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Abstract

In this paper we give a constructive proof that the variety of Boolean algebras 
has the strong amalgamation property by describing constructively the strong 
amalgams in the variety. Then, capitalizing on this construction, we investigate 
several forms of amalgamation, such as the strong amalgamation property and 
Maksimova super-amalgamation for the varieties of regular double Stone algebras 
and centered regular double Stone algebras. In fact, we prove that the amal­
gamation property holds for the variety RDS. Then, we introduce the variety 
RDSk of centered regular double Stone algebras and prove that RDSk enjoys 
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$\alga \cpr \algb $


$\mathbf {A}$


$\mathbf {B}$


$H$


\begin {equation}\label {eqn:id} H=\langle h(a)*k(a)' : a\in L\rangle ,\end {equation}


$*$


$H$


$\alga \cpr \algb $


$a\in A$


$b\in B$


$a*b \in H$


$l \in L$


$a*b \leq h(l)*k(l)'$


$\alga \cpr \algb $


$H$


$H$


\begin {equation}\label {eqn:pshut} \begin {tikzpicture} \node (A) at (2,2) {$\alga $}; \node (L) at (0,1) {$\algl $}; \node (B) at (2,0) {$\algb $}; \node (P) at (5,1) {$\alga \cpr \algb $}; \node (Q) at (8,1) {$\alga \cpr \algb /_{H}$}; \draw [->] (L) -- node[above] {$h$} (A); \draw [->] (L) -- node[below] {$k$} (B); \draw [->] (A) -- node[above] {$f$} (P); \draw [->] (B) -- node[below] {$g$} (P); \draw [->, dashed] (A) to[bend left=15] node[above] {$\phi $} (Q); \draw [->, dashed] (B) to[bend right=15] node[below] {$\psi $} (Q); \draw [->] (P) -- node[below] {$\pi $} (Q); \end {tikzpicture}\end {equation}
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the strong amalgamation property. It is also proved that the varieties of Boolean 
algebras and centered regular double Stone algebras have the super-amalgamation 
property. We close the paper by providing a number of concrete examples and 
applications to illustrate the theory developed in the paper. 
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1. Introduction

In model theory and algebraic logic, there are properties of classes of struc­
tures that are “reflected” in the logics that are associated to those classes 
of structures, thus providing a useful interplay between those classes of 
algebras and their logics. One such property of paramount importance is 
the amalgamation property. Under standard algebraizability assumptions, 
the amalgamation property of a variety is reflected in the Craig’s interpola­
tion property of the associated logic; in other words, a variety V has an 
amalgamation property if and only if its corresponding logic has the Craig’s 
interpolation property.

In this paper we mostly focus on amalgamation property, strong amal­
gamation property, and super-amalgamation property for the varieties of 
Boolean algebras, regular double Stone algebras and centered regular double 
Stone algebras.

Double Stone algebras are a natural generalization of Boolean algebras. 
Recall that, in a Boolean algebra, the complement of an element a is 
characterized both as the greatest element x such that a∧ x = 0 and as the 
least element y such that a∨ y = 1. Dropping one of these two requirements 
leads to the notions of pseudocomplement ∼ and dual pseudocomplement +, 
which give rise, respectively, to the classes of p-algebras and dual p-algebras. 
From a logical perspective, this amounts to a splitting of classical negation 
into two unary operations: ∼, which captures a form of negation enforcing 
non-contradiction, and +, which captures a form of negation enforcing the 
law of excluded middle.
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Following an important result of Ribenboim in 1949 [48], it was shown 
that the class of pseudocomplemented distributive lattices forms in fact an 
equational class of algebras of type (2, 2, 1, 0) in the language  (∨,∧,∼, 0). 
Early on, it was also observed that the identity x∼∨x∼∼ = 1, corresponding 
to the so-called weak law of excluded middle, holds in some p-algebras. In 
fact, already in the mid-1930s, Stone posed the problem of investigating 
the (sub)class of p-algebras satisfying this identity. In response to Stone’s 
proposal, Grätzer and Schmidt initiated a systematic study of this subclass, 
which they termed the class of Stone algebras, with their dual counterparts 
naturally called dual Stone algebras.

As a consequence, the class of Stone algebras, being itself a variety, 
became the object of intensive investigation. It was then natural to ask 
what would arise from expanding a Stone algebra by equipping it with the 
additional structure of a dual Stone algebra. This line of inquiry led to the 
introduction and subsequent systematic study of the class of DS double 
Stone algebras. In this paper, we are actually interested in an important 
subvariety of DS, called the variety RDS of regular double Stone algebras 
(see Section 2 for the definition). The variety RDS is a subvariety of the 
variety of regular double p-algebras, the latter was first introduced as 
a quasi-variety, in 1972, by Varlet [52] in connection with the problem 
of characterizing the congruence-regular double p-algebras. A little later, 
Katriňák [25] proved, in 1973, that the regular double p-algebras, indeed, 
form a variety (see also [14]). Since then, there is a considerable amount of 
literature on the variety of regular double p-algebras and, in particular, on 
the variety RDS; see e.g. [1, 14] (and the references therein). It is shown in 
[1] that there are 2ℵ0  subvarieties of the variety of regular double p-algebras. 
Our present paper is a further addition to the already existing rich literature 
on RDS.

It may be worth noticing that the study of regular double Stone algebras 
provides algebraic tools for modeling uncertainty and partial information. 
From a logical perspective, regular double Stone algebras generalize classical 
logic to a substructural logic [17] where the principles of non-contradiction 
and excluded middle are not valid.
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Interestingly, there is a connection between the theory of rough sets due 
to Pawlak ([43] and [44]) and regular double Stone algebras; for example,[47] 
and [13] have shown that every regular double Stone algebra is isomorphic 
to the algebra arising from an approximation space. Thus, regular double 
Stone algebras provide the interplay between lower and upper approxima­
tions in rough set theory. This approach is central to artificial intelligence 
and cognitive science, with applications in machine learning, knowledge 
discovery, data mining, expert systems, approximate reasoning, and pattern 
recognition [43, 44]. Moreover, these structures can be regarded as the 
algebraic counterpart of three-valued Łukasiewicz logic[7], a paradigmatic 
system for reasoning under indeterminacy, which itself may be seen as a 
special case of fuzzy logic [20] with a three-element chain of truth values.

Regular double Stone algebras play a structural role as distributive 
“sharp” contexts within broader non-classical frameworks, just as Boolean 
algebras serve as classical blocks in orthomodular lattices. In this sense, they 
provide natural building blocks for unsharp quantum logics [18, 31, 32].

