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GEOMETRIC DESINGULARIZATION OF CURVES
IN MANIFOLDS *) **)

[ STANISLAW LOJASIEWICZ |

1. INTRODUCTION

The article does not pretend to any originality. In the literature there exists a
number of descriptions of desingularizations in the case of curves. Deciding for this
description the author think it is worth looking in details into this fascinating topic
in an easily accessible case, namely — in the effects of multi blowings-up for curves
in manifolds and for coherent sheaves on 2-dimensional manifolds.

All the needed facts from analytic geometry can be find in the author’s books
L1, [12).

2. THE CANONICAL BLOWING-UP OF C™ AT 0

The blow-up of C™ at 0 is
I=1I, ={(2,\) : z€ A} CC"xP, P=P,_;.

Taking the inverse atlas for C" x P

Y C*x C" 1 5 (2, w(y) —
(2, Clwi, ., oy oy wn)) € C" X {P\P({zx = 0})) = Gk, k=1,...,n,
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(that is vy, = (id C™) x (inverse mapping to the k-th canonical map on P)), we have
the inverse images of 11

I, = 7,;1(1_[) ={(z,wp)) : z € Clwy, .., 1, ...,wp) } = {(z,w(k)) D) = zkw(k)} :

they are graphs of the polynomial mappings (zx,wr)) — 2zrw(k), whence I C
C™ x P is an n-dimensional closed submanifold, (v¢)r, : I'x — IIN Gy, — its inverse
maps (they give an inverse atlas on II); composing them with biholomorphisms:
(2k, Wky) = (2kW1, ooy Zhy ooy 26Wn, W(k)) (domains onto the graphs of the preceding
polynomial mappings) we obtain an inverse atlas on II

() xk:C" 3 (zr, wy) = (2eW1, ..y 2k, ooy 26Wn, Cwr, oy 1, wy)) € TN G

The canonical projection p : II — C" is called the canonical blowing-up. The
fiber Sp = p~1(0) = 0 x P (biholomorphic to PP) is called the exceptional set (the

exceptional submanifold); Tlgny\g is the graph of the holomorphic mapping C™\ 0 >
™0

z — Cz € P, whence p : IIgnyo — €™\ 0 is a biholomorphism. Hence the
blowing-up p : IT — C" is a modification of C" at 0. The inverse image p~1(E) of
a set E C C™ in the k-th coordinate system (x) can be expressed by

X (p7H(E)) = (poxx) " (E) where
() n
poxk 2 (2r, wiy) = (2eW1, ey 2y -y 2EWy) € C™
In particular x; *(So) = {z1 = 0}.

The restrictions p® : Ilo — €, where Q is an open neighbourhood of 0 at C”,
are called the local canonical blowings-up.

3. THE BLOWING-UP OF A MANIFOLD AT A POINT

Let M be an n-dimensional manifold and a € M. A blowing-up of M at the point

a is a holomorphic mapping of manifolds 7 : M — M such that 7\% : M\7~!(a) —
M \a is a biholomorphism and for an open neighbourhood U of a, the mapping 7V is
isomorphic to a local canonical blowing-up p® i.e. we have a commutative diagram

() (%)

¢

U Q

for some biholomorphisms ¢ : U — €, ¢(a) = 0 and ¢ : 7~ 1(U) — p~1(Q).
(Notice that U and Q can be abitrarily diminished). 7 is a proper mapping (because
aM\e and 7V are proper). The fiber S = 7~ 1(a), biholomorphic to P, is called
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the exceptional set (the exceptional submanifold) of the blowing-up. Thus 7 is a
modification of M at a.

The existence of blowing-up. We take a chart (a coordinate system) at a: ¢ :
U — Q, ¢(a) =0, and define M as a gluing-up of mq with M\a by the biholomor-
phism (¢pa) ! o p2\0 1 Hg\g — U\a. (Its graph is closed in Ilg x (M\a) because
¢~ op®is a closed set in IIg x M and (¢~ 0 p®) N (Ilg x M\a) = (b{,i o ph\0),
So we have the identifying biholomorphisms hg : [Ig — Do, hy: M \a — Dy, where
D; C M,i=0,1, are open sets, M = Dy U Dy and h1 ohg = qu\ o p\9. Hence
hi' (Do) = U\a (the domains of both 51des) which implies h;(U\a) C Dg. Next
g=¢ topohy': Dy — M contains (h1 YDy, and hence 7 = hi'Ug: M — M is a
holomorphic maping. Then 7M\® = hT! (because h™' D ¢~ o p™\0o byt = gM\e)
is a biholomorphism on the image. At last, ponV D pog D pPo hy ! which implies
the equality, because the domains are equal (7=*(U) = hy'(U\a) U Dy = D),
whence the above diagram is commutative with ¢ := hy .

Remark 1. Obviously, if G is an open neighbourhood of a at M then w: M — M
is a blowing-up at a if and only if T™\% is a biholomorphism and 7 is a blowing-up
at a.

Pr0p051t10n 1. If h : M — N is a biholomorphism of manifolds, h(a) = b,
M —Misa blowing-up at a, my : N — N a blowing-up at b, then there exists
a bzholomorphzsm h: M — N such that the diagram

=
>

1 2

s commutative
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Dowdd. Choosing by definition: ¢ : U — Q and ¢ - for w1, and ¢ : V — A and 1) -
for my, such that h(U) = V, we have a commutative diagram

wfl(U) ******************* — 7T21(V)
y /
() (A
m ! pe it
0 @ - A
0] P

hr '

U -V

where o := 1 o hy 0o ¢~ 1, and it suffices to complement it by biholomorphisms:
a:p Q) — p~H(A) and ' := "1 o @ o ¢. Then in the commutative diagrams

. h/ h//

T (U) w5 (V) 7 (M\a) w5 (N\b)
mf w5 e "
U f 1% M\a Mha N\b

where the biholomorphism h” is defined by the remaining arrows (which are bi-
holomorphisms), the biholomorphisms A’ and h” give rise to a biholomorphism
h = h UR’ : M — N. In fact, it suffices to find a holomorphic mapping @ :
p~H(Q) — p~1(A) such that p® oa = a o p® (i.e. the commutativity of the inner
rectangle) and a similar holomorphic mapping 3 : p~(A) — p~1(Q) for a~!, since
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then we obtain the commutative triangle

() fea . )

Q

which implies 3o a = id,-1(q) (because we have the equality on the dense set
p~H()\So), and similarly &o 3 = id ,-1(a). Obviously it suffices to find & (because
the construction of 3 is analogous) for sufficiently small 2 and A.

According to the Hadamard Lemma (since a(O) = 0) one can choose neighbour-

hoods ©, A such that a = (ay, ..., Za” 2)z; and det a;;(2) # 0 in Q.

