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RINGS OF CONSTANTS OF POLYNOMIAL DERIVATIONS
AND p-BASES

PIOTR JEDRZEJEWICZ

ABSTRACT. We present a survey of results concerning p-bases of rings of con-
stants with respect to polynomial derivations in characteristic p > 0. We
discuss characterizations of rings of constants, properties of their generators
and a general characterization of their p-bases. We also focus on some special
cases: one-element p-bases, eigenvector p-bases and when a ring of constants
is a polynomial graded subalgebra.

INTRODUCTION

In Section 1 we introduce the notation and definitions concerning derivations,
rings of constants and p-bases. Then we discuss characterizations of rings of con-
stants in Section 2 and we present some basic information on the number of gen-
erators for rings of constants of polynomial derivations in Section 3. For a wider
panorama of contemporary differential algebra we refer to the book of Nowicki
([41]), and for problems connected with locally nilpotent derivations we refer to
the book of Freudenburg ([10]).

Next two sections contain a general characterization of p-bases of rings of con-
stants with respect to polynomial derivations, based on the author’s paper [26].
In Section 4 we present generalizations of Freudenburg’s lemma (Theorems 4.7
and 4.8). The main theorem (Theorem 5.4) and its motivations are presented in
Section 5. In Section 6 (based on the results of [23] and [18]) we discuss analogies
and differences between single generators of rings of constants in zero and posi-
tive characteristic, and we focus on some special cases. Section 7, based on [24],
is devoted to specific properties of eigenvector p-bases (Theorem 7.2). Finally, in
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Section 8 (based on the paper [28], joint with Nowicki) we describe rings of con-
stants of homogeneous polynomial derivations in positive characteristic, which are
polynomial algebras.

1. BASIC DEFINITIONS AND NOTATION

Throughout this article, by a ring we mean a commutative ring with unity, and
by a domain we mean a commutative ring with unity, without zero divisors. If K is
a ring, then by K|[z1,...,x,] we denote a polynomial K-algebra. If R is a domain,
then by Ry we denote its field of fractions.

Let A be a domain. By A* we denote the set of all invertible elements of A. We
call two elements a,b € A associated and denote it by a ~ b, if a = bc for some
c € A*. An element a € A is called square-free if b* { a for every b € A\ A*.

Let A be a domain of characteristic p > 0. Then
AP ={aP; a € A}

is a subring of A. Let B a subring of A, containing AP. An element a € A is called
B-free if b 1 a for every b € B\ A*. If A = k[z1,...,2,] is a polynomial algebra
over a field k of characteristic p > 0, then k[zf,..., 2P]-free elements are called
shortly p-free.

If A is a domain of characteristic p > 0 and B is a subring of A, containing AP,
then for elements f1,..., fm € A we define the following subring of A:

Cp(fi,--y fm) = Bo(f1,---, fm) VA= Bo[f1,..., fm] N A.

Note that the equality Bo(f1,..., fm) = Bolf1,.-., fm] can easily be proved di-
rectly, but it also follows from the fact that the field extension By C Bo(f1, .-, fm)
is algebraic.

Let A be a ring. An additive map d: A — A satisfying the Leibniz rule

d(fg) = d(f)g + fd(g)
for f,g € A, is called a derivation of A. The set
Al={feA: d(f) =0}
is called the ring of constants of d; it is a subring of A. Moreover, if A is a field,

then A? is a subfield of A.

If A is a K-algebra, where K is a ring, then a K-linear derivation d: A — A
is called a K-derivation. In this case A¢ is a K-subalgebra of A. When K is a
subring of A, d is a K-derivation if and only if K C A%

If d is a K-derivation of a polynomial algebra K|[z1,...,z,], where K is a ring,
then o7 of
d(f) = =—d oo+ —d(z,
(5) = gd(en) + ...+ 5d(zn)
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for every f € K[x1,...,%y).

On the other hand, for arbitrary polynomials gi,...,g, € K[z1,...,2,] there

exists exactly one K-derivation d of K|z1,...,z,] such that
d(z1) = ¢
d(zn) = gn

and this derivation is of the form

_9181‘1 g”axn‘

Let A be a domain. Then every derivation d: A — A can be uniquely extended
to a derivation §: Ag — Ap, which is defined by the formula

(1) - i

g g*

for f,g€ A, g #0. If Aisa K-domain (that is, a K-algebra and a domain), where
K is a domain, and d is a K-derivation, then § is a Ky-derivation.

If A is a domain of characteristic p > 0 and d: A — A is a derivation, then
d(aP) = 0 for every a € A, so AP C A% If A is also a K-algebra, where K is a
domain of characteristic p > 0, and d is a K-derivation, then K AP C A% so d is a
K AP-derivation. For example, if A is a polynomial K-algebra: A = K|x1,...,z,],
where char K = p > 0, then A? = KP[2¥,... 2P| and KAP = K[2¥,... 2P].

Lemma 1.1. Let K be a domain of characteristic p > 0, consider a polynomial

fe€Klxy,...,x,]. Then f € K[a¥,... 2] if and only if gj_ =0fori=1,...,n.

Recall the definition of a p-basis. We restrict our interests to finite p-bases, see
[35], 38.A, p. 269, for a definition of a p-basis of arbitrary cardinality.