As mentioned earlier, our first goal in this paper is to provide a novel 
proof of the strong amalgamation property (AP) for the variety of Boolean 
algebras. As a second objective, we use it to provide a constructive proof for 
the amalgamation property for regular double Stone algebras, even though 
this result is already known (see [15]). Our constructive proof relies on a 
construction due to Johnstone [24].

The facts that the variety BA has the strong amalgamation property 
(SAP) and the variety RDS fails to have (SAP) led us to consider the 
variety of centered regular double Stone algebras, an expansion of RDS by 
a center. The notion of a center is not new; for example, already in 1940, 
Moisil [38] introduced it in the context of 3-valued Łukasiewicz algebras. 
Later, in 1972, Cignoli [11] used it to show that the variety of centered 
n-valued Łukasiewicz algebras is term equivalent to the variety of Post 
algebras of order n and Cignoli [12] used it to characterize injective 3-valued 
Łukasiewicz algebras.

Let A ∈ RDS and let k ∈ A. We say that k is called a center of A if it 
satisfies:



Amalgamation in Regular Double Stone Algebras 5

k∼ = 0 and k+ = 1. (K)

We expand the language L = (∧,∨,∼ ,+ , 0, 1) of regular double Stone 
algebras, by adding a new constant k to obtain the language:

Lk = (∧,∨,∼ ,+ , 0, k, 1),

of type (2, 2, 1, 1, 0, 0, 0).
Our third objective is to introduce a new variety of algebras called 

“centered regular double Stone algebras” in the language Lk, and show that 
it has the (SAP). In fact, we prove a stronger result: the variety of centered 
regular double Stone algebras satisfies Maksimova super-amalgamation 
property.

The introduction of the constant k can be thought of as the explicit 
algebraic counterpart of an intermediate designated value, that separates 
the two extremal truth values 0 and 1.1 This expansion provides a way to 
capture contexts of uncertainty or indeterminacy that are central in rough 
set theory, where k corresponds to the boundary region between lower and 
upper approximations, as well as in three-valued Łukasiewicz logic, where it 
represents the “undetermined” truth value. From a computational perspec­
tive, k can also be interpreted as a marker of error or inconsistency, thus 
offering a formal tool for distinguishing reliable from unreliable information 
states.

The paper is structured as follows. In Section 2 we provide all the 
specific notions from algebra and category theory, that may be expedient 
for a comprehensive reading of our discourse. In Section 3, we give a 
constructive proof of the strong amalgamation property for the variety 
of Boolean algebras by providing a constructive description of the strong 
amalgams. In Section 4, we use the construction of the strong amalgams of 
V -formations of Boolean algebras from Section 3 to prove the amalgamation 
property for the variety RDS. In Section 5 we introduce the variety RDSk

of centered regular double Stone algebras and prove that RDSk enjoys the 
strong amalgamation property. In Section 6 it is shown that the varieties 

1A paramount example of this approach traces back to the early works of Pavelka on 
multiple-valued logics [40, 41, 42].
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of Boolean algebras and centered regular double Stone algebras have the 
super-amalgamation property. We conclude the paper by discussing several 
examples and applications to illustrate the theory we have developed in this 
paper.

2. Preliminaries

For standard facts about double Stone algebras we refer the reader to 
Grätzer [19] or Balbes and Dwinger [2].

2.1. Regular double Stone algebras

Definition 2.1 ([19, 2]).  An algebra L = (L,∧,∨,∼ , 0, 1) is a p-algebra if 
(L,∧,∨, 0, 1) is a bounded distributive lattice and ∼ satisfies:

x ∧ y = 0 if and only if x ≤ y∼.

Dually, an algebra L = (L,∧,∨,+ , 0, 1) is a dual p-algebra if (L,∧,∨, 0, 1)
is a bounded distributive lattice and + satisfies:

x ∨ y = 1 if and only if x ≥ y+.

An algebra L = (L,∧,∨,∼ ,+ , 0, 1) is a double p-algebra if the following 
conditions are satisfied:

1. L = (L,∨,∧,∼ , 0, 1) is a p-algebra.

2. L = (L,∨,∧,+ , 0, 1) is a dual p-algebra.

As mentioned in the introduction, the class of double p-algebras is a 
variety [2]. Let us now introduce the notions of a Stone algebra and a double 
Stone algebra. 
Definition 2.2 ([19, 2]).

1. A p-algebra L = (L,∧,∨,∼ , 0, 1) is a Stone algebra if it satisfies:

x∼ ∨ x∼∼ = 1. (Stone Condition)
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2. A dual p-algebra L = (L,∧,∨,+ , 0, 1) is a dual Stone algebra if it 
satisfies:

x+ ∧ x++ = 0. (Dual Stone Condition)

3. An algebra L = (L,∧,∨,∼ ,+ , 0, 1) is a double Stone algebra if
(L,∧,∨,∼ , 0, 1) is a Stone algebra and (L,∧,∨,+ , 0, 1) is a dual Stone 
algebra.

As mentioned earlier, the class of double Stone algebras form a variety. 
Varlet [52] investigated the following important condition on double Stone 
algebras:

 if x∼ = y∼  and x+ = y+ then x = y. (Regularity)

Following Varlet [52], we call a double Stone algebra regular if it satisfies 
the Condition (Regularity). In fact, “regularity” is an appropriate name. 
Actually, in [52], Varlet proved that Condition (Regularity) is equivalent to 
congruence regularity: if two congruences coincide on a congruence class, 
then they are in fact the same congruence. In 1973, Katriňák [25] proved 
that Condition (Regularity) is equivalent to the following identity:

x ∧ x+ ≤ y ∨ y∼. (M1)

Thus, the class of regular double p-algebras is a variety. 
Theorem 2.3. [6] Let L be a p-algebra, then the following statements are 
equivalent:

1. L satisfies (Stone Condition);

2. (x ∨ y)∼∼
= x∼∼ ∨ y∼∼;

3. (x ∧ y)∼ = x∼ ∨ y∼;

4. SK(L) = {x∼∼ : x ∈ L} is a Boolean subalgebra.

Given a regular double Stone algebra L, three of its subsets, namely 
SK(L), D∼(L) and D+(L), will play a significant role in what follows.
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SK(L) is defined above in Theorem 2.3 and its elements are called sharp 
elements of L. It is easy to see that

SK(L) = {x ∈ L : x = x∼∼} = {x∼ : x ∈ L} = {x ∈ L : x+ = x∼}.

Let us also notice that if L is a regular double Stone algebra, then SK(L)
is the largest Boolean subalgebra of L.