Define a(z,w) Zalﬂ 2)Wj, ... Zanj(z)wj) in 2 x C™; then a(z, z) = a(z) and

a(z,w) # 0 for w ;é 0 Hence we may define a holomorphic mapping a : 2 x P 5
(z,Cw) — (a(z),Ca(z,w)) € AxP. Since a(z,Cz) = (a(z), Ca(z)) for z € Q\0 and
a(0 x P) C 0 x P, then we have the holomorphic restriction & = ary, : g — Ia,
and hence p* (& (z C2)) = a(z) = a(p®(z,Cz)) for z € Q\0, that is p® o = a0 p®
by density of IIg\¢ in Ilg. O

4. THE PROPER INVERSE IMAGE

Let 7 : M — M be a blowing-up at a point a € M. The proper inverse image
(by ) of a set V. C M closed in a neighbourhood of a (i.e. V N U is a closed set in
U for some neighbourhood U of a) is defined by

V = the closure of the set 77 *(V\a) = 7~ (V)\S in 7~ 1(V).
(It is obtained from the set 7—'(V)\S by adding to it its accumulation points
belonging to S). If V is analytic in a neighbourhood of a then V is analytic in

a neighbourhood of the exceptional set S (since #=}(V) and S are analytic in a
neighbourhood of S). Obviously

Y (V)=Vus§s.
If U is an open neighbourhood of a, then the proper inverse image of the set VNU
k k
isVNrY(U). W C Vthen W C V,andif V = UZi’ then V = UZ, (provided

1=1 i=1
W, Z; are closed in a neighbourhood of a). If D DV is an open neighbourhood of
a then V is the proper inverse image of V if and only if it is the same by the
blowing-up 7.
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In Proposition 1 the biholomorphism A sends the exceptional submanifold T ! (a)
onto the exceptional submanifold 7, *(b), and the proper inverse image of V' onto
the proper inverse image of h(V).

The proper inverse image of a linear subspace L C C™ of dimension k by the
canonical blowing-up is L = {(z2,\) € L x P(L) : z € A}; it is a submanifold of
dimension k and p; : L — L is a blowing-up at 0. (For taking an isomorphism
X : L — C* we have the commutative diagram

I Yr ;.
PL Pk
L X ck

where ¢ = x x X' : LxXP(L) — CF x Py, X' : P(L) 2 A — X'(\) € Py are
biholomorphisms and (L) = IIj).

5. THE TRANSVERSALITY

Proposition 2. If M is a linear space of dimension n then linear subspaces
Ly,....L, C M intersect transversally (in M) if and only if in some linear co-
ordinate system in M it is

L;={z,=0,v e}, wherel,.. I C{l,..,n} are disjoint.

Dowdd. The sufficiency is obvious because codim L; = #1I;. Conversely, if L; inter-
sect transversally, then the sum ZL} = (ﬂLi)L is direct because dim Z:LZL =
codim ﬂLi = Zcodim L, = Zdim L. Hence there exists a basis ¢y, ..., ¢, of
the dual space M* such that {¢, : v € I;} generate L;- where I; C {1,...,n} are di-
sjoint. Then L; = {¢, = 0,v € I;}, that is L; = {2z, = 0,v € I;} in the coordinate
system ¢ = (¢1, ..., ¢,) (because ¢~ ({2, = 0,v € I,}) = L;). O

Corollary 1. If L;, i € I, intersect transversally and J C I, then also L;, i € J,

intersect transversally. If INJ = 0 and L;, 1 € TUJ, intersect transversally then so

do O\L; and (\L;. If L1, ..., L., T intersect transversally then so do LyNT, ..., L,NT
I J

inT.
Proposition 3. If M is a manifold of dimension n, then submanifolds N1, ..., N,

intersect transversally at a point a € (\N; if and only if there exists a chart (a
coordinate system at a) ¢ : U — Q, ¢(a) =0, such that $(N; "NU) = T; NQ, where
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T, C C" are subspaces that intersect transversally, so it may be

T; = {u; = 0}, where z = (u1,...,u,,v) € C" =C x .. x CI" x C’.

Dowdd. The sufficiency is clear. For the necessity we may assume M = C™, a =0
and ToN; = T; as above. Then there exists an open neighbourhood U = ; X
.. x Q, x A of the origin in C" and functions &;(u(;,v) with values in C!i, ho-
lomorphic in U; = Q1 X ...(jy... X . x A, such that dog; = 0 and N; NU =
{ui = ei(ug),v), (uy,v) € Ui}, After shrinking U the mapping ¢ : U > z —
(u1 —e1(u), v), ..oy ur — &, (u(r), v), v) € Qis a biholomorphism onto a neighbourho-
od Q of the origin and hence N;NU = ¢~ !(T;) which implies ¢(N;NU) = T;NQ. O

Corollary 2. If submanifolds N;, i € I, intersect transversally at a point a and

J C I, then so do the submanifolds N;, i € J. If INJ = ( and submanifolds

N;,i € TUJ, intersect transversally at a then so do the submanifolds (\N; and
I

NN;.
J

Corollary 3. If submanifolds N; intersect transversally then N = (| N; is a sub-
manifold and codim N = Z codim N;.

We say submanifolds N; of a manifold M are mutually transversal in an open
set G C M, if N; NG are closed and for each a € G submanifolds N; containing
a intersect transversally at a. Notice that if subspaces of a linear space intersect
transversally then they are mutually transversal in this space (by Corollary 1 and
from the fact that if subspaces intersect transversally, then they intersect transver-
sally at each point of their intersection). Hence (by Proposition 3)

Corollary 4. If submanifolds N; intersect transversally at a € (| N;, then they are
mutually transversal in a neighbourhood of the point a.

6. THE EFFECT OF BLOWING-UP

Let M be a manifold of dimension n and let 7 : M — M be a blowing-up at
point a € M, and S = 7~ 1(a) C M — the exceptional set.

Proposition 4. If ' € M, T' 3 a, is a submanifold of dimension s then its
proper inverse image I' C M is a submanifold of dimension s which intersects S
transversally and the submanifold T' NS is biholomorphic to P,_y. Then 7p : I — T
is a blowing-up at a with the exceptional set T N S.

Dowdd. The set T\S = 7= (I'\a) is a submanifold of dimension s and (7p)"\® :
I'\S — I'\a is a biholomorphism. Let us take a chart ¢ : U — €, ¢(a) = 0, such that
d(TNU) =LNQ, where L ={z; = ... = z. = 0} (r = n—3s). It suffices to show the
proposition for 7¥ and I'N U because then the proper inverse image of I' N U, that
is TN7~1(U), will be a submanifold (of dimension s) and (WU)fm,n.—l(U) = (mp)'V
will be a blowing-up at a, whence I' will be a submanifold and 7 a blowing-up at
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a (see Remark 1). According to Proposition 1, it suffices to prove the proposition
for p%, LNQ and 0. Since the proper inverse image of LNQ is LNp~(Q), where L
is the proper inverse image of L by p, and (p)zr,-1() = (pg)*", then it suffices
to prove the proposition for p, L and 0. But L is a submanifold of dimension s,
pr : L — L is a blowing-up at 0 and L NSy = 0 x P(L) (see Section 4). It remains
to prove the transversality. We have (see (**) in Section 2)

1, -1 . {ZkZO} lf ki<’l"
so by x; ' (So) = {z = 0} it is
e DI B
whence (Proposition 2) the transversality of the intersection of L and Sy follows.