Definition 1.2. Let R be a domain of characteristic p > 0 and B a subring of R,
containing RP. Let f1,..., fm € R.

a) The elements f1,..., fm are called p-independent over B if the elements of the
form fi ..o f2m where aq,. .., € {0,...,p—1}, are linearly independent over
B.

b) We say that the elements f1,..., fm form a p-basis of R over B if R is a free
B-module with a basis of the form

a1 Olm,
1 e Jmo

where ay,...,om €{0,...,p—1}.
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Note that the elements f1,..., f,, form a p-basis of R over B if and only if they
are p-independent over B and generate R as a B-algebra. If the elements f1,..., fi
form a p-basis of R over B, then every element f € R can be presented in the form

— Q1 e%
f= g a1t fom,
o<, ..,am<p
where a, € B, and this presentation is unique.
The notion of a p-basis is a specific positive characteristic analog of a transcen-

dental basis. It fits into the same abstract notion of dependency, see [52], 11.12,
p- 97 and 11.17, p. 129.

Example 1.3. The elements x1,...,xz, form:

a) a p-basis of K[z1,...,2,] over K[z}, ... aP],
b) a p-basis of k(z1,...,x,) over k(zf,... xP),

¢) a p-basis of K[[x1,...,z,]] over K[[z},... ,zP]],

where K is a domain, k is a field, char K = chark =p > 0.

Theorem 1.4. ([15], p. 180)
If M is a subfield of a field L of characteristic p > 0, such that LP C M, then there
exists a p-basis (possibly infinite) of L over M.

Various conditions for existence of p-bases of ring extensions have been studied
for a long time (see, for example, [46] and its references).

Given polynomials f1,..., fi, € K[z1,...,2,], where K isaring, and j1,...,jm €
{1,...,n}, by jacﬁ:_‘j::fy: we denote the Jacobian determinant of fi,..., f,, with
respect to ;,,...,x;, . If m = n, then the Jacobian determinant of f1,..., f, with
respect to x1, ..., 2, we denote by jac(f1,..., fn)-

It is convenient to introduce the following notion of a differential ged of polyno-
mials f1,..., fm € K[z1,...,%,], where K is a UFD:

dged(fi, ..., fm) = ged (jaclIm gy g € {1, n}).

We put dged(f1,..., fm) =0 ifjacﬁ:""_’:f:: =0 for every ji,...,Jm-

Note that dged(f1, ..., fm) is defined up to a factor from K*. We have

of of
dged(f) ~ ged <83€17“"8xn>

for a single polynomial f € K[zq,...,z,] and

dged(f1, .-y fn) ~jac(fi,- -, fn)

for n polynomials fi,..., fn € Kl[x1,..., 2]
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From a generalized Laplace expansion we obtain the following ([26], Lemma 3.2).

Lemma 1.5. Consider arbitrary pairwise different numbers i1, ..., i, belonging to
{1,...,m}, where 1 <r < m.

a) If dged(fiy, ..., fi,) # 0, then dged(fiy, ..., fi,) [ dged(f1, ..., fm).
b) Ifdng(fnv B 7fir) = 0: then dng(fla co 7fm) = 0.

Recall the following known positive characteristic analog of the well known cri-
terion of algebraic dependence in characteristic zero.

Lemma 1.6. Let K be a domain of characteristic p > 0. Polynomials f1,..., fm €
Klx1,...,x,) are p-dependent over K[z, ..., 2P] if and only z'fjacﬁ:::::f;;‘ =0 for

every ji,...,Jm € {1,...,n}.

2. CHARACTERIZATIONS OF RINGS OF CONSTANTS

Recall some characterizations of fields of constants with respect to derivations
of fields. The case of characteristic zero was considered by Suzuki in [49] (Theorem
1) under the assumption of finite transcendence degree and genralized by Nowicki
in [42], Theorem 4.2 (see also [41], Theorem 3.3.2).

Theorem 2.1. (Suzuki, Nowicki)

Let K C L be an extension of fields of characteristic 0. A subfield M C L such
that K C M, is a field of constants of some K-deriwation of L if and only if M is
algebraically closed in L.

Similarly, in the positive characteristic case, Baer considered extensions of finite
degree (see [15], IV.7, p. 185). Gerstenhaber proved the theorem in the general
case in [12] (Remark at the end of Section 1) and, explicitly, in [13], Lemma 2.

Theorem 2.2. (Baer, Gerstenhaber)

Let K C L be an extension of fields of characteristic p > 0 satisfying the condition
LP C K. Then every subfield M C L such that K C M, is a field of constants of
some K-derivation of L.

A characterization of rings of constants with respect to derivations of domains
was obtained by Nowicki in [42], Theorem 5.4 (see also [41], Theorem 4.1.4).

Theorem 2.3. (Nowicki)
Let A be a finitely generated k-domain, where k is a field of characteristic zero. Let
R be a k-subalgebra of A. The following conditions are equivalent:

(1) R is the ring of constants of some k-derivation of A,

(2) R is integrally closed in A and RyN A= R.
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The author observed in [16] and, more generally, in [19], that analogous charac-
terization (without the condition that R is integrally closed) holds in the positive
characteristic case.

Theorem 2.4. ([16], Theorem 1.1, [19], Theorem 2.5)
Let A be a finitely generated K-domain, where K is a domain of characteristic
p> 0. Let R be a subring of A. The following conditions are equivalent:

(1) R is the ring of constants of some K-derivation of A,
(2) KAP C R and RyNA=R.

The implications (1) = (2) in Theorems 2.3 and 2.4 hold without the assumption
A is finitely generated, and there are counter-examples to the reverse implications
([17], see Example 2.7 below).

Daigle noted ([5], 1.4) that the two conditions in (2) in Theorem 2.3 can be
replaced by one condition of algebraic closedness (in the ring sense). The author
observed in [22] that we can apply this condition to the positive characteristic case
if we modify it to separable algebraic closedness. We call R separably algebraically
closed in A, if each element of A, separably algebraic over R, belongs to R ([22],
Definition 2.1).

