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Abstract

Belief Revision is a well-established field of research that deals with how agents

rationally change their minds in the face of new information. The milestone of

Belief Revision is a general and versatile formal framework introduced by Al-

chourrón, Gärdenfors and Makinson, known as the AGM paradigm, which has

been, to this date, the dominant model within the field. A main shortcoming

of the AGM paradigm, as originally proposed, is its lack of any guidelines for

relevant change. To remedy this weakness, Parikh proposed a relevance-sensitive

axiom, which applies on splittable theories; i.e., theories that can be divided into

syntax-disjoint compartments. The aim of this article is to provide an epistemo-

logical interpretation of the dynamics (revision) of splittable theories, from the

perspective of Kuhn’s influential work on the evolution of scientific knowledge,

through the consideration of principal belief-change scenarios. The whole study

establishes a conceptual bridge between rational belief revision and traditional

philosophy of science, which sheds light on the application of formal epistemo-

logical tools on the dynamics of knowledge.
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1. Introduction

A well-established research field that lies at the intersection of Formal
Philosophy and Computer Science, and deals with how agents rationally
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change their minds in the face of new information, is that of Belief Revi-
sion [14, 24, 13].1 Roughly speaking, the process of belief revision can be
outlined as follows [14, 24]:

• A rational agent receives new information (epistemic input).

• In the principal case where the new information contradicts her initial
beliefs, the agent needs to withdraw some of the old beliefs before she
can (consistently) accommodate the new information.

• The agent is, also, obliged to accept the consequences that might re-
sult from the interaction of the new information with the (remaining)
old beliefs.

What makes the problem non-trivial is that several different ways for
performing the revision-process may be possible. Suppose, for example,
that the beliefs of a rational agent are composed of the following three
propositions:

i) All African lions are brown.

ii) The animal Bob encounters is a lion.

iii) The animal Bob encounters comes from Africa.

Along with the above three propositions, the agent is obliged to believe
their following immediate consequence:

iv) The animal Bob encounters is brown.

Suppose, now, that the animal Bob encounters turns out to be white.
In order for the agent to maintain a consistent corpus of beliefs after adding
the fact about lion’s whiteness, she needs to revise her initial beliefs. That
is to say, some of her original beliefs must be withdrawn. Clearly, she does
not want to give up all her beliefs, since this would be an unnecessary loss
of valuable information. It is not hard to verify that, in the case described
above, there are at least three different ways for performing revision. In
general, this can be done in a number of ways. More importantly, the prob-
lem of belief revision is that logical considerations alone are not sufficient

1To distinguish the research area from the process, we shall use the capitalized term
Belief Revision for the former, and the lower-case term belief revision for the latter.
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for choosing which beliefs have to be given up; this has to be decided by
means of extra-logical structures.

The benchmark of Belief Revision is a general and versatile formal
framework introduced by Alchourrón, Gärdenfors and Makinson, known
as the AGM paradigm (after the initials of its originators), which has been,
to this date, the dominant model within the field [1]. The AGM paradigm
captures both axiomatically and constructively the process of rational be-
lief revision. Axiomatically, by means of rationality postulates that any
rational revision function ought to satisfy, and constructively, by means of
extra-logical structures based on preference orderings.

A main shortcoming of the AGM paradigm, as originally introduced, is
its insufficiency to capture the notion of relevance. To remedy this weak-
ness, Parikh proposed a postulate that supplements the approach of Al-
chourrón, Gärdenfors and Makinson; the postulate essentially captures a
form of syntactical relevance, and is typically referred to as axiom (P) [23].
Roughly speaking, axiom (P) states that the revision of a splittable theory
K—i.e., a theory that can be divided into syntax-disjoint compartments
referring to mutually irrelevant subject matters—by an epistemic input
which (syntactically) relates only to some compartment of K, should not
affect any other compartment of K. A central concept that Parikh used
for developing his axiom is that of theory-splitting [23].

In the present article, we discuss the revision of splittable theories,
through the prism of the influential 1970 book “The Structure of Scien-
tific Revolutions” by Thomas Kuhn, which studies the evolution of scien-
tific knowledge [21]. The task is accomplished by considering a Kuhnian
reading of principal belief-change scenarios involving Parikh’s concept of
theory-splitting; essentially, we argue that these scenarios can be regarded
as a reflection of notable phases of scientific development. Our aim is the
establishment of a conceptual bridge between rational belief revision and
traditional philosophy of science, which will shed light on the application
of formal epistemological tools on the dynamics of (any corpus of) knowl-
edge.2

The remainder of this article is structured as follows. The next section
provides a brief overview of Kuhn’s work on philosophy of science. There-
after, Section 3 sets the formal background for our discussion, followed by

2For an excellent book that discusses a variety of perspectives concerning belief
revision in the context of scientific enquiry, the interested reader is referred to [22].
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Section 4 which presents the AGM paradigm. Section 5 introduces Parikh’s
notion of relevance, as well as some fundamental definitions based on this
notion. Section 6 discusses the revision of splittable theories from an epis-
temological perspective, and Section 7 reports a collection of representative
examples from the history of science that justify the conducted study. A
brief concluding section closes the article.

2. Kuhnian epistemology in a nutshell

According to Kuhn, the phases of scientific progress can be summarized as
follows [21]:

• Pre-paradigm period.

• Normal science.

• Crisis.

• Scientific revolution.

• New normal science.

• New crisis.

Prior to the formation of a shared paradigm or research consensus (pre-
paradigm period), would-be scientists are devoted to the accumulation of
random facts and unverified observations. This non-organized activity ac-
quires coherence once the scientific community adopts a unique shared
paradigm. A paradigm is a distinct set of concepts or thought patterns
(including theories and research methodologies), that constitute legitimate
contributions to a field. The paradigm is adopted jointly by the members
of a scientific community, it establishes the (nature of the) entities of the
world (i.e., an ontological acceptance), as well as a common language.