O

Proposition 5. If submanifolds I'y,...,I', C M intersect transversally at a and
T'1,...,T, are their proper inverse images then T'1, ...,T,., S are mutually transversal
i a neighbourhood of S. If additionally T'; intersect transversally then the proper
inverse image of I = (T is I = NT;.

Dowdd. 1f U is an open neighbourhood of a then the proper inverse image of I'; NU
(C'NU)isT;N7~Y(U) (CN7=1(U)). By Propositions 3 and 1 it suffices to consider
the canonical blowing-up p and I'; = T; = {2, = 0,v € I;}, I; disjoint (by the fact
S =N(T;\9)). Let T; denote the proper inverse image of T;. We have (see (k)
in Section 2)
1, —1 N {Zk:O}lf kEIZ
X (7 (1) = { {ze =0 U{w, =00 e} if k¢,
SO
—1/y Dif ke I;
X, (Ti) = { {w,=0,0 € L}ifk¢lI,
which implies (Proposition 2) that T;,...,T,, S are mutually tranversal in IL. If T
is the proper inverse image of T = (7; then T' = {z, = 0,v € I}, where I = |J I,
and in the same way

—1/ ODifkel
Xk (T)_{ {w, =0,vel}ifkél,
so x; '(T) = N x; ' (T;), whence T = N T;. O

Let C(a) = C(a, M) denote the set of curves I' C M (i.e. local analytic subsets
of constant dimension 1) such that a € I and the germ T, is irreducible. Then

(6.1) Cla) = [JCy(a),
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where C,(a) = Cp(a, M) denotes the set of curves I' in C(a) having, in some coor-
dinate system ¢ in a (i.e. ¢ is a chart such that ¢(a) = 0), the form (that is ¢(T)
is a set of the form)

z1 = tp
(6.2) { v = c(t)ta [t] < o,

where v = (22, ...2,), ¢ = p, and ¢ is a holomorphic function in {|¢| < ¢} (o > 0).
(For it is of the form {f(t) : |t| < o}, where f is a holomorphic mapping, a
homeomorphism onto its image, f(0) = 0; it is f(¢) = g(¢t)t?, p > 1, g(0) # 0, and
after changing the system of coordinates one may have g1(0) # 0; then g1 = P
with 4 holomorphic in a neighbourhood of the origin, v(0) # 0, and it suffices
to change the parameter putting 7 = 7(¢)t in a neighbourhood of the origin). In
particular, C;(a) is the set of all curves I' 3 a smooth at a.

A set T'g of the form (6.2) (without any restriction on ¢) is always a curve in C"
having its germ irreducible at 0. (For the mapping {|t| < o} >t — (t?, c(t)t?) €
{]z1] < oP} C C" is proper). Let us notice that replacing o by 0 < & < o we
obtain an open neighbourhood of 0 in Ty (precisely o N {]z1| < dP}). 0 < g<p
and ¢(0) # 0 then 'y € C,. In fact, if for example c3(0) # 0 then (changing the
parameter to 7 = ty(t), where 77 = ¢3) for sufficiently small ¢, a neighbourhood
U of the origin and holomorphic b;, the sets I'c = {z1 = tP,v = ¢(t)t9,t € U} =
{za = 79,2, = b;(1)7%, i # 2, |7| < ¢} are neighbourhoods of 0 in I'g. But T's, C
Lo N{|z1] < o9} C T. for some gg,ep > 0, hence ', is an open set in I'; and so in
To.

It is
(6.3) Cp(a) = Ca(a) U[JCpq(a),

where Cp, 4(a),q > p is not divisible by p, is the set of all the curves in C(a) that
have the form (6.2) in some coordinate system at a, where ¢(0) # 0. In fact, if in
(6.2) we have v = " ¢, tP” then the curve (6.2) is smooth (it suffices to change
the parameter to 7 = t?). In the remaining cases v = ayt? + ... + apt"? + c(t)t4,
where ¢(0) # 0 and pk < g < p(k + 1), and it suffices to replace the coordinates to
20 = 21,0 =0 —apz1 — ... — agpzt (it is a biholomorphism of C™ onto C").

Let us notice that if a curve I" 3 a is smooth at a, then its proper inverse image
T intersects S at a unique point: I' NS = {a@} and in a transversall way.

Proposition 6. Let I' be a curve in Cpq, p > 1. Then its proper inverse image
[ is a curve and I'N S = {a}; if ¢ > 2p then I' € Cy 4—p(a), and if ¢ < 2p then
I'e Cy—p(a).
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Dowdd. We may restrict considerations to the canonical blowing-up (¢ = 0) and T’
of form (2), where ¢(0) # 0 and |¢(¢)| < M. Then (see (xx) in Section 2)

X1 D) = {21 = 17, 2wy = (), |t < o}
={zn1 =0} U{z =t',wuy =c(t)t"?, |t| <o},
and for k > 1
i HD) = {zpwy =17, 2 = (D9, L, |t < o}
C L = 0} U {1 Pl 9 > M7},

Hence
o - Cp,q—p(0) if ¢ > 2p
1 _ 4D _ q—p P,9q—p
X1 (D) = {z1 =, w) = ()7, [t <o} € { Cop(0) if g < 2p

and X}?la?) N X;;l(5> =10 f(il“ k>1 ThenI'NS = {a}, where a = x1(0), and
IF'eCpy—pla)ifg>2p, and T € Cy_p(a) if g < 2p. 0

Smooth curves I'1, 'y 3 a are tangent of order p at a if in some (and then in each)
coordinate system ¢ at a in which they are topographic: ¢(T';) = {v = g;(21),21 €
U}, the function g2 — g1 has a zero of order p at 0.

Proposition 7. Let smooth curves I'1,T'y 5 a be tangent of order p at a, and let
['y,Ty be their proper inverse images. If p > 1 then Ty NS =Ty NS = {a} and
I'1,Ty are tangent of order p — 1 at a; if p=1 then rins #* rLNS.

Dowdéd. We may restrict considerations to the canonical blowing-up (¢ = 0) and
'y ={v=0,|z1| <o}, Ta = {v=1c(21)2}, |21] < o}, ¢ is a holomorphic mapping,
¢(0) # 0, |e(z1)] < M. Then (see (+*) in Section 2) x7'(p _1(F1)) ={zx =0} U
{wg) = 0. [ < 0}, X (07 (T2)) = {1 = 0} U (i) = ele)f ' [21] < o} and
X (p7HIT) © {|Zk\ < Mlzpun [P} € {2 = 0} U{]2[Plwi P! > 1/M} for k> 1.
Hence x;, '(T;) N x; '(S) = V) for k > 1 and x; (1) = {wu) = 0,]21] < o} and
Xy (T2) = {wa) = c(z1)22 7 |zl < o). Soif p>1then Ty NS =TyN8 = {a},
where @ = x1(0), and I';,T'y are tangent of order p — 1 at a@. If in turn p = 1 then
I1NS = {xi(0)} and ['> NS = {x1(0,¢(0))}. O

A smooth curve " 3 @ is tangent of order p at a to a submanifold N 3 a if it is
tangent of order p at a to a smooth curve I'o = N N L, where L is a submanifold
of dimension codim N + 1 transversal to N and containing a neighbourhood of a
at T'.