Theorem 2.5. ([22], Theorem 3.1)

Let A be a finitely generated K -domain, where K is a domain (of arbitrary charac-
teristic). Let R be a K -subalgebra of A. If char K = p > 0, we assume additionally
that AP C R and we put B = KAP. The following conditions are equivalent:

(1) R is the ring of constants of some K -derivation of A,
(2) R is separably algebraically closed in A,

(3) R is a mazimal element in one of the following families of rings:

D, ={R: KCRCA, trdeg R<m} if charA=0,
U,,={R: BCRCA, (Ry:Bo) <p™} if charA=p>0,

where m =0,1,2,...

Now, let A be a domain of characteristic p > 0 and let B be a subring of A,
containing AP. Consider arbitrary elements fi,..., f € A. Recall a notation

Cp(fi,- -y fm) = Bo(f1,-.-, fm) VA= Bo[f1,..., fm] N A.

If A is finitely generated as a B-algebra, then Cg(fi, ..., fin) is the smallest (with
respect to inclusion) ring of constants of a B-derivation containing the elements
fis-++, fm. Under this assumption, the elements fi,..., f,, form a p-basis (over
B) of the ring of constants of some B-derivation if and only if fi,..., f,, are p-
independent over B and Cg(f1,...,fm) = B[f1,- -, fm]-
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Remark that the notion of the ring Ci(f), for a polynomial f over a field k of
characteristic 0, was introduced by Nowicki in [40].

Let k be a field of characteristic p > 0. Note that, if f & k[z?,y?], then f is a
one-element p-basis of k[zP, yP, f].

Example 2.6. Let d be a k-derivation of klz,y] such that

d(z) = =z
{ dly) = —v.
Then the polynomial zy is a (one-element) p-basis of k[z,y]¢:
klz,y)* = Cp(ay) = k[a?,y?, ay],
where B = k[zP, yP].
The following example from [24] (Example 4.3), motivated by Examples 6, 7

from [17], shows that in Theorem 2.4 the assumption that A is finitely generated
is necessary.

Example 2.7. Let k be a field of characteristic p > 0, let A = k[xg,z1,22,...] be a
polynomial k-algebra, put B = klxf, ¥, 2h,...]. Fori=1,2,... put f; = ' — xo,
where r; > 1 and p1r;. Consider the ring

CB(f17f2af37"') = BO(flanaf37"') NA.
Then:
a) the polynomials f1, fa, f3,... form a p-basis of Cs(f1, f2, f3,...) over B,

b) Cg(f1, f2, f3,-..) is not a ring of constants of any B-derivation of A.

3. GENERATORS OF RINGS OF CONSTANTS

The case of characteristic zero. Let k be a field of characteristic 0.

Recall the following theorem of Zariski ([51]).

Theorem 3.1. (Zariski)
Let L be a subfield of k(x1,...,x,) containing k. If trdeg, L < 2, then the ring

LOk[zy,...,xn)
is finitely generated over k.
Nowicki and Nagata in [43] (Theorem 2.6) applied Zariski’s theorem to rings of
constants of derivations.

Theorem 3.2. (Nowicki, Nagata)
Let d be a k-derivation of k[x1,...,z,]. If n < 3, then klxy,...,x,]? is finitely
generated over k.
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The following example was obtained by Kuroda in [30] and [31] (see [10], 7.6,
p. 175). This example is very important in the context of Hilbert’s Fourteenth
Problem. It solved the Problem for ordinary derivations, while for locally nilpotent
derivations the case of n = 4 remains open (we refer to [10] for details).

Example 3.3. (Kuroda)

Let d be a k-derivation of k[x,y, z,t] such that
d(z) = x(4a* —y* — 2%
d(y) = y(y* —z* - 2%)
d(z) = z(4z* — 2t —y*)
dt) = —20a3y323.

Then k[z,y, z,t]¢ is not a finitely generated k-algebra.

Nowicki and Strelcyn in [44] constructed examples of k-derivations with arbitrary
finite (minimal) number of generators of rings of constants.

Example 3.4. (Nowicki, Strelcyn)
Letn >3 andr > 0. Then r is the minimal number of generators of k[x1,. .., Ty]
as a k-algebra, for the following k-derivation d.

d

a) Letr < n. Consider a k-derivation d such that d(z;) =0 if i <r and d(x;) = z;
ifi >r. Then
Elzy, ..., z0]? = klz1,... 2]

b) Let r > n. Consider a k-derivation d such that

d(z1) = a1
d(l‘g) = T2
d(zz) = (n—r—2)x3
d(xz;) = 0 for i>3.
Then
Elzt, .. zn)® = Kk[fo, fiy s Frontar Ty ooy 2],
where f; = b " s for j=0,...,r —n+2.

Now, recall the following theorem of Zaks ([50]).

Theorem 3.5. (Zaks)
If R is a Dedekind subring of k[x1,...,x,] containing k, then R = k[f] for some
fek[r, ...,z

Using Zaks’ theorem, Nowicki and Nagata proved ([43], Theorem 2.8, [41], The-
orem 7.1.4, Corollary 7.1.5) the following.

Theorem 3.6. (Nowicki, Nagata)
If d is a k-derivation of k[xy,...,x,], such that trdeg, k[zi,...,z,]¢ < 1, then
k[z1,...,2,]% = Kk[f] for some f € k[zy1,... ]
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Corollary 3.7. If d is a nonzero k-derivation of k[z,vy], then k[z,y]? = k[f] for
some f € k[z,y].

Note also in this context Miyanishi’s theorem ([36], see [10], Theorem 5.1,
p. 108).

Theorem 3.8. (Miyanishi)
If d is a nonzero locally nilpotent k-derivation of k[z,y, z], then klx,y, 2] = k[f, g]
for some algebraically independent f,g € klz,y, z].