Everyone working within a settled paradigm (e.g., Classical Mechanics)
is doing normal science. In the context of normal science—which Kuhn
describes as a puzzle-solving process—scientists are slowly accumulating
details in accord with an established broad theory, making the paradigm
more coherent and concrete. During this process, the scientific community
does not question or challenge the underlying (philosophical and metaphys-
ical) assumptions of the theory.
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During the period of normal science, the observable new information
(epistemic input) is formulated within the language of a particular theory,
and its validity depends on the validity of the corresponding theoretical or
conceptual context. In this sense, theories precede observations. Theories
can be formulated—and this is usually the case—prior to the observations
that contribute to their justification. Generally, the meaning of a concept
is (at least partially) “sculptured” from the role it plays in a theory.

For the normal scientist, anomalies represent challenges to be puzzled
out and solved within the settled paradigm. At the point where such
anomalies cannot be handled within the paradigm, a crisis emerges. In
case an anomaly (or series of anomalies) persists long enough, and for
enough members of the scientific community, the paradigm will itself grad-
ually come under challenge, and perhaps be subjected to a paradigm shift,
a process often also described as a scientific revolution. After the scientific
revolution, a new paradigm is established by the majority of the commu-
nity, which takes the place of the old problematic one, and a period of
new normal science begins.3 It is noteworthy that, according to Kuhn,
the language and theories of successive paradigms are incommensurable, in
the sense that, in principle, they cannot be translated into one another, or
rationally evaluated against one another, by means of a formal framework.
Kuhn argues that incommensurability constitutes a universal property of
scientific revolutions.

Having presented the core principles of Kuhn’s work on the evolution
of scientific knowledge, we turn to a more analytical tone.

3. Formal background

Throughout this article, we shall be working with a propositional language
L, built over a finite, non-empty set P of propositional variables (atoms),
using the standard Boolean connectives ∧ (conjunction), ∨ (disjunction),
→ (implication), ↔ (equivalence), ¬ (negation), and governed by classical
propositional logic.4 This abstraction is made, mainly, due to the fact that
the majority of belief-revision studies, including Parikh’s exposition in [23],

3Two representative cases of paradigm shifts are the transition from a Ptolemaic Cos-
mology to a Copernican one, as well as the acceptance of plate-tectonics theory (replacing
the idea of continental drift) as an explanation for large-scale geological transformations.

4Notice that no zero-ary connectives are considered.
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are conducted assuming classical propositional logic, a fact which, in turn,
provides easier presentation. Another argument in favour of this conve-
nient formalism, is that, in the context of Answer Set Programming (ASP)
[11], which constitutes a contemporary formal framework used for mod-
elling the dynamics of a plethora of real-world scientific domains, although
a particular scenario is modelled in the syntax of first-order logic, the sys-
tem ultimately solves a finite propositional representation of it (produced
through a sophisticated process called grounding). We note, lastly, that,
even if the essence of our approach easily extends to richer formalisms,
a formal account of this issue would be an interesting avenue for future
investigation.

A sentence of L is contingent iff it is neither a tautology nor a contra-
diction. For a set of sentences Γ of L, Cn(Γ) denotes the set of all logical
consequences of Γ, i.e.,

Cn(Γ) =
{
ϕ ∈ L : Γ |= ϕ

}
,

where |= stands for the classical consequence relation. We shall
write Cn(ϕ1, . . . , ϕn) for sentences ϕ1, . . . , ϕn, as an abbreviation of
Cn
(
{ϕ1, . . . , ϕn}

)
.

An agent’s belief corpus shall be modelled by a theory, also referred to
as a belief set. A theory K is any deductively closed set of sentences of L;
i.e.,

K = Cn(K).

The set of all theories is denoted by K. A theory K is complete iff, for all
sentences ϕ ∈ L, either ϕ ∈ K or ¬ϕ ∈ K. For a theory K and a sentence
ϕ of L, the expansion of K by ϕ, denoted by K+ϕ, is the deductive closure
of the set K ∪ {ϕ}, i.e.,

K + ϕ = Cn
(
K ∪ {ϕ}

)
.

A literal is a propositional variable or its negation. A possible world
(or, simply, world) r is any consistent set of literals, such that, for any
propositional variable p ∈ P, either p ∈ r or ¬p ∈ r. The set of all possible
worlds is denoted by M. For a sentence (or set of sentences) ϕ of L, [ϕ] is
the set of worlds at which ϕ is true. For a set of worlds V ⊆M, we denote
by th(V ) the set of all sentences satisfied by all worlds in V ; if V = ∅,
then vacuously th(V ) = L. It is not hard to verify that th(V ) is a (unique)
theory.
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4. The AGM paradigm

Within the AGM paradigm [1], the process of belief revision is modelled
as a (binary) function ∗, which maps a theory K and a sentence ϕ to a
revised (new) theory K ∗ϕ. Rational revision functions, the so-called AGM
revision functions, respect the AGM postulates for revision, listed below.5

(K ∗ 1) K ∗ ϕ is a theory of L.

(K ∗ 2) ϕ ∈ K ∗ ϕ.

(K ∗ 3) K ∗ ϕ ⊆ K + ϕ.

(K ∗ 4) If ¬ϕ /∈ K, then K + ϕ ⊆ K ∗ ϕ.

(K ∗ 5) K ∗ ϕ is inconsistent iff ϕ is inconsistent.

(K ∗ 6) If Cn(ϕ) = Cn(ψ), then K ∗ ϕ = K ∗ ψ.

(K ∗ 7) K ∗ (ϕ ∧ ψ) ⊆ (K ∗ ϕ) + ψ.

(K ∗ 8) If ¬ψ /∈ K ∗ ϕ, then (K ∗ ϕ) + ψ ⊆ K ∗ (ϕ ∧ ψ).

The AGM postulates for revision do not suffice to uniquely specify the
revised belief set K ∗ϕ, given K and ϕ alone; they simply intend to circum-
scribe the territory of all different rational ways of revising belief sets. For
a unique specification of K ∗ϕ, appropriate extra-logical tools are required,
the so-called constructive models for belief revision, the first of which has
already been proposed in the seminal work of Alchourrón, Gärdenfors and
Makinson [1]. Herein, our focus is on a popular constructive model intro-
duced by Katsuno and Mendelzon, which is based on a special kind of total
preorders over possible worlds, called faithful preorders [18].