As observed in [39], it is possible to define two unary operations that 
behave as the modal operators necessarily “□” and possibly “♦” as follows:

□x = x++ and ♦x = x∼∼. (2.1)

Moreover, all elements in SK(L) are stable under both ♦, and □:

♦x = □x = x.

It is straightforward to verify that in SK(L) (Regularity) is nothing but 
a triviality. Indeed, as we mentioned earlier SK(L) is in fact a Boolean 
algebra.

Next, we define D∼(L) by

D∼(L) = {x ∈ L : x∼ = 0}.

The elements of D∼(L) are called dense elements of L.
Note that SK(L) ∩D∼(L) = {1}. Furthermore, for all x ∈ L,

x ∨ x∼ ∈ D∼(L).

Lastly, we define the set D+(L) of dually dense elements of L by:

D+(L) = {x ∈ L : x+ = 1}.

Also, we have that SK(L) ∩D+(L) = {0}. Moreover, for all x ∈ L,

x ∧ x+ ∈ D+(L).
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2.2. A representation theorem for RDS

We need the representation theorem proved in [26], see also [10]. So we 
recall it below.

Given a Boolean algebra B = (B,∧,∨,′ , 0, 1) and a filter F  on B, let 
us consider the following set:

[B,F ] = {(x, y) ∈ B2 : (x ≤ y) and (x ∨ y′ ∈ F )}. (A)

We will turn the set [B,F ] into an algebra [B, F ]. We will define the algebra 
[B, F ], in the language (∧,∨,∼ ,+ , 0, 1) as follows:

Let [B, F ] = ([B,F ],∧,∨,∼ ,+ , 0, 1), where ∧,∨ are defined component­
wise, and the unary operations ∼ and + are defined as follows:

(x, y)∼ = (y′, y′); (x, y)+ = (x′, x′),  where (x, y) ∈ [B,F ]. (2.2)

It turns out that the algebra [B, F ] is a regular double Stone algebra. 
Even more importantly, we have the following representation theorem proved 
in [26, 27] (see also [32]). 
Theorem 2.4.  Every regular double Stone algebra A is isomorphic to 
[SK(A), g(D∼(A))], where the isomorphism f  is given, for each a, by

f(a) = (□a,♦a), (2.3)

and g : D∼(A) → SK(A) is such that for any a ∈ D∼(A):

g(a) = a++.

Furthermore, any homomorphism h between regular double Stone al­
gebras A1 and A2 factorizes through a Boolean homomorphism acting 
componentwise:

h(a) = f((□a,♦a)) = (h ↾SK(A) (□a), h ↾SK(A) (♦a)).

Additionally, in any regular double Stone algebra A, a unary operation ′
can be defined as given in Equation (2.4):
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x′ = x∼ ∨ (x ∧ x+). (2.4)

The operation ′ turns out to be the Kleene negation, i.e., an antitone and 
involutive negation satisfying

x ∧ x′ ≤ y ∨ y′. (Kleene)

On the algebra [B, F ], the Kleene operation ′ is defined by:

(x, y)′ = (y′, x′)

Let us now close the present section discussing an important subset of a 
regular double Stone algebra.
Definition 2.5. Let A be a regular double Stone algebra. The core of A is 
defined as the intersection of the set of dense elements and the set of dually 
dense elements; that is,

D∼(A) ∩D+(A).

Let us notice that if a regular double Stone algebra A has a non-empty 
core, then it possesses rather remarkable properties. In fact, it can be seen 
that algebras of this sort are all of the form [B, B], for a certain Boolean 
algebra B. Actually, the element (0, 1) will be in the core of [B, B]. Moreover, 
(0, 1)′ = (0, 1), see Equation (2.4). Lemma 2.6 summarizes these facts.
Lemma 2.6. [32] Let A be a regular double Stone algebra and x ∈ A. We 
have that:

1. if x ∈ D∼(A) ∩D+(A), then x = (0, 1).

2. the cardinality of the core of A is at most 1 [51].

3. x belongs to the core of A if and only if x = x′, i.e. x is a fixpoint.

In other words, Lemma 2.6 expresses the fact that a regular double 
Stone algebra A admits at most one fixpoint k = k′ which would be dense 
and dually dense, and

D∼(A) ∩D+(A) = {k}.
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Moreover, for a regular double Stone algebra, the conditions of having 
a non-empty core, satisfying Condition (K), and possessing a fixed point 
of ′ are all equivalent. A prominent example of a regular double Stone 
algebra having a non-empty core is the three-element algebra 3 whose Hasse 
diagram is

0∼ = 1 = k+ = 0+

k

1+ = 0 = k∼ = 1∼ (3)

2.3. Basics of category theory

In order to fix the notation needed from category theory, we begin the 
present subsection by recalling a few categorial notions that will be needed 
in this paper. For our purposes we can restrict our attention to algebraic 
categories. For a comprehensive account we refer the reader to the classical 
textbooks [33, 21, 46].

Let A be a category. The coproduct of a family of objects (Ai : i ∈ I)
in A is an object C in A equipped with the morphisms fi : Ai → C, i ∈ I, 
such that for any D in A and any collection of morphisms gi : Ai → D
there exists a unique f : C → D such that Diagram (2.5) commutes:

Ai C

D

fi

gi ∃!f

(2.5)

In other words there is a unique morphism f  such that f ◦ fi = gi. In case 
the family contains only two objects and the morphisms, there is a unique 
morphism χ such that the following diagram commutes:
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A B

C

D

f g

φ ψ∃!χ

Given a pair f : A → B, g : A → C of maps in A with a common 
domain A, the pushout of (f, g) is a commutative square, such as given in 
the commutative Diagram (2.6)

A B

C D

f

g h

i (2.6)

and, furthermore, for any morphisms φ : B → L, and ψ : C → L there is a 
unique π : D → L such that Diagram (2.7) commutes:

A

B

C

D L

f

g

h

i

φ

ψ

∃!π

(2.7)
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that is,
φ = π ◦ f  and ψ = π ◦ g.

We will conclude this section by defining the amalgamation property 
and the strong amalgamation property (for a brief historical account, the 
reader may refer to [34, 15]).

The category A possesses the amalgamation property (AP) if given 
A,B, C in A and the embeddings f : A → B, g : A → C (referred to 
as V -formation or amalgam), then there is some D in A and embeddings 
h : B → D, i : C → D with h ◦ f = i ◦ g.

A category A enjoys the strong amalgamation property (SAP), if for every 
V -formation with A,B,C in A, and the embeddings f : A → B, g : A → C, 
there exist both an object D in A and embeddings h : B → D, i : C → D
such that h ◦ f = i ◦ g and

h(B) ∩ i(C) = h ◦ f(A) = i ◦ g(A).