The case of positive characteristic. Now, let k be a field of characteristic p > 0.

Recall the results of Nowicki and Nagata ([43], Proposition 4.1, Proposition 4.2).

Theorem 3.9. (Nowicki, Nagata)
If d is a k-derivation of k[z1,...,x,], then k[z1,...,2,]¢ is finitely generated as a
k[, ..., zP]-algebra.

Theorem 3.10. (Nowicki, Nagata)
If chark = 2 and d is a nonzero k-derivation of klx,y], then there exists a polyno-
mial f € k[z,y] such that k[z,y]? = k[z%, 2, f].

Nowicki and Nagata proved that, if p > 2, the ring of constants of the Euler’s
derivation in k[x,y] is not of the form k[z?,yP, f] for any polynomial f € k[z,y]
([43], Example 4.3). Li in [34] proved that in this case p — 1 is the minimal number
of generators of k[x,y]? as a k[zP, yP]-algebra.

Example 3.11. Let d be a k-derivation of k[x,y] such that
dz) = x
{ d(y) = v.
Then, for B = k[xP,yP] we have:
Elz,y|? = Cp(aP~ty) = k[zP, xP Yy, ..., zyP~ L, 7).
Li in [33] (Theorem) obtained the following generalization of Theorem 3.10 for

arbitrary characteristic p > 0.

Theorem 3.12. (Li)
Let d be a nonzero k-derivation of k[x,y]. Then:

a) k[z,y|? is a free k[zP, yP]-module of rank p or 1,
b) there exist g1, ...,gp,—1 € k[z,y] such that k[z,y]¢ = k[2P, 4P, 91, ..., gp—1]-

Note also that Nowicki and Nagata gave an example of a derivation, which ring
of constants is not a free module ([43], Example 4.6).

Example 3.13. Let n > 3 and let d be a k-derivation of k[z1,...,x,] such that
d(z;) = af fori=1,...,n. Then k[z1,...,x,]? is not a free k[z¥, ... xP]-module.
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4. FREUDENBURG’S LEMMA

The key preparatory fact for the main characterization of p-bases of rings of
constants with respect to polynomial derivations (Theorem 5.4) is a positive char-
acteristic generalization of the following lemma, obtained by Freudenburg in [9].

Lemma 4.1. (Freudenburg)
Given a polynomial f € Clz,y], suppose g € Clz,y] is an irreducible non-constant

divisor of both % and g—g. Then there ezists ¢ € C such that g divides f + c.

This lemma was generalized by van den Essen, Nowicki and Tyc in [8], Propo-
sition 2.1.

Proposition 4.2. (van den Essen, Nowicki, Tyc)
Let k be an algebraically closed field of characteristic zero. Let Q be a prime ideal in
kElx1,...,zn] and f € k[xy,...,x,]. If for each i the partial derivative 887]; belongs

to Q, then there ezists ¢ € k such that f —c € Q.

The following example from [8], Remark 2.4, shows that the condition that k is
algebraically closed can not be dropped in the above theorem. We can, however,
make a positive conclusion, as in point b).

Example 4.3. Consider polynomials f = 3 + 3z, g = 2> + 1 € Rlx]. Then g is
irreducible, g | f' and:

a) g1 f—c for any c € R,
b) g | 2 + 4, where w(zx) = 2* + 4 is irreducible.

Note the following generalization of the Freudenburg’s lemma for a UFD of
arbitrary characteristic.

Proposition 4.4. ([21], Theorem 3.1)
Let K be a UFD, let Q be a prime ideal of K[x1,...,x,]. Consider a polynomial
f € K[z, ...,xz,)] such that 86—;: €qQ fori=1,...,n.

a) If char K = 0, then there exists an irreducible polynomial w(x) € K|[z] such that
w(f) € Q.
b) If char K = p > 0, then there exist b,c € K[zf, ..., 2P] such that ged(b,c) ~ 1,
b Q andbf +c€ Q.

Now, let K be a UFD of characteristic p > 0.

Lemma 4.5. Let f € K[xy,...,2z,] and let g € K[xq,...,2z,] be an irreducible
polynomial. If g | f and g | Cf?wf for every i, then g* | f or g € K[2¥,..., 2P].

rn

In the case of a principal ideal in positive characteristic we obtain from Propo-
sition 4.4 the following equivalence.
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Corollary 4.6. Consider a polynomial f € K|[x1,...,x,] and an irreducible poly-
nomial g € K[x1,...,2,]. The following conditions are equivalent:

(1) g|%fori:1,...7n,
there exist b,c € K|x7y,...,x2P| such that g 1b, gcd(b,c) ~ 1 an
2) th st b K 11’ 14 h th b, ged(b 1 and

9> [ bf +c if g K[zt,....27],
glbf+c if ge Kla¥,... ab].

Now we are going to present generalizations of Freudenburg’s lemma for an
arbitrary number of polynomials instead of one. Theorem 4.7 is a generalization
of Proposition 4.4 b), and Theorem 4.8 is a generalization of Corollary 4.6.

Theorem 4.7. ([26], Proposition 3.5)
Let A = K[x1,...,x,] be a polynomial K -algebra, where K is a UFD of charac-
teristicp > 0. Put B = K[z,...,2P]. Let f1,...,fm € A, m > 1, and let Q be

) n

a prime ideal of A. Ifjacf1 ’fm € Q for every ji,...,jm € {1,...,n}, then there
existi € {1,...,m} and

b7C€B[f17"'7}\‘i7"'7fm]7
be Q, such that bf; + c € Q.

Proof. (Sketch.)
Consider the factor algebra A = A/Q and denote f = f + Q for an element f € A,
and by T the canonical homomorphic image in A of a subring T C A.