Before discussing the faithful-preorders model, we first recall that a
preorder over a set V is any reflexive, transitive binary relation on V . A
preorder � is called total iff, for all r, r′ ∈ V , r � r′ or r′ � r. As usual, the
strict part of � shall be denoted by ≺; namely, r ≺ r′ iff r � r′ and r′ � r.
Also, min(V,�) denotes the set of all �-minimal elements of V ; i.e.,

5A detailed discussion on the postulates (K ∗ 1)–(K ∗ 8) can be found in [14, Sec-
tion 3.3] or [24, Section 8.3.1]. It is, also, noteworthy that several concrete “off-the-shelf”
revision operators that satisfy (K ∗ 1)–(K ∗ 8) have been proposed in the literature; see,
indicatively, [12, 26, 7, 4].
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min(V,�) =
{
r ∈ V : for all r′ ∈ V , if r′ � r, then r � r′

}
.

Definition 4.1 (Faithful Preorder, [18]). A total preorder �K over M is
faithful to a theory K iff the �K-minimal worlds of M are those satisfying
K; i.e., min(M,�K) = [K].

Intuitively, a faithful preorder �K encodes the comparative plausibility
of all possible worlds of M, with respect to theory K, so that the more
plausible a world is, the lower it appears in the ordering �K .

Definition 4.2 (Faithful Assignment, [18]). A faithful assignment is a
function that maps each theory K of L to a total preorder �K over M,
which is faithful to K.

Katsuno and Mendelzon proceed, then, to the following representation
theorem.

Theorem 4.3 ([18]). A revision operator ∗ satisfies postulates (K ∗ 1)–
(K ∗ 8) iff there exists a faithful assignment that maps each theory K of L
to a total preorder �K over M, such that, for any sentence ϕ ∈ L:

(F∗) K ∗ ϕ = th
(
min([ϕ],�K)

)
.

Essentially, condition (F∗) specifies the revised theory K ∗ ϕ as the
theory corresponding to the most plausible (with respect to K) ϕ-worlds.
For ease of presentation, we shall consider, in the course of this work, only
the principal case of consistent belief sets and contingent epistemic input.

Gärdenfors and Makinson have introduced another well-known model
for constructing AGM revision functions, equivalent to the model of
Katsuno and Mendelzon, which is based on the notion of epistemic en-
trenchment [16]. A central aspect of Gärdenfors and Makinson’s model is
a particular type of total preorder over all beliefs of a theory K, called
epistemic-entrenchment preorder, which encodes the relative epistemic val-
ues of all the sentences in K. An investigation by Peppas and Williams of
the interconnections between the two aforementioned constructive models
revealed that an epistemic-entrenchment preorder, associated with a theory
K, suffices to fully specify a faithful preorder �K [25, Theorem 6.3]. On
that premises, and given that the definition of an epistemic-entrenchment
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preorder does not require the relative epistemic values of sentences not
belonging to K, the following remark is true.

Remark 4.4. Let K be a theory of L, and let �K be a total preorder
faithful to K. A rational agent does not need to explicitly provide the
relative epistemic values of sentences not belonging to K (non-beliefs), in
order for �K to be specified.

Before closing this section, we point out an interesting feature of AGM
revision functions. In particular, Theorem 4.5, subsequently, shows that
there exist AGM revision functions such that, if we “feed” them with the
appropriate input, their output is always confined to a particular “island”
of belief sets.

Theorem 4.5. There exist an AGM revision function ∗ and a proper subset
Θ of K, such that, for any theory K ∈ Θ and any ϕ ∈ L, K ∗ ϕ ∈ Θ.

Proof: Let Θ be the set of all complete theories of L. Clearly, Θ ⊂ K. Let
∗ be an AGM revision function such that it assigns (via condition (F∗)) to
each theory K ∈ Θ the following K-faithful preorder �K over M:

w ≺K r1 ≺K r2 ≺K . . . ,

where w is a world ofM such that [K] = {w}, and r1, r2, . . . is any sequence
of all worlds in M− {w}.6 By the construction of �K , it follows that, for
any sentence ϕ ∈ L, the set min([ϕ],�K) is always a singleton; that is, the
revised belief set K ∗ϕ is always satisfied by exactly one world.7 Therefore,
for any theory K ∈ Θ and any ϕ ∈ L, K ∗ ϕ ∈ Θ.

The above result does not only show that there are AGM revision func-
tions that could result in a form of “islanding”; it, also, shows that such
functions could “trap” a rational agent into an “omniscience island”, in the
sense that, if the agent has an opinion about everything (thus, her belief
corpus coincides with a complete theory), she will still have an opinion
about everything, after any sequence of revisions.8

6For any complete theory K, the set [K] is a singleton.
7The AGM revision function ∗ implements at theory K a type of revision called

maxichoice revision [1, 14].
8If K is a theory that represents the agent’s beliefs, any possible world in [K] is

perceived by the agent to be the “actual” world. Hence, the more the agent learns, the
fewer possible worlds are compatible with her knowledge. On that premise, a complete
theory expresses the beliefs of an omniscient agent.
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5. Parikh’s notion of relevance

Convincing concrete examples have pointed out that the AGM postulates
for revision are insufficient to capture the notion of relevance. For instance,
the severe full-meet revision satisfies the AGM postulates for revision and,
at the same time, it discards all prior beliefs of a belief set K retaining
only the epistemic input ϕ, in the principal case where ϕ contradicts K
[1]. On that unsatisfactory premise, Parikh proposed a supplementary
axiom, named (P) and presented below, that encodes a form of syntactical
relevance [23].9

(P) If K = Cn(x, y), where x, y are sentences of disjoint sublanguages
Lx,Ly, respectively, and Lϕ ⊆ Lx, then K∗ϕ =

(
CnLx(x)�ϕ

)
+y,

where � is a local revision operator defined over the sublanguage
Lx.