3. Revisiting the strong amalgamation property for 
Boolean algebras: a constructive approach

In this section we present a novel proof of the well-known result that the 
variety BA has the strong amalgamation property. Our proof is constructive 
and uses a simplified version of an outstanding construction proposed by 
Banaschewski in [3], which partly relies on a previous work by Lagrange 
[30].

First, we introduce the notation a ∗ b. Let A
∐︁

B denote the coproduct 
of A,B ∈ BA, with the canonical injections

f : A → A
∐︂

B and g : B → A
∐︂

B.

For a ∈ A and b ∈ B, we define a ∗ b by

a ∗ b = f(a) ∧ g(b) (3.1)

in A
∐︁

B.
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We will now provide an explicit description of the coproduct. We follow 
below the construction by Johnstone from the context of frames [23, 24].

Let A and B be Boolean algebras. We consider the set

A×B = {(a, b) : a ∈ A, b ∈ B}

and let D be the free bounded distributive lattice generated by the set 
A×B. We think of the ordered pairs (a, b), with a ∈ A and b ∈ B, as formal 
symbols. Observe that the following terms are (some of the) elements of D:

(a, 0), (0, b), (a, b) ∧ (c, d), (a ∧ c, b ∧ d), (a, b) ∨ (c, b), (a ∨ c, b),
(a, b) ∨ (a, d), (a, b ∨ d),

where 0, a, c ∈ A and 0, b, d ∈ B. Let R be a binary relation on D consisting, 
precisely, of the following ordered pairs:

((0, 0), (a, 0)), ((a, 0), (0, b));

((a, b) ∧ (c, d), (a ∧ c, b ∧ d));
((a, b) ∨ (a, d), (a, b ∨ d));
((a, b) ∨ (c, b), (a ∨ c, b)).

(3.2)

Let θ(R) (or simply, θ) be the congruence on D generated by R.
We denote by C = D/θ. We will indicate the elements of C by x/θ, 

where x ∈ D. Then the following lemma trivially holds.
Lemma 3.1. C is a bounded distributive lattice satisfying the following 
conditions:

(1) 0C = (a, 0B)/θ = (0A, b)/θ;

(2) (a, b)/θ ∧ (c, d)/θ = (a ∧A c, b ∧B d)/θ;

(3) (a, b)/θ ∨ (a, d)/θ = (a, b ∨B d)/θ;

(4) (a, b)/θ ∨ (c, b)/θ = (a ∨A c, b)/θ;

(5) 1C = (1A, 1B)/θ.

(Relations)
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Let us recall that any element x in free distributive lattice L can be 
represented as

x =
⋁︂
i

⋀︂
j

yi,j

where all yi,j are in the set of generators of L (see e.g. [5, Lemma III.3]). 
As a consequence, 
Lemma 3.2.  Any element x of D is of the form

x =
⋁︂
i

⋀︂
j

(y, z)i,j ,

where all (y, z)i,j are in the set of generators of D.
We say that two generators (a, b) and (c, d) of D are extremely distinct 

if a ̸= c and b ̸= d.

By virtue of the fact that C = D/θ, Lemma 3.2 applies to obtain a 
normal form lemma also for C in terms of congruence classes of extremely 
distinct generators of D.
Lemma 3.3 (Normal Form).  Each element of C admits a canonical repre­
sentation as a finite join of congruence classes of pairwise extremely distinct 
generators of D. Moreover, any x ∈ C is of the form

⋁︂
i

⎛⎝(
⋀︂
j

ai,j , 1)/θ ∧ (1,
⋀︂
j

bi,j)/θ

⎞⎠ .

Proof: Let x ∈ C. By Lemma 3.2,

x =y/θ

=(
⋁︂
i

⋀︂
j

(a, b)i,j)/θ

=
⋁︂
i

(
⋀︂
j

ai,j ,
⋀︂
j

bi,j)/θ
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where the third equality is by virtue of the definition of θ, (Relations)-(2).
Next, we wish to show that the generators can be chosen to be pairwise 

extremely distinct in D. Without loss of generality we can assume that x is 
a join of the congruence classes of two generators of D, say:

x = (a, b)/θ ∨C (c, d)/θ.

If a = c, then from (Relations)-(3), we get x = (a, b ∨B d)/θ, which is a 
congruence class of a generator of D.
If b = d, then from (Relations)-(4), we get x = (a∨A c, b)/θ, which is also a 
congruence class of a generator of D. Thus we can conclude that x can be 
written as a finite join of congruence classes of pairwise extremely distinct 
generators of D. The moreover part is straightforward. □

This normal form will allow us to extend definitions given on congruence 
classes of generators, such as complementation, to arbitrary elements of C
by recursion.

When there is no danger of confusion, to ease the notation we will omit 
unnecessary superscripts and subscripts.

Informally speaking, as we will see later, (Relations)-(3) and (Relations)-
(4) are meant to “mimic” in C the operations of the factors A,B which are 
to be preserved in the embeddings. Next, we show that it is in fact possible 
to define a complement operation ′ on C which renders the distributive 
lattice C into a Boolean algebra.

Remark 3.4.  From now on, we will refer to an element of C by one of its 
representatives. In particular, if x is the congruence class of a generator 
of D, say (a, b), we will (by a mild abuse of language) denote x simply 
by (a, b) (instead of (a, b)/θ) and call it a generator of C. By Lemma 3.3, 
every element of C can be expressed as a finite join of congruence classes 
of generators of D, that is, of elements of the form (a, b). Furthermore, 
the moreover part of Lemma 3.3 shows that each such generator admits a 
decomposition
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(a, b) = (a, 1) ∧ (1, b).

As a consequence, the algebra C is generated by the set

{(a, 1) : a ∈ A} ∪ {(1, b) : b ∈ B},

which is a generating set strictly contained in the set of all generators (a, b).
We will freely switch between generators of the form (a, b) and the 

more specific generators (a, 1) and (1, b), depending on the context. The 
former provide a uniform and symmetric description of elements of C (e.g. 
in the Definition 3.5 of complementation), while the latter form a smaller 
generating set, which is technically convenient in arguments involving 
universal properties and homomorphism extensions (see, e.g., the application 
of Sikorski’s Criterion in Theorem 3.10).
Definition 3.5.  Let x ∈ C \ {0, 1}. The unary operation ′ on C is defined 
by recursion as follows:

Step 1. Let x be a generator, say x = (a, b). Then x′ is given by

x′ = (a, b)′ = (a′, 1) ∨ (1, b′).