IfJacfl)"__ﬁ’fm € Q for every ji,...,Jm € {1,...,n}, then the rank of the matrix
0f1/0xy  0f1/0x2 -+ Of1/Oxy
0f2/0x1  Of2/0xs - Of2/0xy
Ofm/0x1 Ofm/0xs -+  Ofm/Ox,

over the field (A)g is less than m. From the linear dependence of the rows of this
matrix we infer that:

() there exist s1,...,8, € A, where s; € Q for some i € {1,...,m}, such that
s$1d(f1) 4+ ...+ smd(fm) € Q for every K-derivation d of A.

Now, denote R; = B|f1,..., ﬁ, .oy fm]. For every R;-derivation § of A there
exists a K-derivation d of A such that 6(f) = d(f) for every f € A ([21], Lemma
3.2). Then, by (%), d(f;) € Q, so 6(f;) = 0. Hence, f; belongs to (R;)o N A — the
smallest ring of constants of any R;-derivation of A, so there exist b,c¢ € R; such

that b#£ 0 and f; = — i |
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Theorem 4.8. ([26], Theorem 3.6)
Let K be a UFD of characteristic p > 0. Let A = Klxy,...,2,], put B =
Kz, ..., 2P]. Consider arbitrary polynomials fi,..., fm € A, where m > 1, and
denote

R; :B[flv"wfia"'vfm]

fori=1,....m, and, if m > 1,

Rij :B[fl;-~-7fi7~-~7fj7--~7fm]
fori,g=1,....,m, such that i # j.

Then dged(f1, ..., fm) is divisible by an irreducible polynomial g € A if and only
if at least one of the following conditions holds:

(i) g & B and g* | bf; + ¢ for some i € {1,...,m} and b,c € R; such that g1b,
(15) g€ B and g | bf; + ¢ for somei € {1,...,m} and b,c € R; such that g1b,

(1) g | bifi + 1 and g | bafj + co for some i,j € {1,...,m}, i # j, and
bi,ba,c1,¢2 € R;j such that g1 by and g1 bs.

Proof. (Sketch.)
(=) If dged(f1,..., fm) is divisible by an irreducible polynomial g € A, then
Jacfl’ = € (g) for every j1,...,jm € {1,...,n}. Hence, by Theorem 4.7, bf; +c =

dm
gh for some i € {1,...,m}, b,c € R; such that g1 b, and h € A.

The condition () holds if g & B and g | h, and the condition (4¢) holds if g € B,
so we assume that g ¢ B and g 1 h. Applying, for arbitrary ji,...,jm € {1,...,n},
the Jacobian derivation d; defined by

G(f) = el fi e,

we infer that g | Jacfl”"j; v firtafm - Then the condition () from the proof

of Theorem 4.7 holds for polynomials f1,..., fi_1,9, fix1,-- -, fm, where (one can
show that) g 1 s; for some j # i, so since g = 0, we obtain that f; € (R;;)o. Recall
that f; € (Ri)o, but R; = R;;(f;], so fi € (Rij)o, and then (ii4) holds.

(<) Ifbf; +c = g?h for some irreducible polynomial g € A\ B, some h € A and
b, c € R; such that g 1 b, then we apply the derivation d; defined above, and obtain

that g | Jacfl’ ~Im for arbitrary ji,...,j5m € {1,...,n}, so g | dged(f1,- -, fm)-
We proceed smularly, if (4i) holds.

If g | bifi +c1 and g | bafj + co for some irreducible polynomial g, i # j and
b1, b2, c1,c2 € R;j such that g1 by and g 1 by, then g | dged(by f; + c1,bafj + c2), so
g | dng(fl,---,blfi+cly~--,b2fj —|—Cg,...,fm)

by Lemma 1.5. Then we show that

dged(fi,....bifi+ci,....bafj+co, s frn)
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= b1b2dng<f1,...7fi,...,fj,...,fm)
and obtain the conclusion: g | dged(f1,. .., fm)- |

Let us remark that the zero characteristic analog of Theorem 4.8 for m = n
([25], Theorem 4.1) is connected with a characterization of Keller maps and an
equivalent formulation of the Jacobian Conjecture.

5. A CHARACTERIZATION OF pP-BASES OF RINGS OF CONSTANTS

A characterization of p-bases of the whole polynomial algebra k[z1, ..., z,]| was
obtained by Nousiainen in [39], see Niitsuma, [37] or [38].

Theorem 5.1. (Nousiainen)
Given polynomials fi,..., fn € klx1,...,2,], where k is a field of characteristic
p > 0, the following conditions are equivalent:

(1) there exist k-derivations dy,...,d, of k[x1,...,xy] such that d;(f;) = d;; (the
Kronecker delta) fori,j=1,...,n,

(2) there exist k-derivations di,...,d, of k[z1,...,x,] such that det(d;(f;)) €

kA {0},

(3) the Jacobian matriz {gﬁ} is invertible,
Ly

(4) klzy,...,zn) =k[2], . oo2b, fr,. fal,
(5) the polynomials f1,..., fn form a p-basis of k[x1,...,x,] over k[z}, ... xP].

Note that Lang and Mandal obtained in [32], Theorem 2.2, some other equivalent
conditions in terms of Jacobian derivations.

Nousiainen’s theorem is connected with the positive characteristic version of the
Jacobian Conjecture formulated by Adjamagbo ([1], see [7], 10.3.16, p. 261).

Conjecture 5.2. Let f1,..., fn € Fplz1,...,zn]. Ifjac(fa,.... fn) € Fp\ {0} and
p does not divide the degree of the field extension Fp(f1,..., fn) C Fp(z1,...,20),
then Fplf1, ..., fol =Fplz1, ...,z

Theorem 5.3. (Adjamagbo, [1], see [7], 10.3.17, p. 261)
If the above conjecture is true for all n > 1 and all primes p, then the Jacobian
Conjecture is true.