Some remarks on the notation in (P) are in order. For a sentence x of L,
Lx denotes the (unique) minimal (sub)language of L within which x can be
expressed; in the limiting case where x is not contingent, Lx is defined to
be the empty set. We note that this definition can be extended to a belief
set K, since, given that P is finite, there exists a sentence ξ ∈ L such that
K = Cn(ξ); hence, we define LK = Lξ. Moreover, CnLx

(x) denotes the
deductive closure of x in the sublanguage Lx, i.e., CnLx(x) = Cn(x)∩Lx.

Peppas et al. further investigated Parikh’s original proposal and con-
cluded that there are, in fact, two distinct interpretations of axiom (P);
namely, the weak and the strong version of (P) [27]. For presenting these
two versions of (P), consider first the next two conditions (P1) and (P2)
which do not refer to a local revision operator—in (P1), Lx denotes the
(sub)language built from the propositional variables that do not appear in
Lx, using the standard Boolean connectives (if there are no propositional
variables that do not appear in Lx, then Lx is empty).

9It is noteworthy that the problem of relevance in the realm of belief change was
first highlighted by Gärdenfors in [15]. Although several interpretations of relevance
were discussed in that work, the key criterion considered was the following: “If a belief
set K is revised by a sentence ϕ, then all sentences in K that are irrelevant to the
validity of ϕ should be retained in the revised state of belief ”.
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(P1) If K = Cn(x, y), Lx ∩Ly = ∅, and Lϕ ⊆ Lx, then (K ∗ϕ)∩Lx =
K ∩ Lx.

(P2) If K = Cn(x, y), Lx ∩Ly = ∅, and Lϕ ⊆ Lx, then (K ∗ϕ)∩Lx =(
Cn(x) ∗ ϕ

)
∩ Lx.

Condition (P1) corresponds to the weak version of axiom (P). It essen-
tially states that, if a theory K can be expressed in disjoint sublanguages Lx
and Lx, then the revision of K by an epistemic input that can be formulated
within Lx should not affect the Lx-part of K. Appending (P2) to (P1), we
get the strong version of axiom (P), according to which the modification of
the Lx-part of K is not affected by the Lx-part of it. Therefore, in a sense,
strong (P) makes the local revision operator � context-independent.10

In the remainder of this section, we introduce the necessary terminology
for our subsequent discussion. To this aim, for a subset Q of the set P of
propositional variables, LQ shall denote the sublanguage of L defined over
Q, using the standard Boolean connectives (if Q is empty, then LQ is
empty).

Definition 5.1 (Splittable/Confined Theory). Let K be a theory of L. We
shall say that K is splittable iff, for some sentences x, y ∈ L, K = Cn(x, y)
and Lx ∩ Ly = ∅. In the special case where y is a tautology and Lx ⊂ L,
we shall say that theory K is confined (to the sublanguage Lx of L) as well.

Essentially, a theory K that is confined to a sublanguage L′ of L splits
between L′ and L′, with the L′ part being trivial. In this case, K knows
nothing about L′.11

Definition 5.2 (Theory-Splitting, [23]). Let K be a theory of L, and
let Q =

{
Q1, Q2, . . . , Qn

}
be a partition of P; i.e.,

⋃
Q = P, Qi 6= ∅,

and Qi ∩ Qj = ∅, for all 1 6 i 6= j 6 n. The set Q is a K-splitting
iff there exist sentences ϕ1 ∈ LQ1 , ϕ2 ∈ LQ2 , . . . , ϕn ∈ LQn , such that
K = Cn

(
ϕ1, ϕ2, . . . , ϕn

)
.

10The characterization of both conditions (P1) and (P2) in the realm of all popular
constructive models for belief revision can be found in [3, 6]. For a comprehensive study
of important constructive aspects of (P2), the interested reader is referred to [8].

11It is assumed that tautologies bear no knowledge.
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Parikh showed that, for every theory K, there exists a unique finest 
K-splitting—i.e., one which refines every other K-splitting—hereafter 
denoted by FK [23].12

Example 5.3 (Theory-Splitting). Suppose that P =
{
a, b, c, d, e

}
, and let

K be a splittable theory of L such that K = Cn
(
a, b, c → d

)
. Then, the

finest K-splitting is FK =
{
{a}, {b}, {c, d}, {e}

}
. Observe that theory K

has no information about propositional variable e, as it is confined to the
sublanguage L{a,b,c,d}.

Definition 5.4 (Theory-Units, [5, 3, 6]). Let K be a theory of L which
does not contain only tautologies, and let

{
F1, F2, . . . , Fn

}
be the finest

K-splitting. By the definition of a K-splitting, there exist contingent
sentences χ1, χ2, . . . , χm of L, such that m 6 n, χ1 ∈ LFi1 , χ2 ∈
LFi2 , . . . , χm ∈ LFim , and K = Cn

(
χ1, χ2, . . . , χm

)
. The sentences

χ1, χ2, . . . , χm are the units of K, and the set UK =
{
χ1, χ2, . . . , χm

}
is the unit set of K.13

It turns out that each unit of a theory K is unique, modulo logi-
cal equivalence. Intuitively, the units of a splittable theory K are its
“building blocks” which divide K into the refined compartments (theo-
ries) Cn(χ1), Cn(χ2), . . . , Cn(χm). Hence, there is a unique way to think
of theory K as being composed of non-trivial (since units are contingent
sentences) disjoint compartments, referring to mutually irrelevant subject
matters.

Remark 5.5. Each unit of a theory K corresponds to a unique element of
the finest K-splitting FK . The converse is true only in case LK = L (i.e.,
when theory K is not confined to a sublanguage of L); in the case of a
confined theory K (where m < n), not every element of FK corresponds
to a unit of K.