Step 2. Let x be a non-generator. Then by normal form Lemma 3.3, we 
have

x =

n⋁︂
i=1

ti,  where ti is a generator.

In this case, we define complementation as follows:

x′ =
(︂ n⋁︂

i=1

ti

)︂′
=

n⋀︂
i=1

t′i.

Lemma 3.6.  The algebra C with the operation ′ is a Boolean algebra.
Proof: We already know that the algebra C is a bounded distributive 
lattice. So we only need to show that ′ is an involution and satisfies the 
complementation laws. Let t ∈ C.
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(1) Involution. We rely on Lemma 3.3.
For a generator (a, b) we have

((a, b)′)′ = ((a′, 1) ∨ (1, b′))′ = (a′, 1)′ ∧ (1, b′)′

where the latter equation is from Definition 3.5-Step 2. By definition of 
complement on generators,

(a′, 1)′ = (a′′, 1) ∨ (1, 1′) = (a, 1) ∨ (1, 0) = (a, 1) ∨ 0 = (a, 1),

(1, b′)′ = (1′, 1) ∨ (1, (b′)′) = (0, 1) ∨ (1, b) = 0 ∨ (1, b) = (1, b).

Hence (︁
(a, b)′

)︁′
= (a′, 1)′ ∧ (1, b′)′ = (a, 1) ∧ (1, b) = (a, b).

For compound terms, the claim follows by induction using De Morgan laws 
in Definition 3.5.

(2) Complementation law. Again we rely on Lemma 3.3.
(i) We first prove that t ∧ t′ = 0.
Step 1. Let t be a generator, say t = (a, b). We note that

t ∧ t′ =(a, b) ∧ (a, b)′

=(a, b) ∧ ((a′, 1) ∨ (1, b′))

=((a, b) ∧ (a′, 1)) ∨ ((a, b) ∧ (1, b′))

=(2)(a ∧ a′, b) ∨ (a, b ∧ b′)
=(0, b) ∨ (a, 0)

=(1)0 ∨ 0 = 0.

Step 2. Let t be a non-generator. Then, t =
⋁︁n

i=1(ai, bi). We have that

t′ = (

n⋁︂
i=1

(ai, bi))
′ =

n⋀︂
i=1

(ai, bi)
′ =

n⋀︂
i=1

((a′i, 1) ∨ (1, b′i)).

Making use of distributivity,
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t ∧ t′ =
n⋁︂

i=1

n⋀︂
i=1

((ai, bi) ∧ ((a′i, 1) ∨ (1, b′i))) = 0 ∨ 0 = 0.

Next we prove that t ∨ t′ = 1. We confine our argument only to the 
generators, since the argument to the case of a non-generator is dual to the 
previous case. Let again t = (a, b). Then

t ∨ t′ =(a, b) ∨ (a, b)′

=(a, b) ∨ (a′, 1) ∨ (1, b′)

≥(4)(a, b) ∨ (a′, b) ∨ (1, b′)

=(3)(a ∨ a′, b) ∨ (1, b′)

=(1, b) ∨ (1, b′)

=(3)(1, b ∨ b′)
=(1, 1) =(5) 1.

In conclusion, C is a Boolean algebra. □

Next we wish to show that C is the coproduct of A and B. We will 
achieve this through a few lemmas. 
Lemma 3.7.  Define the mappings f : A → C and g : B → C as in Display
(3.3):

f(a) = (a, 1)  and g(b) = (1, b). (3.3)

Then, the maps f, g are injective homomorphisms.
Proof: The fact that f, g are injective is due to the definition of the 
mappings and the fact that ker(f) = ker(g) = {0}, since

0/θ = {(x, y) : x = 0 or y = 0}

by construction of θ. To show that f, g are homomorphisms, we have

f(a1 ∧ a2) =(a1 ∧ a2, 1)
=(a1, 1) ∧ (a2, 1)

=f(a1) ∧ f(a2).
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Also,

f(a1 ∨ a2) =(a1 ∨ a2, 1)
=(a1, 1) ∨ (a2, 1)

=f(a1) ∨ f(a2).

Finally,

f(a′) = (a′, 1) = (a′, 1) ∨ 0 = (a′, 1) ∨ (1, 0) = (a, 1)′ = f(a)′

by Lemma 3.6. □

Corollary 3.8 (Independent Algebras).  The algebras f(A), g(B) are 
independent in C, i.e., for all x ∈ f(A), y ∈ g(B)

x ∧C y = 0 if and only if x = 0 or y = 0.

In other words, Corollary (3.8) entails that, for any finite set F ⊆
f(A) ∪ g(B) such that 0 /∈ F , whenever⋀︂

x∈F

x = 0,

then
0 =

⋀︂
x∈F

x =
⋀︂

a∈f(A)∩F

a ∧
⋀︂

b∈f(B)∩F

b

if and only if either 
⋀︁

a∈f(A)∩F a = 0 or 
⋀︁

b∈f(B)∩F b = 0, or both⋀︁
a∈f(A)∩F a =

⋀︁
b∈f(B)∩F b = 0.

We are now ready to prove that C is the coproduct A
∐︁

B.
In fact, suppose that there are mappings φ, ψ so that

A B

C

E

f g

φ ψ
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We wish to find a unique morphism χ such that Diagram (3.4) commutes:

A B

C

E

f g

φ ψ

χ

(3.4)

To this aim, Sikorski Criterion will be expedient. Consider the mapping 
defined for any element x of a Boolean algebra B, and a homomorphism 
ϕ : B → 2:

p(x, ϕ(x)) =

{︄
x,  if ϕ(x) = 1;

x′,  if ϕ(x) = 0.

Theorem 3.9 (Sikorski Criterion [50, 29]).  A mapping h from a generating 
set K of a Boolean algebra B into a Boolean algebra A can be extended to 
a homomorphism from B into A just in case for every 2-valued function ϕ
on a finite subset F  of K,⋀︂

a∈F

p(a, ϕ(a)) = 0 implies 
⋀︂
a∈F

p(h(a), ϕ(a)) = 0.

Theorem 3.10. C is the coproduct A
∐︁

B.

Proof: Recall that for a ∈ A, b ∈ B we have by Display (3.3) in Lem­
ma 3.7

f(a) = (a, 1) and g(b) = (1, b).

Now consider a Boolean algebra E and homomorphisms φ : A → E, 
ψ : B → E (see Diagram (3.4)). By Lemma 3.3, it follows that the set
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K = {(x, 1) : x ∈ A} ∪ {(1, y) : y ∈ B}

generates C. We define a map χ : K → E as follows:

χ((x, y)) = φ(x) ∧E ψ(y).