Now we present a general theorem about p-bases of rings of constants of poly-
nomial derivations. In the case m = n it extends the Nousiainen’s theorem with
the condition (3) below.
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Theorem 5.4. ([26], Theorem 4.4)
Let K be a UFD of characteristic p > 0, let f1,..., fm € Klx1,...,2,], where
m € {1,...,n}. Denote: B = Kl[z¥,...,2P], R; = B[fl,...,ﬁ7...,fm] fori =
1,...,m, and R;; :B[fl,...,ﬁ,...,]/";,...,fm] fori,j=1,...,m, such that i #
j-

The following conditions are equivalent:

(1) dng(fl7' 7fm) ~ 17

(2) the polynomials f1,..., fm form a p-basis of the ring of constants of some
K-derivation,

(3) the polynomial bf; + c is square-free and B-free for every i € {1,...,m} and
b,c € R; such that ged(b,c) ~ 1, and, if m > 1, then

ged(by fiter,bafj+ca) ~ 1 for everyi,j € {1,...,m}, i # j, and by, be,c1,c2 € Ry
such that ged(by,c1) ~ 1 and ged(be, ca) ~ 1.

Proof. (Sketch.)

(1) = (2) Assume that dged(f1,..., fm) ~ 1. By Lemma 1.6, fi,..., fn are
p-independent over B. We will show that for every b € B\ {0} and a, € B,
0<ag,. .., < p, the following holds:

() 0| Xoca.amap Gafi - frym, thend | aq forevery ar, ..., am € {0,...,p—

1}.

Denote by s the maximal sum «; +. . .4+ a, such that a, # 0. If s = 0, (x) holds.

ey G f{ o fm

.....

Applying, for each ¢, the Jacobian derivation d; defined by

3 f 7---1fi7 7f7fi 1-“7f7n
di([f) = jacy, "5, T

: a a;—1 so S f
we obtain that b | > o<, . _, iaafi" ... f; —o fam jacitodm. Then

« a;—1 «
b E aao fit o fTT L fm
01,y <P
oo f1sofm
becaus.e ged (‘]acjl’wjm
induction hypotheses.

s Jts---ydm € {1,...,n}) ~ 1, and it is enough to use the

Now, observe that any element of the ring

OB(fl,...,fm) = Bo[fh...,fm] nNA

is the fOI‘IIl ZO<Q17-..1am<p aTa fél e fvoréLmv Where b € B \ {O}a Qg € Ba 50, by (*)7 it

belongs to B[f1,..., fm]-

(2) = (3) Assume that f1,..., fn, form a p-basis of the ring R = Cp(f1,..., fm)-
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If g% | bfi + ¢ for some i € {1,...,m}, b,c € R; such that ged(b,c) ~ 1, and a
noninvertible polynomial g, then one can show that the polynomial gi,, “(bf +c)pt
belongs to R and does not belong to B[f1,..., fm].

If g | bf; + c for some i € {1,...,m}, b,c € R; such that ged(b,c) ~ 1, and a
noninvertible polynomial g € B, then % € R\ B[f1,--- fm]-

Ifg | bifitciand g | bafj+ec forsomed,j € {1,...,m},i# j, b1, ba,c1,c0 € Rij
such that ged(by, 1) ~ 1, ged(be,c2) ~ 1 and a noninvertible polynomial g, then
gip : (blfl + cl)p_l(bej + 02) € R\B[f17 LR fm]

=(1) = =(3) If g | dged(f1,..., fm) for irreducible polynomial g, then at least
one of the conditions (i), (i), (ii7) of Theorem 4.8 holds. Now, if bf; + ¢ is divisible
by g or by g¢?, it is enough to take h — a product of g and all (if any) irreducible
factors of b, which do not divide ¢, and then bf; + ¢ + h? remains being divisible
by g, resp. by g2, but ged(b, ¢ + hP) ~ 1. O

6. CLOSED POLYNOMIALS AND ONE-ELEMENT P-BASES

The properties of single generators of rings of constants were studied by many
authors.

Theorem 6.1. (Nowicki, Nagata, Ayad, Arzhantsev, Petravchuk)
Let k be a field, let f € k[z1,...,2,] \ k. Denote by k the algebraic closure of k.
Consider the following conditions:

k[f] is the ring of constants of some k-derivation of k[x1,...,xy],

)

(2) k[f] is integrally closed in klz1,...,z,],
)
T

(4) for some c € k the polynomial f + c is irreducible over k,

(5) for all but finitely many c € k the polynomial f + c is irreducible over k.

a) If chark = 0, then the conditions (1) — (5) are equivalent.
b) If k is a perfect field, then the conditions (2) — (5) are equivalent.
c) For arbitrary field the conditions (2) and (3) are equivalent.

Nowicki and Nagata proved the equivalence of the conditions (1), (2) and (3)
in characteristic zero ([40], Theorem 2.1; [41], Proposition 5.2.1; [43], Lemma 3.1).
Ayad added the condition (4) in char k = 0 ([3], Théoréme 8, Remarque), based on
the theorem of Ploski ([47], see [48], 3.3, Corollary 1, p. 220), and observed that the
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equivalence (2) < (3) holds also for chark = p > 0. Arhzantsev and Petravchuk
([2], Theorem 1) considered the case of a perfect field and added the condition (5).

Note also that Nowicki and Nagata in [40] and [43] defined a closed polynomial
in characteristic zero as a polynomial f satisfying the condition (3) above.