Proposition 8. Let a smooth curve I' > a be tangent of order p at a to a subma-
nifold N > a; let I', N be their proper inverse images and let I'N.S = {@}._pr >1
then a € N and T is tangent of order p—1 ata to N; if p=1 thena ¢ N.

Dowdd. One can assume that the submanifold L contains I', is transversal to NV
and the smooth curve I'y = NN L is tangent of order p at a to I'. So, we have LOT,
L is transversal to N and T'p = NN L is a smooth curve (Proposition 5). Accordlng
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to Proposition 7: if p > 1 then I and 1:‘0_ are tangent of order p — 1 at a, so a € N
and I is tangent of order p— 1 at @ to N;if p=1then NNLNS =ToNS = {¢},
c£a,butae L,soa¢ N. a

7. GEOMETRIC DESINGULARIZATION OF A CURVE IN A MANIFOLD

Let M be a manifold. We say an analytic subset V' C M is a normal crossing sub-
set if irreducible components of its germs V,, a € V, are germs of smooth hyper-
surfaces intersecting transversally at a. In particular such sets are:

Sets of type 7: they are unions of smooth compact hypersurfaces which are mu-
tually transversal. By Propositions 4 and 5:

(1) The inverse-image of a set of type 7 (with irreducible components Ny, ..., N;. if
r > 0) by a blowing-up is a set of type 7 (with irreducible components Ny, ..., N;., S
if » > 0, where S is the exceptional set).

A set of type 7' is one of type T or one-point set. Obviously, the inverse image
of a set of type 7" by a blowing-up is a set of type 7. Let Z C M be of type 7'.
We say a curve I' C M is crosswise to Z (at ¢ € Z) if it is closed, TN Z =¢, T, is
irreducible and I" — ¢ is smooth. In particular I' is crosswise to c.

We say sets E; are separated by a set F' if F;\F are disjoint. This property is
preserved by the operation of taking inverse images.

(2) Let 7 : M — M be a blowing-up at a € Z, Z of type 7. Then: T is
crosswise to Z implies T is crosswise to 77(Z), and 7~} (TU Z) = Tur~(2) (by
Propositions 6 and 4). If " is smooth, crosswise to Z and transversal to Z (in case
Z is not one-point set) then I' is smooth, crosswise and transversal to 77 1(Z) (by
Propositions 5 and 4). If T'; are crosswise to Z then: I'; are separated by Z implies
I'; are separated by 7—1(Z). If I'; are disjoint then T'; are disjoint.

A multiple blowing-up over E C M is a composition of blowings-up m = m; o
...om. : M — M, where

E._y E, Ey=F
_ _— n Trlﬁ
M:MT—KMrfl — ... —>M1—>M0:M

m; » M; — M;_1 is the blowing-up at a point of E;_1,¢ = 1,...,7, and E; =
7T,L-_1(Ei_1),i =1,...,r — 1. Then 7 is also a multiple blowing-up over ¥ D E . If F
is analytic and nowhere dense then 7 is a modification in E. Obviously:

(3) If 7 : M — M is a multiple blowing-up over E and 7 : M — M — over
7 Y(E) then mo 7 : M — M is a multiple blowing-up over E.
(4) If M is open in a manifold N and 7 : M — M is a multiple blowing-up over

E C M then m = 7M where 7 : N — N is a multiple blowing-up over E, M is
open in N (by Proposition 1 and Remark 1).
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(5) The inverse image of a set of type 7/ by a multiple blowing-up is a set of
type 7.

(6) Let m : M — M be a multiple blowing-up over a set Z of type 7. If I’
is crosswise to Z then consecutively using the operation of taking proper inverse
images by 71, ..., T, we obtain, according to (2), a curve I' C M which is crosswise
to 771(Z). It is called the proper inverse image of the curve I' by the multiple

blowing-up 7, and then 7~ *(TU Z) = TUn~!(Z) (hence T = 7= 1(I')\7—1(Z)). By
(2):

(a) T' smooth, crosswise to Z and transversal to Z (in case Z is not a
one-point set) implies T’ is smooth, crosswise and transversal to 7=1(Z). If T'; are
crosswise to Z then:

(b) T; separated by Z implies I'; separated by 7—*(Z),
(c) T; disjoint implies T; disjoint. Moreover:

(d) If T is crosswise to Z and I is the proper inverse image of I by a multiple
blowing-up 7 : M — M over m~ Y(Z) then I is the proper inverse image of I" by
T o,

(7) Let I be crosswise to a. By the first implication in (2) we recursively define
a sequence of blowings-up ... — M; O M,y —...— M 2 Manda sequence of
triplets a; € I'; C M;, where I'; is crosswise to a;, where ag = a, I'o =T, My = M,
in such a way that: 7; is the blowing-up at a;_1, I'; is the proper inverse image of
Ii—1and {a;} =T N Wi_l(ai_l). Then 7y =m0 ... omp : My — M is a multiple
blowing-up over a by which I'j is the proper inverse image of I'.

(A) If T' is crosswise to a then there exists a multiple blowing-up over a such
that the proper inverse image I' is smooth.

In fact, let us take a sequence of blowings-up as in (7) for I'. We will show that
for some i the proper inverse image I'; of I' by 7(;) belongs to Ci(a;), and so it is
smooth. Namely I' = T'y belongs to some C,(ag) (see Section 6). By Proposition
6, if Ty € Cpq(ay), p > 1, then I', 11 belongs to Cpg—p(av+1) if ¢ > 2p, and to
Cq—p(av+1) if ¢ < 2p (and then ¢ —p < p). So, if I'; € Cp(a;), p > 1, then some I';
(j > 1) belongs to Cs(a;), where s < p.

(B) If T',T” are smooth, crosswise to a and separated by a then there exists a
multiple blowing-up over a such that proper inverse images I', I are disjoint.

In fact, let us consider constructions of sequences m;, I';, a; for I' and 7} F;, a}; for
I'" described in (7). We may take the same first blowing-up 71 = 7 at ap = a{, = a,
and (by the assumption) the curves 'y, T, 3 ag are separated by ag; let p be their

order of tangency. Let us consider the following condition:
(o) for i < k we can take the same blowings-up m; = 7, at a;—1 = a;_, and
I';_1,T%_, are separated by a;_1 and tangent at a;_; of order p — ¢ + 1.