We shall see that this assignment extends by Theorem 3.9 to a Boolean 
homomorphism. Moreover, we will also prove that this extension will be 
unique in making Diagram (3.4) commutative.

Suppose that 
⋀︁

a∈F p(a, ϕ(a)) = 0 for any 2-valued function, and F ⊆fin

K. By Corollary 3.8, without loss of generality we can assume all a ∈ F  of 
the form (x, 1). This means,⋀︂

a∈F

p(a, ϕ(a)) =
⋀︂
a∈F

p((x, 1), ϕ(a))

=
⋀︂
a∈F

p(f(x), ϕ(a))

=f(
⋀︂
a∈F

p(x, ϕ(a)))

=f(0) = 0.

Then,⋀︂
a∈F

p(χ((x, 1)), ϕ(a)) =
⋀︂
a∈F

p(φ(x), ϕ(a)) = φ(
⋀︂
a∈F

p(x, ϕ(a))) = φ(0) = 0.

It is also easy to observe that for a ∈ A:

χ ◦ f(a) =χ((a, 1))
=φ(a) ∧ ψ(1)
=φ(a) ∧ 1

=φ(a).

An analogous argument applies to any b ∈ B. Therefore, Diagram (3.4) 
commutes.
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Finally, we prove that χ is unique in making Diagram (3.4) commutative. 
Suppose that there exists a δ : C → E such that the diagram commutes. 
Hence, δ◦f(a) = φ(a) and δ◦g(b) = ψ(b), for a ∈ A, b ∈ B. As a consequence 
of this observation, it readily follows that

δ ◦ f(a) =δ((a, 1))
=φ(a)

=φ(a) ∧ ψ(1)
=χ((a, 1))

and dually for g. Therefore, the proof of the theorem is complete. □

Using our explicit description of A
∐︁

B, we can prove a technical lemma 
that will turn useful for our arguments that follow.
Lemma 3.11 (Comparison Lemma).  Let A,B ∈ BA. For any a1, a2 ∈ A, 
b1, b2 ∈ B, if a1 ∗ b1 ≤ a2 ∗ b2, then a1 ≤ a2 and b1 ≤ b2.
Proof: Let a1, a2 ∈ A, b1, b2 ∈ B be such that a1 ∗ b1 ≤ a2 ∗ b2, where ∗
is defined as in Display (3.1): x ∗ y = f(x) ∧ g(y). Now, by hypothesis, we 
have

f(a1) ∧ g(b1) ≤ f(a2) ∧ g(b2),

which implies that

(a1, 1) ∧ (1, b1) ≤ (a2, 1) ∧ (1, b2),

whence

(a1, b1) ≤ (a2, b2).

Therefore,

(a1, b1) = (a1, b1) ∧ (a2, b2) = (a1 ∧ a2, b1 ∧ b2).

by (Relations)–(2), and by the injectivity of the mappings f, g (see Lemma 
3.7) we have that a1=a1∧a2 and b1=b1∧b2. Thus a1≤a2 and b1≤b2. □
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For a different perspective, we would refer the interested reader also 
to Banaschewski [3]. However, in [3] the result is mentioned without an 
explicit proof, and the author refers to it as the “Comparison Principle”.

For a subset X of a Boolean algebra B, we denote by ⟨X⟩ the ideal 
generated by X. Recall that for x ∈ B, we have that

x ∈ ⟨X⟩ if and only if x ≤
n⋁︂

i=1

xi for some x1, . . . , xn ∈ X. (3.5)

Let us now use the coproduct A
∐︁

B to construct a strong amalgam of any 
V -formation in BA.

Given the V -formation in Display (3.6):

A

L

B

h

k
(3.6)

let us consider the coproduct A
∐︁

B of A and B. Define the subset H of 
the coproduct by

H = ⟨h(a) ∗ k(a)′ : a ∈ L⟩, (3.7)

where “∗” is defined in Display (3.1). Clearly, H is an ideal of the Boolean 
algebra A

∐︁
B (this idea modifies an intuition due to Banaschewski [3]).

Lemma 3.12 will be fundamental to our discourse: 
Lemma 3.12 (Lagrange [30], Banaschewski[3]).  For any a ∈ A, b ∈ B, if 
a ∗ b ∈ H, then there already exists l ∈ L such that a ∗ b ≤ h(l) ∗ k(l)′.

Let us now take into account the pushout diagram of the formation in 
Display (3.6), which will be the coproduct A

∐︁
B modulo the ideal H in 

Display (3.7).2

2In fact, the interested reader may verify that H assumes the role of the coequalizer.
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The corresponding diagram is the following:

A

L

B

A
∐︁

B A
∐︁

B/H

h

k

f

g

φ

ψ

π

(3.8)

where the maps φ and ψ are defined by:

φ = π ◦ f  and ψ = π ◦ g.

Theorem 3.13.  The maps φ and ψ are embeddings. Moreover, Diagram
(3.8) commutes.
Proof: We show that ker(φ) = {0}, the case for ψ being similar. Suppose 
by contradiction that 0 ̸= a ∈ A and φ(a) = 0. Then f(a) ∈ H. By the 
definition of H in Display (3.7), this means that

f(a) ≤
n⋁︂

i=1

(︁
h(li) ∗ k(li)′

)︁
for some l1, . . . , ln ∈ L. (3.9)

By Lemma 3.12, there exists l ∈ L such that

f(a) = (a, 1) ≤ h(l) ∗ k(l)′ = f ◦ h(l) ∧ g ◦ k(l)′ = (h(l), k(l)′).

This entails both a ∧ h(l) ̸= 0 and k(l)′ = 1, i.e. k(l) = 0. Since k
is an embedding, k(l) = 0 implies l = 0; but then h(l) = 0, and thus 
a ∧ h(l) = a ∧ 0 = 0, contradicting a ∧ h(l) ̸= 0.

Thus no nonzero a ∈ A can belong to ker(φ), and φ is injective. The 
same argument applies dually to the other cone of the diagram:
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A
∐︁

B A
∐︁

B/H

B

π

g
ψ

Finally, commutativity of Diagram (3.8) follows directly from the defi­
nition φ = π ◦ f , ψ = π ◦ g. □

It is well known (see e.g. [28, Lemma 5.22]) that, in Boolean algebras, 
for any ideal I,

x/I = y/I if and only if x∆y = (x ∧ y′) ∨ (x′ ∧ y) ∈ I.3

Now note that, by definition of H, for any a ∈ L we have

f ◦ h(a) ∧ (g ◦ k(a))′ = (h(a), k(a)′) ∈ H,

and moreover

(f ◦ h(a))′ ∧ g ◦ k(a) = (h(a)′, k(a)) ∈ H.