Example 5.6 (Theory-Units, Cont’d Example 5.3). The unit set of theory
K = Cn

(
a, b, c → d

)
is UK = {a, b, c → d}. As Remark 5.5 points out,

each unit of K corresponds to a unique element of the finest K-splitting

12Kourousias and Makinson in [20] extended this result to a language built over
infinitely many propositional variables. We recall, moreover, that a partition Q′ refines
another partition Q iff, for every Q′i ∈ Q′, there exists a Qj ∈ Q, such that Q′i ⊆ Qj .

13The definition of units in [5, 3, 6] is slightly different; herein, a minor modification
is made for ease of presentation.
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FK =
{
{a}, {b}, {c, d}, {e}

}
. Yet, since K is confined to the sublanguage

L{a,b,c,d}, not every element of FK corresponds to a unit of K.

Lastly, the interesting notion of compartmental coupling is introduced,
which, to the best of our knowledge, has not been formalized elsewhere
before.

Definition 5.7 (Compartmental Coupling). Let ∗ be an AGM revision
function, and let K be a splittable theory of L. We shall say that the
∗-revision of K by a sentence ϕ ∈ L couples compartments of K iff an
element of the finest K ∗ ϕ-splitting FK∗ϕ contains two distinct proposi-
tional variables a, b ∈ P, which belong to distinct elements F , F ′ of the
finest K-splitting FK (i.e., a ∈ F and b ∈ F ′), and at least one of F , F ′

corresponds to a unit of K.

Roughly speaking, the revision of a theory K by an epistemic input ϕ
couples compartments of K whenever (parts of) two disjoint (refined) com-
partments of K—at least one of which is non-trivial—have been joined into
a single (refined) compartment in the revised state of belief.14 Evidently,
the coupling of compartments of a theory leads to a change in the structure
of that theory.

The next concrete examples illustrate (further) features of the above
definitions.

Example 5.8 (Revision With Compartmental Coupling, Cont’d 5.6).
Consider a sentence ϕ = ¬a ∨ ¬b, which contradicts theory K =
Cn
(
a, b, c → d

)
, and an AGM revision function ∗ that respects the

strong version of axiom (P), such that K ∗ ϕ = Cn
(
¬a ∨ ¬b, c→ d

)
. As

FK∗ϕ =
{
{a, b}, {c, d}, {e}

}
, the ∗-revision of theory K by ϕ couples com-

partments of K; this is because the element {a, b} of FK∗ϕ contains the
propositional variables a and b, which belong to distinct elements F , F ′

of FK , and each one of F , F ′ corresponds to a unit of K (recall that
UK = {a, b, c → d}). Notice, lastly, that, as ∗ respects Parikh’s princi-
ple and theory K is splittable, the part of K formed by the propositional
variables c, d and e remains unaffected during the revision-process.

14Notice that compartmental coupling is defined in terms of finest splittings of theo-
ries; therefore, the compartments involved are, as a matter of fact, refined compartments.
Furthermore, since, according to Definition 5.7, at least one of F, F ′ ∈ FK corresponds
to a unit (i.e., contingent sentence) of the initial theory K, it follows that at least one
of the coupled (refined) compartments of K is non-trivial.
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It is evident from the above example that the revision of a splittable the-
ory by an epistemic input does not necessarily couple every compartment
of the theory.

Example 5.9 (Revision With Compartmental Coupling). Let P ={
a, b, c, d, e, f

}
, K = Cn

(
a↔ b, c↔ d, e ∨ f

)
, H = Cn

(
a↔ b, e

)
and ϕ =

(b∨c)∧(¬e)∧(¬f)—notice that ϕ contradicts both K and H. Consider an
AGM revision function ∗ such that K ∗ϕ = Cn

(
a, b∨c, d,¬e,¬f

)
and H ∗ϕ

= Cn
(
b ∨ c,¬e,¬f

)
. Hence, we have that FK =

{
{a, b}, {c, d}, {e, f}

}
and FK∗ϕ =

{
{a}, {b, c}, {d}, {e}, {f}

}
, as well as that FH ={

{a, b}, {c}, {d}, {e}, {f}
}

and FH∗ϕ =
{
{a}, {b, c}, {d}, {e}, {f}

}
. Thus,

the ∗-revision of K by ϕ couples compartments of K, since the element
{b, c} of FK∗ϕ contains the propositional variables b and c, which belong
to distinct elements F , F ′ of FK , and each one of F , F ′ corresponds to a
unit of K. Furthermore, the ∗-revision of H by ϕ couples compartments
of H, since the element {b, c} of FH∗ϕ contains the propositional variables
b and c, which belong to distinct elements F ′′, F ′′′ of FH , respectively, and
F ′′ (but not F ′′′) corresponds to a unit of H—recall that, for compart-
mental coupling, Definition 5.7 requires that at least one of F ′′, F ′′′ should
correspond to a unit of H.

Example 5.10 (Revision Without Compartmental Coupling). Let P ={
a, b, c, d

}
and let K = Cn(a, b). Then, the finest K-splitting is

FK =
{
{a}, {b}, {c}, {d}

}
, and the unit set of K is UK = {a, b}. Con-

sider, now, a sentence ϕ = (¬a) ∧ (¬b) ∧ (c ∨ d), which contradicts K,
and an AGM revision function ∗ such that K ∗ ϕ = Cn

(
¬a,¬b, c ∨ d

)
;

hence, FK∗ϕ =
{
{a}, {b}, {c, d}

}
. Notice that the ∗-revision of K by ϕ

does not couple compartments of K, since, although the element {c, d} of
FK∗ϕ contains the propositional variables c and d, which belong to distinct
elements F , F ′ of FK , yet, none of F , F ′ corresponds to a unit of K (as
the L{c,d}-part of K is trivial).

Coupling of compartments can take place even when the epistemic in-
put is consistent with the initial theory; in that case, revision reduces to
expansion, due to postulates (K ∗ 3)–(K ∗ 4). Such a scenario is presented
in the subsequent example.