Now, let k£ be a field of characteristic p > 0.
Consider the following families of subrings of k[z1,...,zy]:
A = {klgl; g € k[z1,... 2]},
B = {kla¥,...,aL,g]; g € k[z1,...,24]},
C = {RCk[zy,...,x,]: k[z},...,22] C R, (Ro : k(%,...,2P)) = p},
where (L : K) denotes the degree of a field extension K C L.

The family A plays its role in characteristic zero, the family B is a natural
positive characteristic analog, since rings of constants are k[zf,...,zP]-algebras.
The family C, however, has the property that its maximal elements are rings of
constants (see Theorem 2.5).

Note that we do not have any implication, in general, between the maximality of
respective rings in A and in B ([23], Examples 2.1, 2.2), and even the maximality
in C does not imply, in general, the maximality in .A. Moreover, the maximality in
B does not imply, in general, the maximality in C ([23], Example 2.3). The only
implication is that if an element of B is maximal in C, then it is also maximal in B.

Example 6.2. a) Put f; = aixy. Then the ring k[f1] is mazimal in A, and the
ring k[, ..., 2P, f1] is not mazimal in B.

b) Put fo = x1 + af. Then the ring k[z},..., 2P, fo] is maximal in B and in C,
and the ring k[f2] is not mazimal in A.

c) Put fs = x¥'xy. Then the ring k[z¥, ... x, fs] is mazimal in B, and is not
mazimal in C.

Now we are going to analyze a characterization of single generators of rings
of constants. In order to understand better the condition (3) in Theorem 6.4
below, observe the following positive characteristic analog of a known property of
polynomials. Recall that k& denotes a field of characteristic p > 0.

Lemma 6.3. Consider a polynomial f € k[z1,...,x,] \ k[2},... ,28]. Then
of of
— ey, | ~1
wid (155 50

if and only if [ is square-free and p-free.

From Theorem 5.4 in the case of m = 1 we have the following.
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Theorem 6.4. ([21], Theorem 4.2)

Let f € kl[z1,...,x,) \ K[z}, ..., 22]. The following conditions are equivalent:
aof af

(1) ng(Tl‘l”m) ~ 1,

(2) kl[zl,... 2P, f] is the ring of constants of a k-derivation,

(3) for every b,c € k[, ..., 2P] such that ged(b,c) ~ 1, the polynomial bf + ¢ is
square-free and p-free.

It is easy to see that
of of
ged (3331"”73%) | d(f)

for every k-derivation d of k[z1,...,z,] and a polynomial f € k[zy,...,2,] \
klzh, ..., 2P]. If d(f) = cf for some ¢ € k\ {0}, then

gcd(f, of 8f>~gcd<af 3]”)

Oz’ Oz, Oxy’ 7 Oz,

Hence, we obtain the following fact.

Corollary 6.5. Let f € k[zy,...,z,] \ k[2},...,2P]. Assume that d(f) = cf for
some ¢ € k\ {0}. Then k[z¥,... 2L, f] is a ring of constants of a k-derivation if
and only if the polynomial f is square-free and p-free.

Finally, observe a list of monomial derivations in two variables with one-element
p-bases of rings of constants. The motivation was connected with the paper of
Okuda ([45]), who adapted van den Essen’s algorithm ([6], see [7], 1.4, p. 37) to
positive characteristic. Recall that & denotes a field of characteristic p > 0.

Example 6.6. ([18], Example 13)
Let m, n, r, s be nonnegative integers, m,n Z —1 (mod p), and let o, 5 € k\ {0}.
Consider the following examples:

di(x) = az"™ d
klx,y|* = klzP, yP, BxyP — ax™Py],
{dl(y) — By, [, y] [P, 47, Bry Yl

klz, y]?? = k2P, y?, xy],

{0 Z a0 ™ = ke, (a4 D)3 = ot Dy,
{ klz, yl?t = K[z, 4P, (n 4+ 1)Ba — az™Py" ],
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{ d5 (.T)
ds(y)

{ ds(z)
ds(y) = Ba™y°?,

0
B,

k[xvy]ds = k[xp’yp,xL

klz,yl%e = k[P, yP, Bz 1y*P — (m + 1)ay],

d (.r):a o b

Theorem 6.7. ([18], Theorem 16)
Let d be a monomial k-derivation of klx,y]:

d(z) = azty"

d(y) = Ba'y",
where o, 8 € k. Then

klz,y)? = kla”,y", f]

for some f € k[z,y] \ k[zP,yP] if and only if d = 27y’ - d;, where j,1 > 0, i €
{1,2,...,7}, and the derivation d; is as in Example 6.6.

7. EIGENVECTOR p-BASES

Recall the Moore’s determinant (see, for example, [14], Corollary 1.3.7, p. 8).

Lemma 7.1. Let k be a field of characteristic p > 0, let ¢1,...,¢m € k, m > 1.
Then

m—1

a g
m—1

s 6127 6127 m

; . ZH H (0&101 + ...t Qi—1Ci— +Ci)-
i=1ay,...,a;_1€F,

m—1

Ccm € oo P

Recall also a notation
dng(f17 RN fm) = ng (Jacjfll::fz]7 j17 e 7jm S {17 e 771,})

The following theorem, taking into consideration Theorem 5.4, is motivated by
Corollary 6.5.

Theorem 7.2. ([24], Theorem 3.2)
Let k be a field of characteristic p > 0, consider polynomials f1,..., fm € k[z1,...,

xy] \ {0}, where m > 1. Assume that f1,...,fm are eigenvectors of some k-
derivation of k[xy,...,x,] and their eigenvalues are linearly independent over the
prime subfield F,. Then fi,..., fm are p-independent over kY, ... ,aP], and the

following conditions are equivalent:

(1) k[V,....28, f1,..., fm] is the ring of constants of some k-derivation,
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(2) fi,...,fm are pairwise coprime, square-free and p-free,
(3) dged(fi, .-\ fim) ~ 1,
(4) dng(fi17fi2) ~1 fOT’ every 7:1 7é 7;2'

Proof. (Sketch.)
Let A be a k-derivation such that A(f;) = ¢;f;, where ¢; € k for i =1,...,m, and

C1,...,Cn are linearly independent over IF,. Consider k-derivations d; = Apjfl,
j=1,...,m.