By closure of H under joins, it follows that

(f ◦ h(a) ∧ (g ◦ k(a))′) ∨ ((f ◦ h(a))′ ∧ g ◦ k(a)) ∈ H.

Hence,
(f ◦ h(a))∆(g ◦ k(a)) ∈ H,

and therefore
(f ◦ h(a))/H = (g ◦ k(a))/H .

By virtue of Theorem 3.13, this is equivalent to

φ ◦ h(a) = π ◦ f ◦ h(a) = π ◦ g ◦ k(a) = ψ ◦ k(a).

In other words, the algebra A
∐︁

B/H  provides an amalgam of the V -
formation (L,A,B) in Diagram (3.6).

3In other words, the symmetric difference ∆ of x, y is in I.
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Our next step is to show that this merging is in fact strong. Namely, if 
φ(a) = ψ(b) in A

∐︁
B/H , for any a ∈ A, b ∈ B, then a ∈ L, i.e. h−1(a) =

k−1(b) = {l} for a unique l ∈ L. In other words, L is indistinguishably 
mapped into A

∐︁
B/H  by any cone of Diagram (3.8).

This is exactly the content of Theorem 3.14:
Theorem 3.14.  The Boolean V -formation (L,A,B) is strongly amalga­
mated into A

∐︁
B/H .

Proof: Suppose φ(a) = ψ(b) in A
∐︁

B/H . This means f(a)/H = g(b)/H , 
i.e.

f(a) ∧ g(b)′ ∈ H.

By Lagrange Lemma 3.12, there is a l ∈ L such that

f(a) ∧ g(b)′ = (a, b′) ≤ (h(l), k(l)′).

By the Comparison Lemma 3.11 this implies

a ≤ h(l) and b′ ≤ k(l)′.

Equivalently b ≥ k(l).
Now, since A

∐︁
B/H  is an amalgam, we have φ(h(l)) = ψ(k(l)). Thus

φ(a) ≤ φ(h(l)) = ψ(k(l)) ≤ ψ(b).

But φ(a) = ψ(b) by assumption, so we must have equalities throughout:

φ(a) = φ(h(l)), ψ(b) = ψ(k(l)).

As φ, ψ are embeddings, it follows that a = h(l) and b = k(l). Therefore 
a, b both come from the same l ∈ L, proving that the amalgam is strong. □
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4. The amalgamation property for regular double 
Stone algebras: a constructive view

The first studies on the amalgamation property are to be traced back to the 
early work of Fraïssé, and consequences of this property have found fruitful 
applications in contemporary model theory, logic, and algebra.

Capitalizing on the results from Section 3, we investigate in this section 
the amalgamation property for the variety of regular double Stone algebras. 
We provide, in Theorem 4.1, a constructive proof of the amalgamation prop­
erty for regular double Stone algebras. While this result had already been 
proved in [15], our proof proceeds along different lines and is constructive.
Theorem 4.1.  The variety of regular double Stone algebras enjoys the 
amalgamation property.
Proof: Consider the V -formation

C1

A

C2

f1

f2
(4.1)

in the variety of regular double Stone algebras. By virtue of Theorem 2.4, 
we can describe any regular double Stone algebra D in the form [B, F ], 
where B is a Boolean algebra isomorphic to SK(D), and F  is a filter on B
isomorphic to D∼(D)(see Theorem 2.4). Therefore, the formation in Display
(4.1) can be rewritten as in Diagram (4.2).

[SK(C1), G1]

[SK(A), F ]

[SK(C2), G2]

f1

f2
(4.2)
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Now by Theorem 2.4 (see Display (2.1) for the notation), any element a in 
A can be factored out as a pair (□a,♦a). As a consequence, by virtue of 
Theorem 2.4 we can factor the morphisms fi, i ∈ {1, 2}, as

fi(a) = fi(□a,♦a) = (fi ↾SK(A) (□a), fi ↾SK(A) (♦a)). (4.3)

Due to Theorem 3.14, which proves the strong amalgamation property 
for the case of Boolean algebras, we can construct a Boolean algebra L so 
that the V -formation finds a strong amalgam L:

SK(C1)

SK(A)

SK(C2)

L

f1 ↾SK(A)

f2 ↾SK(A)

g1

g2

(4.4)

Then, we can close Diagram (4.2):

C1

A

C2

[L, L]

f1

f2

(g1, g1) = φ

(g2, g2) = ψ
(4.5)

Furthermore, we have

(g1, g1) ◦ f1(x) = (g1, g1)(f1 ↾SK(A) (□x), f1 ↾SK(A) (♦x))

= (g1(f1 ↾SK(A) (□x)), g1(f1 ↾SK(A) (♦x)))

= (g2(f2 ↾SK(A) (□x)), g2(f2 ↾SK(A) (♦x)))

= (g2, g2) ◦ f2(x) (4.6)

which implies that the proof is complete. □
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Example 4.2 below provides a concrete illustration of the construction 
of an amalgam for a V -formation in the variety of regular double Stone 
algebras. 
Example 4.2.  Consider the V -formation (2,3,4), where 2,4 are the two 
and four-element Boolean algebras respectively, and 3 is the three-element 
regular double Stone algebra. Then, the algebra 9 = [4, 4]:

(1, 1)

(a′, 1) (a, 1)

(a′, a′) (0, 1) (a, a)

(0, a′) (0, a)

(0, 0)

is an amalgam for the V -formation (2,3,4), where the images of 3 and 4
are coloured in red and blue, respectively. Indeed, 9 is a strong amalgam. 
In fact, the intersection of the images of 3, 4 is exactly the image of 2 in 9.

Let us remark that Example 4.2 is a clear case of an amalgam that closes 
a V -formation that presents Boolean and non-Boolean components, namely 
2,4 are Boolean algebras, whilst 3 is non-Boolean. It is worth noting that 
such an amalgam must necessarily have a non-empty core (or, equivalently, 
it must possess a fixpoint for Kleene negation). We shall later see that the 
presence or absence of this fixpoint plays a crucial role in the development 
of our arguments.

We have seen that Theorem 4.1 smoothly extends the construction of 
the amalgam that we have discussed in Section 3. However, we shall see that 
the theory of regular double Stone algebras diverges from that of Boolean 
algebras if we aim at stronger forms of amalgamation.
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4.1. Failure of the strong amalgamation property for RDS

Example 4.3 below describes a V -formation of regular double Stone algebras 
which is not strongly amalgamable in RDS, thus showing that the variety 
RDS does not possess the strong amalgamation property.
Example 4.3.  Consider the V -formation (2,3,3), where 2,3 are as in 
Example 4.2. Note that if the strong amalgamation property were true in 
the variety of regular double Stone algebras, i.e.