Example 5.11 (Expansion With Compartmental Coupling). Let P ={
a, b, c, d

}
, K = Cn

(
a ∨ b, c ∨ d

)
and ϕ = b ∨ c — notice that ϕ is
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consistent with K. Consider an AGM revision function ∗ such that
K ∗ ϕ = Cn

(
a ∨ b, b ∨ c, c ∨ d

)
. Then, FK =

{
{a, b}, {c, d}

}
and

FK∗ϕ =
{
{a, b, c, d}

}
. Thus, the ∗-revision (specifically, ∗-expansion) of

K by ϕ couples compartments of K.

Having introduced the basic concepts of Belief Revision, we turn, in the
following sections, to the main contribution of the present article.

6. Evolution of splittable theories from an
epistemological perspective

Against the background that has been established so far, this section is
devoted to an interpretation of rational belief revision of splittable theories
from a Kuhnian perspective. In particular, we suggest an epistemological
reading of a number of principal belief-change scenarios. Our aim is not an
exhaustive investigation of all possible scenarios, but rather an initiation
of a discussion between Kuhn and the central figures of Belief Revision.

To this end, let K be a splittable theory of L such that
K = Cn

(
χ1, χ2, . . . , χm

)
, where sentences χ1, χ2, . . . , χm (with m > 2) are

the units of K, and let FK =
{
F1, F2, . . . , Fn

}
be the finest K-splitting.15

Theory K shall represent the knowledge of a scientific community seen as
a single rational agent. Since K can be expressed in disjoint sublanguages,
we may assume that it consists of unrelated refined compartments, refer-
ring to different subject matters. Furthermore, let ∗ be an AGM revision
function that the scientific community utilizes as a tool for revision, and
assume that ∗ satisfies the strong version of axiom (P); i.e., conditions (P1)
and (P2).

Given an epistemic input ϕ, we first distinguish the two cases according
to which

Lϕ ∩ LK = ∅ or Lϕ ∩ LK 6= ∅.

In the former case, which is abstractly depicted in Figure 1, theory K
is necessarily confined to a sublanguage of L, and the epistemic input ϕ is

15We assume that the splittable theory K has at least two units (i.e., m > 2), so to
avoid the trivial case of a theory that refers to a single subject matter. Recall moreover
that, by definition, m 6 n.
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Lχi
Lχj

L
LK

Lϕ

Figure 1. Pre-Paradigm: K = Cn(χi, χj) and Lϕ ∩ LK = ∅.
Each block corresponds to an element of the finest K-splitting.

clearly consistent with K (since we have assumed that ϕ is self-consistent).
Hence, according to the AGM postulates for revision (K∗1)–(K∗8), theory
K is (set-theoretically) expanded by ϕ; that is,

K ∗ ϕ = K + ϕ.

In this case, a pre-paradigm event takes place, in the context of which
new scientific knowledge (that does not contradict initial knowledge) is
accumulated, resulting in the formation of new concrete (sub)theories, and,
thus, in the establishment of new paradigms.

In the latter case, we further distinguish the two sub-cases according to
which Lϕ is restricted to some sublanguage Lχi (with 1 6 i 6 m) or not.
The former case may be regarded as a period of normal science, whereas,
the latter as a paradigm shift. Both these scenarios are formally described
in the next two subsections.

6.1. Normal science: Lϕ ⊆ Lχi
⊆ LK and Lϕ ∩ LK 6= ∅

During normal science, every new piece of information ϕ is such that its
minimal language Lϕ is a subset of a single sublanguage Lχi ; i.e., Lϕ ⊆
Lχi
⊆ LK (and, of course, Lϕ ∩ LK 6= ∅). That is to say, the epistemic

input ϕ is related to a single (refined) compartment Cn(χi) of K, which
in turn refers to a specific subject matter — this is abstractly depicted in
Figure 2.

In this case, epistemic inputs, which contradict theory Cn(χi), corre-
spond to anomalies, that is, challenges to be puzzled out and solved within
Cn(χi), causing incremental changes. A real-world example of revising
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Lχi
Lχj

L
LK

Lϕ

Figure 2. Normal Science: K = Cn(χi, χj), Lϕ ⊆ Lχi ⊆ LK
and Lϕ ∩ LK 6= ∅.

Each block corresponds to an element of the finest K-splitting.

a scientific theory by new information, which contradicts previous knowl-
edge, concerns an issue of Cosmology, namely, the expansion of the uni-
verse. Specifically, Einstein’s static universe, which is a relativistic model
of the universe proposed by Albert Einstein in 1917, was refuted after the
observations of Edwin Hubble in 1929, suggesting an expanding universe.

On the other hand, new information consistent with theory Cn(χi)
expands the present knowledge contained in Cn(χi), without causing loss
of existing information. Such an expansion is constituted by the recent
(2015) discovery of gravitational waves, which were predicted in 1916 by
Einstein.

In any scenario, under the current hypotheses, conditions (P2) and (F∗)
entail, for the Lχi

-part of the revised theory K ∗ ϕ, that:

(
K ∗ ϕ

)
∩ Lχi

=
(
Cn(χi) ∗ ϕ

)
∩ Lχi

= th
(
min

(
[ϕ],�Cn(χi)

))
∩ Lχi

.

Observe that, in order to produce the Lχi
-part of K ∗ϕ, the agent—which

can be viewed as the scientific community as a whole—needs only the pre-
order �Cn(χi), and not the preorder �K . This, in view of Remark 4.4
of Section 4, allows her to omit comparing the epistemic value of propo-
sitions referring to irrelevant subject matters—as the construction of �K
demands—, a requirement that would clearly constitute an epistemological
“thorn”. For instance, how can a rational agent compare the epistemic
value of propositions expressed in the language Lχi , referring to the struc-
ture of water, with propositions expressed in the language Lχj (with i 6= j),
referring to monetary economics, in order to build a faithful preorder �K?
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As for the Lχi-part of the revised theory K ∗ ϕ, of course, it is equal
to K ∩ Lχi , according to condition (P1). Hence, only the ϕ-relevant com-
partment of theory K is affected by its ∗-revision by ϕ. Clearly then, the
following remark is true.

Remark 6.1. In normal science, the finest K ∗ϕ-splitting could be identical
to the finest K-splitting. Furthermore, since we have assumed that the
unit set of K contains at least two units (cf. Footnote 15), it follows that
the unit set of K ∗ ϕ is, during a period of normal science, non-singleton.