By the above (o7) holds. Suppose (o) holds for k < p; then (ox4+1) holds; in
fact, T'y—1,T_, are tangent at az_, of order p — k + 1, so by Proposition 7 there
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is ar = aj,, and taking the same blowing-up 741 = 7}, at ay we have I'y,T", are
tangent of order p — k at ay, crosswise to W,?l(ak,l) and separated by ﬂgl(ak,l)
(see (2)), and so separated by aj. In consequence (o) holds, that is we may have
m; =, for ¢ < p and curves I'y,_1,I" _; are separated by a,_1 and tangent of order

p
1 at a,—1. Hence by Proposition 7 the curves I'p, F;, have different points a,, a

! in
P
7, (ap—1), but (see (2)) they are separated by m, ' (a,_1) and so they are disjoint.
Hence 7(,) is a required multiple blowing-up over a.

(C) If I is smooth and crosswise at a to Z of type 7’ then there exists a multiple
blowing-up 7 over a such that the proper inverse image I' of I" intersect transversally
7 Y2).

In fact, let us take a sequence of blowings-up as in (7) for T' (treated as crosswise
to a). Then T’y are smooth and transversal to 7} '(ax—1) (Proposition 4). The
sets Zj, = w@%(Z) are of type 7. Since (see (6)) I'y is crosswise to Zy 3 aj then
Z NTy, = {ar}. Let Ny, ..., N,. be irreducible components of Zj, and consider the
following condition

(1) N; 3 a, = T’y is tangent of order < p at ax to N,

and notice that if N; Z ag then I'y N N; = 0. By (1) the irreducible components
of Zj41 are proper inverse images by w41 : Ny, ..., N, and w,;il(ak) (the latter
is transversal to I'y11 at axy1). Hence, by Proposition 8, if T'y, is tangent at aj of
order g to N; 3 ay then I'yy; is tangent at agy1 of order ¢ — 1 to N, > ap+1 when
g >1,and N; # ag4+1 when ¢ = 1. So, if (,), p > 1, holds for k, then (7,_1) holds
for k + 1. Hence for some k the condition (71) holds, and then T'y; is disjoint
with Ny, ..., N, and transversal to w;il(ak) i.e. intersect transversally Zj; ;. Then
T(k+1) 18 a required multiple blowing-up over a.

(8) If " is crosswise at a to Z of type j’ then there exists a multiple blowing-up
7 over a such that proper inverse image I" of " is smooth, crosswise and transversal
to 77 1(2).

In fact, by (A) there exists a multiple blowing-up 71 : M7 — M over a such that
the proper inverse image I' C M; is smooth; by (6) it is crosswise to 77 1(Z) of
type 7 (see (5)) at ¢ € 77 H(T) N7, H(Z) = 7y *(a), so by (C) there exists a multiple
blowing-up mo : My — Mj over ¢ such that the proper inverse image I c M
of the curve T is smooth, transversal and croosswise (by (6) and ¢ € 7;*(Z)) to
7y H(ny 1 (Z)) = n7Y(Z), where m = m o7y : My — M is a multiple blowing-up
over a (by (3) and ¢ € 7~!(a)), which satisfies the assertion (by (6) (d)).

Proposition 9. IfI'1,...,I'; are crosswise to a and separated by a then there exist

a multiple blowing-up ™ over a such that the proper inverse images I'y, ..., are
smooth, disjoint, and crosswise and transversal to w1 (a).

Dowdd. For the case r = 1 it is precisely (8) taking Z = {a}. Assume the proposi-
tion is true for r — L_(r > 1); so there exists a multiple blowing-up m; My — M
over a such that, if I'; C M; are proper inverse images of I'; then I'y,..., T,
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are smooth, disjoint, and crosswise and transversal to Z; = 7 L(a) of type T (see
(5)). Then (see (6)) T, is crosswise to Z; and we have ', N Z; = {a;}. By (8)
there exists a multiple blowing-up 7 : My — Mj over a; such that if F C My
are proper inverse images of I'; then I‘r is smooth, crosswise and transversal to
Zy =my (Zl) =, 1( ) where mg = m o g : My — M is the multiple blowing-up
over a (see (3)). Then I'y,...,I',_; are smooth, disjoint, and crosswise and trans-
versal to Zy (see (6) (a) and (c)); moreover (see (6) (d)) the curves I'; are proper
inverse images of I'; by m and so they are separated by Zs (see (6) (b)). If they are
disjoint, 7o satisfies the condition of the proposition. In the remaining cases is for
example I,NTy = {as}, as € Z5, and then L, is disjoint with fg, f,« 1, that is
fg, ey I, are disjoint. By (B) there exists a multiple blovvlng up w3 : M3 — My over
ag such that if I', C Mj are proper inverse images of I‘Z then I", and T"} are disjoint.
But (see (6) (a)) I, are smooth, crosswise and transversal to 75 '(Z2) = 7~ (a),
where m = mgoms : M3 — M is a multiple blowing-up over a (see (3)), under which
I, are proper inverse images of I'; (see (6) (d)); moreover (see (6) (c)) I'}, ...,
and I'j, ..., T, are disjoint and so I'} are disjoint. Then 7 satisfies the condition of
the proposition. O

Proposition 10. If I' C M is a closed curve and the set of its singular points
['* is finite then there exists a multiple blowing-up 7 over T'* such that 7=1(I') =
AU Z, where Z = 7= YT*) is of type 7, and A a smooth, closed curve which
intersects transversally Z. In other words: 7=1(T') = Ny U...UN,.UA, where N; are
smooth, compact hypersurfaces, A a smooth, closed curve, Ny, ..., N, A are mutually
tranversal and =1 (I'*) = Ny U ... U N,..

Dowdd. Let T* = {aq,...,ar} and assume the proposition is true for k — 1 pro-
vided k > 1. There exists an open neighbourhood U of the point a; such that
a1y ..ya5—1 ¢ U and TNU =Ty U...UT,, where I'; are closed curves in U,
crosswise to ai and separated by ay. By Proposition 9 there exists a multiple
blowing-up 7 : M7 — M over ay, such that the proper inverse images I'; of the
curves I'; by the multiple blowing-up 7¢ are closed in U; = 7] LU ), smooth, di-
sjoint and transversal to Z; = m; *(ax) and (by (6)) 7~ *(T;) = I'; U Z;. Then
Iy = Uf‘i is a closed curve in U, smooth and intersect transversally Z;, and

THTNU) =TyUZ;. The curve 7, H(T')\ Z; is closed in M;\Z; and its all singular
points are b; = m; *(a;), i = 1,....,k — 1. Since Ty N (U1\Z1) = 7y (T NUN\Z; =
(r7 H(T)O\Z1) N (U1\Z;) then T = (a7 *(T)\Z1) U Ty is closed in M; which in-
tersects transversally Z; and T* = {by,...,b5_1}. It is 77 %(T) = T U Z; (since
mMD) = 7y O N U) UaY(D\ag)). If k = 1 then m; satisfies the conditions of
the proposition. So, let us assume k > 1. Then (by the induction hypothesm) there
exists a multiple blowing-up my : My — Mj over T* such that Ty ( ) =AU Zy,
where A C My is a closed, smooth, intersect transversally Zo = m, *(T*) of type
7. Then m = 71 o e : My — M is a multiple blowing-up over I'* (see (3)) and
7N T) = 7y, ((T)Umy, H(Z1) = AU Z, where Z = Zo Umy, Y(Z1) = n~1(T*). Since
Zy C Uq is disjoint with T'* then ﬂ;l(Zl) - ng(Ul) is disjoint with Zs and 772Ul is
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a biholomorphism. Then 7y *(TNU;) = AN, ! (Uy) intersect transversally 7 ' (Z)
and so A intersect transversally 7, '(Z;). Then A intersect transversally Z and =
satisfies the conditions of the proposition. O

