie_ jest oczywiste, jak
"dobra"™ speoyfikaoja wptywa na warto$¢ stopnia objasnienia modelu.