We close this subsection with a formal concrete example—which is a
variation of Example 5.9 of Section 5—illustrating a normal-science sce-
nario.

Example 6.2 (Normal Science). Suppose that P =
{
a, b, c, d, e, f

}
and

K = Cn
(
a↔ b, c↔ d, e ∨ f

)
; thus, UK =

{
a↔ b, c↔ d, e ∨ f

}
. Let

ϕ = (¬a ∧ b) ∨ (a ∧ ¬b) and ψ = a ∧ b — notice that ϕ con-
tradicts K, whereas, ψ is consistent with K. Assume that
∗ is an AGM revision function that respects the strong version

of axiom (P), such that K ∗ ϕ = Cn
(

(¬a ∧ b) ∨ (a ∧ ¬b), c↔ d, e ∨ f
)

and K ∗ ψ = Cn
(
a, b, c↔ d, e ∨ f

)
. Hence, we have that FK ={

{a, b}, {c, d}, {e, f}
}

, FK∗ϕ =
{
{a, b}, {c, d}, {e, f}

}
and FK∗ψ ={

{a}, {b}, {c, d}, {e, f}
}

.

In the above example, each one of the epistemic inputs ϕ and ψ is solely
related to the (refined) compartment Cn(a ↔ b) of the splittable theory
K, since Lϕ ⊆ La↔b and Lψ ⊆ La↔b. Observe that the ∗-revision of K by
ϕ results in a revised theory K ∗ϕ whose finest splitting is identical to the
finest K-splitting (cf. Remark 6.1); this is not the case for the ∗-revision of
K by ψ, which leads to a revised theory K ∗ψ with a different finest split-
ting. Lastly, as the AGM revision function ∗ respects Parikh’s principle,
the La↔b-part of K remains unaffected during the revision-process.

6.2. Paradigm shift: Lϕ * Lχi
, Lϕ ∩ LK 6= ∅ and

compartmental coupling

In case Lϕ ∩ LK 6= ∅, the minimal language Lϕ of the epistemic input ϕ
is not restricted to a sublanguage Lχi (i.e., Lϕ * Lχi , for all i such that
1 6 i 6 m), and, moreover, the revision of K by ϕ couples compartments
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of K, over which Lϕ spans, a paradigm shift takes place in the form of
a scientific revolution. Note that the coupling of some compartments of
theory K is demanded so as to avoid characterizing as a paradigm shift
a situation in which Lϕ spans over multiple (refined) compartments of K,
and, yet, the finest K ∗ ϕ-splitting is identical to the finest K-splitting;
i.e., FK∗ϕ = FK .16 In other words, given that Lϕ spans over multiple
(refined) compartments of K, coupling ensures that some of these (or even
all) compartments of K—at least one of which is non-trivial—have been
joined in the revised state of belief. This, in turn, implies the following
observation.

Remark 6.3. Contrary to the case of normal science (cf. Remark 6.1), in
the context of a paradigm shift, it is always true that FK∗ϕ 6= FK , and the
revision in that context changes the structure (of non-trivial compartments)
of the initial theory K. Furthermore, a paradigm shift may very well lead
to revised theories with singleton unit sets (cf. Example 5.11 of Section 5).

Against this background, the new information ϕ corresponds to a chal-
lenging anomaly which, in turn, results in a crisis of normal science; this
crisis, eventually, leads to a paradigm shift. Formal instances illustrating
the current scenario, which is abstractly depicted in Figure 3, are those
encoded in Examples 5.8, 5.9 and 5.11 of Section 5.17 It should come as no
surprise that an expansion, such as that encoded in Example 5.11, could
give rise to a paradigm shift, since an expansion of a splittable theory
by new knowledge may lead, due to compartmental coupling, to a dra-
matic change in the structure (of non-trivial compartments) of the theory
(although no information is lost during the expansion). It is, also, note-
worthy that Example 5.10 of Section 5 does not correspond to a situation
of a paradigm shift, since, although the minimal language of the epistemic
input in that example spans over multiple (refined) compartments of the
initial theory, compartmental coupling (as defined in Definition 5.7) does
not take place during revision.

16Such a scenario is the following: Let P = {a, b}, K = Cn(a, b), ϕ = ¬a ∧ ¬b, and
consider an AGM revision function ∗ such that K ∗ ϕ = Cn(¬a,¬b). Clearly then, Lϕ
spans over the (refined) compartments Cn(a) and Cn(b) of K, and, at the same time,
FK∗ϕ = FK =

{
{a}, {b}

}
.

17Historical examples for this scenario are reported in the next section. Recall, more-
over, that Example 5.10 of Section 5 refers to a revision-instance in which no coupling
of compartments of the initial theory takes place.
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Lχi
Lχj

L
LK

Lϕ

Figure 3. Paradigm Shift: K = Cn(χi, χj), Lϕ * Lχi , Lϕ ∩ LK 6= ∅
and compartmental coupling.

Each block corresponds to an element of the finest K-splitting.

6.3. Observations

An interesting discussion on the relation between Kuhnian epistemology
and (not necessarily relevance-sensitive) belief change has been conducted
by Gärdenfors in [14]. In that work, Gärdenfors argues that a paradigm
shift, typically, involves a radical change in the epistemic values of the
formulae of a scientific theory, and, conversely, a substantial change in the
epistemic values of the formulae of a scientific theory is a strong indication
of a scientific revolution [14, p. 88]. This change in the epistemic values of
formulae is reflected in a change in the faithful preorders that the scientific
community assigns to theories, and, as a consequence, in a change of the
AGM revision function that the scientific community utilizes for revision.18

Such alterations of the revision policy could serve as a means for avoiding
“islandings” like that described in Theorem 4.5 (Section 4).