8. BLOWING-UP OF SUBMANIFOLDS

Let M be a n-dimensional manifold and n = p + ¢. Let fi,...,f; € O(M)
and assume f = (f1,...,fy) : M — C9 is a submersion. Then L = f~1(0) is a
submanifold of dimension p. The subset

My ={(z,N): f(z) €A} C M xPg_q,
that is My = ¢~ !(I1,), where ¢ = f x e : M xPy_y — CI x Py_y, e = idPy_q, is
also a submersion, is a closed submanifold of dimension n. The canonical projection
TF - Mf — M

is called an elementary blowing-up by functions fi, ..., f;. It is a modification in
the set L called the centre of blowing-up. It is so because 7; is a proper map-

ping, (My)anr = Mf\ﬂ‘;l(L) is the graph of the holomorphic mapping M\L >
z — Cf(z) € Py_q, hence ﬁ?/[\L : Mf\ﬂ';l(L) — M\L is a biholomorphism, and

7r]71 (L) = LxPy_1 is a closed, smooth hypersurface called the exceptional set of the

blowing-up. Of course 77? = 7y, is an elementary blowing-up by (f;) with centre
LNG.

Proposition 11. If additionally g = (g1,...,9¢) : M — C9 is a submersion and
SOM)fi = > O0M)g; (i.e. fi and g; generate the same ideal in O(M); then
g 1(0) = f71(0) = L), then the blowings-up s and w, are isomorphic: the diagram

L
Mf g Mg

Tf g

M

is commutative, where v is a biholomorphism.

Corollary 5. If m; : M; — M are elementary blowings-up with the centre L then

arbitrary point a € L has an open neighbourhood U in M such that ¢ ~ 7¥.

In particular we have the elementary blowing-up of C™ by v = (2p41, ..., 2n):

C" = {(%,\) €C" x P,_y :v € A} = CP x II,

and
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Ty = (idCP) x 7y : CP x II, — CP x C1.
The blowings-up 7'}, where Q is an open neighbourhood of 0 in C" is called
standard.
(#) Let L C M be a p-dimensional submanifold. If ¢ : U — Q is a chart
at a (¢(a) = 0) such that ¢(LNU) = {v = 0} NQ then ¥ = (¢pt1,...,0n) is a
submersion and the blowing-up y, is isomorphic to the elementary blowing-up 7

(¢ xe)u
Uw Ty (Cp X Trq—l)Q
Ty !
¢

U Q

Notice that if f : M — M is a modification in an analytic set Z C M and
G C M is an open set then f¢: f~1(G) — G is a modification in Z N G.

Proposition 12. If f; : M; — M are modiﬁcations (t=1,2) and M =G, is an
open cover then fi1 = fo if and only if f1 S f2 for every ¢.

Corollary 6. Elementary blowings-up of a manifold with the same centre are iso-
morphic.

Proposition 13. (on gluing modifications). If M = |J M, is an open cover and
f. : M, — M are modifications such that fM.0Mr ~ fM M then there exists a
unique (up to isomorphism) modification f : M — M such that M f,.

*

Let L C M be a p-dimensional closed submanifold.

There exists a unique (up to an isomorphism) modification 7 : M — M in
L such that each point a € L has an open neighbourhood U, such that 7Y« is
isomorphic to an elementary blowing-up of U, with the centre L NU,. We will call
it the blowing-up of the manifold M in the submanifold L (the latter is called the
centre of blowing-up).

In fact, the uniqueness follows from Proposition 12 (applied to the cover: M\L
and U, for a € L). For the existence: for every a € L we take an elementary
blowing-up 7, : M, — U, of an open neighbourhood U, of the point a with the
centre L N U,. By Proposition 12 and Corollary 6 we have 7« ~ 77,? Vs (as
blowings-up with the common centre L N U, N Up); we take also e = id M\ L;

then obviously 7ra“\ ~ eVs\L' By Proposition 13, there exists a modification
7 M — M such that 7Y ~ n,.
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The subset 7=1(L) is a closed and smooth hypersurface. (There is: 7=1(V) is
isomorphic to V' x Py, where V' are sufficently small open neighbourhoods of points
in L; moreover ¥ : 771(L) — L is a locally trivial fibration with the fiber P,_1).
It is called the exceptional set of the blowing-up .

Proposition 14. If 7 : M — M is a blowing-up in L and N C M is a submanifold
of dimension s which intersect transversally L, then 7=1(N) is a submanifold of
dimension s which intersect transversally 7=1(L).

Dowdd. Let a € N N L. By Proposition 3 we take a chart ¢ : U — Q at a such
that ¢(LNU) ={v=0}NQ and ¢(NNU) = {t =0} NQ, where t = (21, ..., 2),
r=n—s < p;then LNU = ¢~1(0), where ¢ = (¢p+1, ..., b5 ). Shrinking U we may
assume that 7V is isomorphic to an elementary blowing-up ¢ of U, isomorphic
in turn to 7y (Proposition 11) which is isomorphic to 7 (by (#)), that is 7V is
isomorphic to 7! over ¢

bihol.

m1(U)

¢

U Q

Then 7~ }(LNU), 7~ (NNU) correspond to m, ! ({v = 0}NQ), 7, 1 ({t =0} NQ)
by the biholomorphism 7= (U) — 7, 1(Q). But 7, ! ({v = 0}) = CP x (0xP,_1) and
7, ({t =0}) = {u € C" : t =0} x II, (a submanifold of dimension s), where u =
(21, ..., 2p), intersect transversally in CP xII,, so the inverse images 7! (L), 7' (N)
in 7~1(U) (the second is a submanifold of dimension s) intersect transversally which

implies that 7~ !(N) is a submanifold of dimension s and intersect transversally
7 1(L) (because the sets of the form 7= 1(U) cover 7= 1(L) N7~ 1(N)). O

Theorem 1. IfI"' C M is a closed curve with I'* finite then there exists a modifi-
cation m: M — M in T such that 7=*(T') is a finite union of smooth, closed and
mutually transversal hypersurfaces in M.