Consider the matrix

dl(fm) dQ(fm) dm(fm)

We have d;(f;) = cfj_lfi for 4,5 € {1,...,m}, so det M = cfy ... fin, where c is
the value of the Moore’s determinant from Lemma 7.1, ¢ € k. Since ¢y, ..., ¢y, are
linearly independent over IF,,, we have ¢ # 0 and det M # 0.

On the other hand, one can show that
det M = Z dy(zj,) - dm(xjm)jacj;:.’.’::ﬁ:’
jl:---vj'rnE{l,“.,n}

$0 f1,--., fm are p-independent over k[z},..., 2] by Lemma 1.6. Moreover, we
obtain that

dged(fi, .. fm) [ f1o fm

—(3) = —(2) Assume that dged(f1,..., fm) is divisible by an irreducible poly-
nomial g € k[z1,...,2,]. Then g | f; for some 1.

Now we change in the matrix M the derivation d,, to d}, = 6%, where | €
{1,...,n}, and expand its determinant with respect to the last column. Again,
using Lemma 7.1, we obtain the divisibility

Aged(frseo fo) | D)™ fy P o
j=1

where ¢; € £\ {0}. Hence, g | f1. ..fi_l%fi+1 oo fm,s0 g | f; for some j # i or

g | gg{j for {=1,...,n, and then, by Lemma 4.5, g | f; or g € k[z},... 22].

(4) = (2) For every iy # ig, if dged(fi,, fi,) ~ 1, then f;, and f;, are coprime,
square-free and p-free by the implication (1) = (3) of Theorem 5.4 (for m = 2).
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The implications (1) = (2) and (3) = (1) follow directly from Theorem 5.4.
The implication (3) = (4) follows from Lemma 1.5. O

8. RINGS OF CONSTANTS OF HOMOGENEOUS DERIVATIONS

The motivation to describe rings of constants of homogeneous derivations being
polynomial algebras, comes from the following theorem.

Theorem 8.1. (Ganong, Daigle)

Let k be a field of characteristic p > 0, let A and R be polynomial k-algebras in two
variables such that A» G R G A. Then there exist x,y € A such that A = k[z,y]
and R = k[z,yP].

The above theorem was proved by Ganong in [11], in the case of algebraically
closed field k and then by Daigle in [4] in the general case. Note also that Kimura
and Niitsuma in [29] proved that, in the case of a perfect field k of characteristic
p > 0, under these assumptions, A has a p-basis over R and R has a p-basis over
AP,

Nowicki and the author generalized the above theorem to n variables in the
homogeneous case.

Theorem 8.2. ([28], Theorem 3.1, [27], Theorem 2.2)
Let p be a prime number. Let k be a field (of arbitrary characteristic) and let
fiseooy fn € klz1, ..., 2] be homogeneous polynomials such that

klzh,...,2P] C k[f1,..., fu]-

a) If char k # p, then
E[f1, .. fal = k[zh ..o 2lo]
for somely,... 1, € {1,p}.

b) If chark = p, then
k[fh"ﬂf”] = k[yla"'vymayfn+17~'~7y£]

for some m € {0,1,...,n} and some k-linear basis yi,...,yn 0f (T1,...,2n).

For proofs, we refer to two articles joint with Nowicki. The article [27] contains
the proof of the above theorem. The article [28] contains a theorem about (polyno-
mial graded) subalgebras containing k[z!*, ..., zE"], where py, ..., p, are arbitrary
prime numbers (28], Theorem 2.1).

A k-derivation d of k[z1,...,z,] is called homogeneous of degree r if d(z;),
if nonzero, is a homogeneous polynomial of degree » + 1 for ¢ = 1,...,n. In
this case, for every homogeneous polynomial f € k[zy,...,z,] of degree s, the
polynomial d(f), if nonzero, is homogeneous of degree r+s. The ring of constants of
a homogeneous derivation is a graded subalgebra. As a consequence of Theorem 8.2
we obtain.
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Theorem 8.3. ([28], Theorem 4.1)
Let d be a homogeneous k-derivation of k[x1,...,x,], where k is a field of charac-
teristic p > 0. Then k[z1,...,z,]? is a polynomial k-algebra if and only if

(*) k[Ila"'vgjn]d:k[yla"'aymayfn+17"'7y£]

for some m € {0,1,...,n} and some k-linear basis y1,...,Yn of (T1,...,Zy).

A homogeneous k-derivation of k[xy,...,x,] of degree 0 is called linear. In this
case a restriction of d to (z1,...,2,) is a k-linear endomorphism. The author
obtained in [20], Theorem 3.2, a description of linear derivations with rings of
constants of the form (x) above. Finally, we have the following.

Theorem 8.4. (28], Corollary 4.2)

Let d be a linear derivation of k[xy,...,x,], where k is a field of characteristic
p > 0. Then klxy,...,2,]? is a polynomial k-algebra if and only if the Jordan
matriz of the endomorphism d|,, .. ..y has one of the following forms:

n

[ P1 10
1
0 {pol } 0 0p1 1 0

P1 P1 00 p

- 9 p2 ) 9 P2 )
0 Pn K
0 Pn—1 I 0 pn—2_
only p=2

where nonzero p; are linearly independent over the prime subfield Fy,.
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