Herein, we supplement the aforementioned view of Gärdenfors by claim-
ing that, in a propositional framework, a scientific revolution could result
in a change in the set of propositional variables from which the object lan-
guage L is generated, and, vice versa, a change in the set of propositional
variables, typically, indicates a scientific revolution. Lastly, a scientific rev-
olution could change the meaning (semantics) of a propositional variable

18As a matter of fact, a quantification of the difference between faithful preorders is,
also, feasible, with the aid of well-accepted concepts such as the Kemeny distance; given
any two total preorders over M, their Kemeny distance is defined as the cardinality of
their symmetric difference [19].
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(for instance, the word “mass” takes a totally different meaning in the
Newtonian than in the Einsteinian framework), a fact which is, in turn,
related to the symbol grounding problem [17].

We close this section by noting that a formal modelling of the evolution
(transition) of scientific theories by means of the AGM paradigm suggests
that, contrary to Kuhn’s claim (see at the end of Section 2), competing
scientific paradigms may be (at least to a certain degree) comparable in a
commensurable way, a fact which in turn allows for a rational evaluation
among them.19 Consider, for example, a scientific community whose knowl-
edge is represented by theory K1. Assume that, after a paradigm shift, the
knowledge of the scientific community is reflected in a new theory K2,
whereas, after another paradigm shift, the knowledge of the community is
reflected in another new theory K3. Against this background, the AGM
paradigm provides the formal guidelines in order for an AGM revision func-
tion ∗ to be specified, such that, for two sentences ϕ1, ϕ2 ∈ L (representing
new pieces of information), K2 = K1 ∗ ϕ1 and K3 = K2 ∗ ϕ2.20 Since
such an AGM revision function ∗ can be defined, the scientific theories of
each pair of K1, K2, K3 can be compared through ∗, in the sense that
one could, for example, generate theory K2 from the ∗-revision of K1 by
ϕ1; as earlier stated, this capability allows for a rational evaluation among
scientific theories.

7. Historical examples of paradigm shifts

Syntheses of initially unrelated scientific theories, after a paradigm shift
brought about because a new piece of evidence involved concepts from these
theories, have happened in the history of science not just once. Indicative
such examples are presented subsequently.

• The theory of magnetism—the formulation of which began with
Gilbert’s careful study of magnetic phenomena in the late 16th
century—was initially unrelated to the theory of electricity—
formulated, mainly, by Franklin and Coulomb in the late 1700s. The

19Although the peculiar nature of the symbol grounding problem involved in a scien-
tific revolution may lead to major difficulties in the comparison.

20This is a form of “reverse” belief revision.
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first connection between electric and magnetic phenomena was dis-
covered by Hans Christian Ørsted in 1820, when he found that elec-
tric currents produce magnetic forces, namely, a piece of information
that involves concepts of magnetism and electricity. Ørsted’s discov-
ery was responsible for the formulation of the combined theory of
Electromagnetism.

• In the beginning, there was Biology, a discipline that studies life and
living organisms, far from Chemistry that studies non-living mat-
ter. A dominant principle once biologists believed is imprinted in the
following vitalistic view: “Living organisms are fundamentally differ-
ent from non-living entities because they contain some non-physical
element or are governed by different principles than are inanimate
things” [10]. Series of strong evidence, however, falsified many vital-
istic theories, suggesting that the processes of life are based, in fact,
on chemical compounds. That is to say, a paradigm shift associated
with Biology led to a new discipline that combines a mixture of both
Biology and Chemistry, nowadays called Biochemistry.

• Classical Mechanics depicted a universe in which objects move in
perfectly-determined (non-random) ways. In this context, Probabil-
ity Theory may be considered, at least to a large extent, irrelevant.
Ground-breaking experimental discoveries initiated a paradigm shift
that led to a new theory of Physics, named Quantum Mechanics, in
which the role of pure randomness in physical processes is fundamen-
tal.

• Areas of Mathematics such as topology and algebraic geometry, lying
at the heart of pure Mathematics and appearing very distant from the
Physics frontier, have been dramatically reshaped (in the sense that
new discoveries have been emerged) after paradigm shifts associated
with fundamental hypotheses of Physics that involved a combination
of the aforementioned mathematical principles. This process has led
to many hybrid theories, such as the Topological Quantum Field The-
ory, which now form a core of modern research in both Mathematics
and Physics [9].
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• Connections between two, initially unrelated, theories have not only
emerged in the realm of natural sciences. Indicative is the case of
Neurobiology and Psychoanalysis, which, at the beginning of the
20th century, seemed completely incompatible. The book by Anser-
met and Magistretti, [2], is devoted to the presentation of recent
experimental findings—concerning several mechanisms of the brain—
that involved a mixture of concepts of both Neurobiology and Psy-
choanalysis. These observations initiated, in turn, a paradigm shift
that revealed a close relation of these two disciplines.

It should be evident that the above points do not refer to arbitrary cases
of paradigm shifts, but to cases in which two initially unrelated bodies of
knowledge (i.e., compartments of a broader scientific theory) coupled after
a new piece of evidence involved concepts of both these bodies. Hence, the
presented historical examples respect the hypotheses of the paradigm-shift
analysis of Subsection 6.2, and, thus, they come to justify its substance.

8. Conclusion

In this article, the evolution (revision) of splittable theories from an epis-
temological perspective was investigated. In particular, we have suggested
an epistemological reading of principal belief-change scenarios, involving
splittable belief corpora, from the perspective of Kuhn’s influential work
on the evolution of scientific knowledge. Representative examples from
the history of science have supported the conducted study, providing his-
torical content to the mathematical contours of the introduced concepts.
Our analysis aims at the formation of a conceptual bridge between rational
belief revision and traditional philosophy of science, which will shed light
on the application of formal epistemological tools in the dynamics of (any
corpus of) knowledge.

Despite the brevity of the account in the matter of the epistemology of
rational belief change, we hope that the ideas conveyed in this article will
become the springboard to future research; for instance, other interesting
belief-change scenarios could be explored, against the background of Kuhn’s
principles, or the presented ones could be further refined.

Acknowledgements. I am grateful to Pavlos Peppas and to the anony-
mous reviewers for their detailed and constructive comments on this article.
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