Dowadd. Let us take a multiple blowing-up 7 : M7 — M as in Proposition 10 and
the blowing-up ms : My — My of the curve A. Then 7 = myoms : My — M is a mo-
dification in I'. Submanifolds Ny, ..., N, C M; are mutually transversal in M7 and
pairs N;, N; (i # j) intersect outside A. Hence 7, '(N;) C My are smooth hyper-
surfaces (Proposition 14), compact, mutually transversal in My\m; ' (A) and pairs
7y H(NG), my H(NS), i # j, intersect only outside 7, ' (A); moreover by Proposition
14 each m; ' (N;) intersect transversally 7—!(A). Then smooth, closed hypersur-
faces 75 L(Ny), ..., 1y *(N,.), 75 (A) with the union equal to 7~ *(T) are mutually
transversal in Ms. O
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9. DESINGULARIZATION OF A COHERENT SHEAF OF IDEALS ON A
2-DIMENSIONAL MANIFOLD

Let M be a 2-dimensional manifold.

A parameter at a point ¢ € M is a germ ¢ € m, such that d,¢ # 0. We say
¢ correspond to a germ of smooth curve A if V(¢) = A; then it is a generator of
I(A) unique up to an invertible factor. We say parameters ¢, 1) at a are transversal,
if V(¢),V(¥) are transversal, which means d, ¢, d,¢ are linearly independent, or
equivalently (¢, ) is a chart (a system of coordinates at a) for some representatives

¢, 0.

We say a germ f € O, is of type (NC) if f ~ ¢*9?, where ¢, are transversal
parameters at a. (It means that in some chart it has the form az{z5, a(0) # 0).
It holds if and only if V(f) = AUB or = A or = (), where A, B are germs of
transversal smooth curves. Then, respectively to the above cases, f ~ ¢*¢? or
f~@“or f~1, where ¢, are parameters corresponding to A, B.

We say a function f € Oy is of type (NC) if its all germs f,, z € M are of type
(NC). Then by Proposition 10 we have

Proposition 15. If f € Oy and V(f)* is finite, then there exists a blowing-up
m: M — M over V(f)* such that f o7 is of type (NC).

ES

By a coherent sheaf of ideals on M we mean a family 7 of ideals 7, C O,,
z € M, such that each point in M has an open neighbourhood U in which 7 has
a finite set of generators i.e. there exist ¢1,...,¢, € Oy such that (¢1)., ..., (¢r)-
generate 7, for every z € U (7 corresponds to a sheaf according to the standard
definition - obtained by the presheaf: {f € Og : f, € T, for z € G}¢ open in M)-
The set of its zeros is defined by V(7) = {z € M : T, # O.}; since V(T)NU =
{$p1 = ... = ¢, =0} if ¢1,..., ¢, generate 7 in U, then it is an analytic subset of
the manifold M.

If f: N — M is a holomorphic mapping between manifolds we define the
coherent sheaf f*7 on N (called the inverse image of the sheaf T') by: (f*7 )¢ C O¢
is the ideal generated by Ty (¢ o fe that is by ¢ 0 fe, ..., ¢ o fe, provided ¢4, ..., ¢
generate Ty (¢ (so, if ¥; generate 7 in U then v; o f generate f*7 in fF~HU)). It is
obviously V(f*T) = f~Y(V(7)). If g : L — N is a holomorphic mapping between
manifolds then

(fog)'T =g"(f*T).

We say a sequence of germs ¢, ..., ¢, € O, is of type (NC) if ¢; ~ ¢*i1pP where
¢, are transversal parameters at a. We say a sequence of functions fi, ..., fr € On
is of type (NC) if each sequence of germs (f1)., ..., (fr)z, 2 € M, is of type (NC).
Notice that if f1,..., f € O then if the sequence (f1)a, ..., (fr)a is of type (NC)

then for an open neighbourhood U of the point a the sequence (f1)y, ..., (fr)u is
of type (NC).
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We say an ideal of the ring O, is of type (NC*), respectively (NC), if there exists
a sequence of generators of the ideal of type (NC), respectively one generator of
type (NC). We say a sheaf 7 is of type (NC*), respectively (NC), at a point z € M
if T, is of type (NC*), respectively (NC). At last we say a sheaf 7 is of type (NC*),
respectively (NC) if it is of type (NC*), respectively (NC), in each point z € M.

By 07 we will denote the set of points in which 7 is not of type (NC). Obviously
o7 C V(T) (in general the inclusion 7 C V(7)* does not hold, for example the
point 0 € C? and the sheaf generated in C? by 27 and z;2).

Lemma 1. If ¢1,...,¢, are holomorphic in an open neighbourhood U of a point
a and (¢i)a # 0, then after shrinking U there is ¢; = Y7 ..9p%i= for some ¢, €
O(U) such that V(¢n,) are (in U) crosswise to a, separated by a and d,p, # 0 for
z € V(iy)\a.

Dowdd. In fact, it suffices to take as v, representatives, in a sufficiently small
neighbourhood U, of all non-associated, irreducible divisors of the germs (¢;),. O

Hence
(1) The set o7 is isolated.

It suffices to take generators ¢; in U and v, as above and let z € U\a. If
z € V(T) then z belongs to a unique V(¢,) and then 7, = O,(¢5)¢, where @ =

min(as, ..., Qps)-

Proposition 16. If T is a coherent sheaf of ideals in M with oI finite then there
exists a multiple blowing-up m: M — M over 0T such that 7T is of type (NC*).

Dowdéd. Let aq,...,ar be all the points in which 7 is not of type (NC*) (their
number is finite because they belong to ¢7). Using induction with respect to k,
by (3) in Section 7, it suffices to show that there exists a multiple blowing-up
7 : M — M over aj, such that 7=1(ay),...,m !(ax_1) are unique points of M in
which 7*7 is not of type (NC*). Really, let us take generators ¢1, ..., ¢, of the
sheaf 7 in an open neighbourhood U of the point ag, and 1, ..., € O(U) as
in Lemma 1 (after shrinking U). By Proposition 9 applied to V(¢,) (and by (4)
and (6) in Section 7), there exists a multiple blowing-up 7 : M — M over a; and
curves Lq, ..., Ly C U smooth, closed and mutually tranversal in U, such that each
V (1, om) = =YV (2p,)) is the union of some of them. Let ¢ € 7= 1(U). It suffices
to show that the sequence (¢1 o 7)e, ..., (¥s o 7). is of type (NC). If ¢ ¢ UL; then
V(py om) =0, so (¢ om). ~ 1. If ¢ belongs to a unique L; then V (¢, o) =
or = (L;)e, so (¢, o). ~ ¢, where ¢ is a parameter corresponding to L.. If
at last ¢ € L, N Lj, i # j, then V(¢p, om) = 0 or = (L;). or = (L;)c U (Lj)e, so
(¢, 0 ) ~ ¢ 1pP where 1), ¢ are parameters corresponding to (L;)e, (Lj)e. O

Let 7 : M — M be a blowing-up at a. Let o¢ be a parameter corresponding to
Seg for £ € S.
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Let ¢ be a parameter at a. The inverse image I' of a representative of V(o)
intersects S precisely in one point a4, and the parameter o at ag corresponding to
1:‘% is tranversal to o4, (see Proposition 4); notice that if parameters ¢, at a are
transversal then ay # ay. It is

o¢ for £ € S\ay,
¢ome ~ { 505 for £ = ay.
In fact, it suffices to consider the canonical blowing-up p and ¢ = (z1)o. Then
po(pox1)u = (21)y for u € {z1 = 0} and ¢o(pox2)y = (z2w1), for v € {z3 = 0}, and
ag = x2(0) and ¢ o xo = (w1)o (because x5 (p~' (V(21))) = {22 = 0} U {w; = 0}).
It implies that if f ~ ¢*¢®, where ¢,1) are transversal parameters at a, then,
putting ¢ = ag,d = ay,

U_?w if £ € S\(ag,ay),
(#) fome~q ¢%0f it € = ay,
7,/150?"'5 if £ = ay.

A pair f,g € O, of type (NC): f ~ ¢*¢?, g ~ 6% PP, ¢, 1) transversal parame-
ters at a, is called unessential, if (o' — «)(8’ — 8) > 0; then f is a divisor of g or ¢
is a divisor of f. If (o/ — «a)(3# — ) < 0 then we call the pair f, g essential of type
(p,q), where p = min(|a/ — al, |5’ — 8]), ¢ = max(|a/ — «l, |5’ — F])-

(2) Let f,g € O, be a pair of type (NC). Then

(a) All the pairs P = (fome,gome), £ € S, are of type (NC).
(b) If the pair f, g is unessential then all the pairs P¢, £ € S, are unessential.

(c) If the pair f, g is essential of type (p,p), then all the pairs P¢,§ € S, are
unessential.

(d) If the pair f,g is essential of type (p,q), p < ¢, then there exists ¢ € S
such that all the pairs P¢, £ € S\c, are unessential, and the pair P, is essential of
type (p,q — p) or (¢ — p,p) depending on whether ¢ > 2p or ¢ < 2p.

Dowdd. (a) and (b) are obvious by (#). The case (c) follows (by (#)) from the
fact that then o + 8 = o’ + 3. Let us pass to the proof of (d). We may assume
(changing f and g if necessary) that a+ 8 < o'+ 4. If a < o/ then g > ' and P,,
is unessential; then p=03—- 03, q=0a —a, g—p = (o’ + ') — (o + 3) and the pair
P, is essential of type — as in (d). If &« > o' then g < ', so P,, is unessential:
thenp=a—-ao/,q=p—-p,q—p= (¢’ + ') — (a+ ) and the pair P,, is essential
of type — as in (d). O

Let f,g € Op be a pair of type (NC). We say it is unessential at a point z € M,
respectively, essential of type (p, q), if the pair of germs f., g, is such a pair. Let us
notice that each point has a neighbourhood U such that the pair f, g is unessential
at each point z € U\a. From (2) it follows:
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(3) Let f,g € Opr be apair of type (NC). Then the pair fom, gom is also of type
(NC). If the pair f,g is unessential in M then the pair f o, gom is unessential in
M. Assume that the pair f,g is unessential at all the points of M\a and essential
of type (p,q) at a. If p = ¢ then f o, gon is unessential at all the points of M; if
p < q then there exists ¢ € M such that f o, g o is unessential at all the points
M \c and essential at ¢, of type (p,q—p) or (¢ —p,p) depending on whether ¢ > 2p
or q < 2p.

(4) If the pair f,g € Op of type (NC) is unessential at all the points of M\a
then there exists a multiple blowing-up 7 : M — M over a such that the pair fo,
gom (also of type (NC) by (3)) is unessential at all the points of M.

In fact, if the pair f,g is essential at a, we may define (by (3)) a sequence
M=M 3.5 My = M, where 7; : M; — M;_1 is the blowing-up at a;_1
(i =1,..,7), ap = a, and a; € 7; *(a;_1) is the unique point of M; in which the
pair fom o...om;, gom o...om; is essential (i = 1,...,r — 1), and in particular
of type (p,p) if i = r — 1 (because if 0 < p < ¢ and the sequence (p;,q;) € N? is
defined by (po, q0) = (p, ¢) and

(s, gi) = (Pi-1,qi—1 — pi—1), if qi—1 > 2pi1,
o (¢i-1 = pi—1,pi-1), if qi—1 <2pi_1,
then there must be p,_; = ¢,_; for some r).

Let 7 : M — M be a multiple blowing-up. From (#) it follows:

(5) If £ € M and the sequence fi,..., f, € Or (e is of type (NC) then also the
sequence fq 0 g, ..., fr o g € Og.

For it suffices to check it for a blowing-up. Hence (taking r = 1):

(6) If 7 is a coherent sheaf of ideals then o(7*7) C m=*(07). Hence (by (1)), if
o7 is finite then also the set o(7*7) is finite.

(For if ¢ is a generator of type (NC) of the ideal 7y (¢) then ¢ o m¢ is a generator
of type (NC) of the ideal (7*7)¢).

Theorem 2 (Hironaka Theorem on 2-dimensional manifold). If 7 is a coherent
sheaf of ideals on M for which oT s finite, then there exists a multiple blowing-up
m: M — M over 0T such that 7*7T is of type (NC).

Dowdd. By Proposition 12 (and by (3) in Section 7 and (6)) we may assume that
7 is of type (NC*).

Let us introduce the following definitions: An ideal I C O, is of type (n), where
n > 1, if I has a sequence at most n generators of type (NC). A sheaf 7 on M is
of type (n) if o7 is finite and each 7., z € M, is of type (n). Then (by (5) and
(6)) for every multiple blowing-up 7 : M — M the sheaf 7*7 is also of type (n).
A sheaf 7 of type (n) is of type (n,r), where r > 0, if, with exception of r points,
each 7, is of type (n — 1). Each sheaf 7 of type (n) is (because o7 is finite) of
type (n,r) for some r > 0. A sheaf of type (n,0) is of type (n — 1) and a sheaf of
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type (1) is of type (NC). Since T is of some type (n) (because o7 is finite) then
it suffices (by (3) in Section 7 and (6)) to prove that if 7 is of type (n,r), n > 2,
r > 1, then there exists a multiple blowing-up 7 : M — M over 07 such that 77T
is of type (n,r — 1).

So, let 7 be of type (n,r), n > 2, r > 1. Then there exist points aq,...,a, € M
such that 7, are of type (n), and for z # ay, ..., a, the ideals T, are of type (n—1).
There exists a sequence fi, ..., f, € Oy of type (NC) of generators of 7 in an open
neighbourhood U of the point a,., and (shrinking U) we may additionally assume
that the pair fi, fo is unessential at each points of the set U\a,. By (5) (and by
(4) in Section 7) there exists a multiple blowing-up 7 : M — M over a, such that
the pair f1om, faom € Or-1(y) is unessential at all the points of the set 7r_1(U).
Then, if £ € 771(U) then in the sequence (f; o7)¢ of generators of the ideal (7*7 )¢
we may omit one of the generators (fi om)e, (f20m)e, that is (77 )¢, 5 e m1(U),
are of type (n — 1). Since for £ € M\7~1(a,) different of 7=1(a1),...,7 1 (a,—1),
the ideals (77 )¢ are obviously of type (n — 1) then 7*7 is of type (n,r —1). O
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