3

2

3

L

i

i

f

g

(4.7)

for some L, then f(3) ∩ g(3) = 2. However, this is impossible because L
must possess a non-empty core, in particular f(3) ∩ g(3) = 3.

In fact, Theorem 4.4 was first observed by Fussner.4

Theorem 4.4.  The variety of regular double Stone algebras fails to have 
the strong amalgamation property.

We will see in Section 5 that Fussner Theorem does not hold any longer 
if we expand the language by a special element k. The motivation of this 
failure will become evident in the proof of Theorem 5.6.

5. The variety of centered regular double Stone 
algebras

In this section we define and investigate a new variety, closely related to 
the variety RDS, called centered regular double Stone algebras.

Let A ∈ RDS. An element k in A is called a center of A if k satisfies:
4Personal communication.
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k∼ = 0 and k+ = 1. (K)

According to Lemma 2.6, Condition (K) is equivalent to k = k′, where 
the operation ′ is defined as in Equation (2.4). In other words, k is a fixed 
point of the operation ′.

We expand the language L = (∧,∨,∼ ,+ , 0, 1) of regular double Stone 
algebras by a new constant k to the language

Lk = (∧,∨,∼ ,+ , 0, k, 1),

of type (2, 2, 1, 1, 0, 0, 0).
We will now introduce the variety of centered regular double Stone 

algebras. 
Definition 5.1.  An algebra A = (A,∧,∨,∼ ,+ , 0, k, 1) in the language Lk

is called a centered regular double Stone algebra if and only if:
1. (A,∧,∨,∼ ,+ , 0, 1) is a regular double Stone algebra;

2. the constant k is a center of A.
It is evident that the class of all centered regular double Stone algebras 

in the language Lk forms a variety. Let RDSk denote the variety of all 
centered regular double Stone algebras.

It is proved in [49] that the variety RDS is a discriminator variety (see 
[8] for an extensive discussion on discriminator varieties). It immediately 
follows that the variety RDSk is a discriminator variety.
Lemma 5.2. [9, Corollary 6.9] Let V be a discriminator variety and let S
be the class of simple algebras in V. Then the following are equivalent:

1. Every V-epimorphism is a surjection.5

2. Every S-epimorphism is a surjection.
Lemma 5.3. [22, Corollary 2.5.23, page 52] Let V be a variety. Then V has 
the strong amalgamation property if and only if V has the amalgamation 
property and every V-epimorphism is a surjection.

5A morphism f  in a class of algebras is an epimorphism in case k ◦ f = h ◦ f  implies 
that k = h.
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Theorem 5.4 will be useful to prove Theorem 5.6:
Theorem 5.4 (Beazer [4]).  The unique non-Boolean subdirectly irreducible 
regular double Stone algebra is 3.

Let 3k denote the 3-element centered regular double Stone algebra. Then 
the following corollary is immediate from 5.4. 
Corollary 5.5.  The only non-trivial subdirectly irreducible (simple) 
centered regular double Stone algebra is 3k.
Theorem 5.6.  The variety RDSk (in the language Lk) enjoys the strong 
amalgamation property.
Proof: By virtue of Theorem 4.1 any V -formation in the variety of 
regular double Stone algebras has an amalgam, see Diagram (4.5). We are 
left with the task of showing that this amalgam is strong. We have already 
noted that the variety RDSk is a discriminator variety. Moreover, since, 
by Corollary 5.5, RDSk has 3k as the only simple algebra in which every 
epimorphism is trivially surjective, it follows from Lemma 5.2 that every 
V-epimorphism is a surjection. Therefore, by Lemma 5.3 RDSk enjoys the 
strong amalgamation property. □

The proof of Theorem 5.6 is, in our view, interesting also because it 
explains, from a different perspective the motivation for which the strong 
amalgamation property fails if we consider the variety of regular double 
Stone algebras in the language without the constant k.6 In fact, in such 
a case the simple members of the variety are 2,3, and i : 2 → 3 is the 
obvious inclusion, and the sole possible morphism. Now, for f : A → 2 and 
g : A → 2, if f ◦ i = g ◦ i, clearly f = g. However, i is not a surjection, i.e. in 
the variety of regular double Stone algebras without fixpoint epimorphisms 
are not surjective. So by Lemma 5.3 the strong amalgamation property 
need not hold in general, as stated in Theorem 4.4.

6This was also observed by Düntsch [16, Corollary 3] in a different context as a 
direct corollary of Katriňák’s Theorem [27]. Actually, the variety of regular double Stone 
algebras contains epimorphisms that are not surjective. We sketch here a new constructive 
and direct argument that proves this fact.
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6. The super-amalgamation property

The super-amalgamation property is a rather strong algebraic property that 
entails quite important logical properties, such as the Craig interpolation 
property and the Maehara property [17], if the class of algebras under 
consideration is the equivalent algebraic semantics of a certain logic. The 
investigation of these connections traces back to the seminal works of 
Maximova [35, 36, 37], and Pitt [45] from the mid seventies.

Let us begin with the definition of the super-amalgamation property for 
a class of partially ordered algebras. 
Definition 6.1 (Maksimova).  Let K be a class of partially ordered algebras. 
We say that K has the super-amalgamation property (SUPAP for short) 
if for any V -formation (A0,A1,A2) in K, there is an algebra A in K and 
embeddings m1,m2 such that Diagram (6.1) commutes:

A1

A0

A2

A

i1

i2

m1

m2

(6.1)

where, for embeddings i1 : A0 → A1 and i2 : A0 → A2, there exist an 
A ∈ K and embeddings m1 : A1 → A and m2 : A2 → A such that 
m1 ◦ i1 = m2 ◦ i2, and the following Maksimova property holds:

(∀x∈Aj)(∀y∈Ak) (mj(x) ≤ mk(y) ⇒ (∃z ∈ A0)(x ≤ ij(z)& ik(z) ≤ y)) ,
(MP)

where {j, k} = {1, 2}.
Capitalizing on the results in Section 3, we firstly provide a novel proof 

of the fact that the variety BA of Boolean algebras enjoy the SUPAP.
Theorem 6.2.  The variety BA enjoys the super-amalgamation property.
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Proof: Let (L,A,B) be a V -formation of Boolean algebras with embed­
dings h : L→ A, k : L→ B. Let A

∐︁
B/H  be the amalgam constructed in 

Theorem 3.14. Suppose φ(a) ≤ ψ(b) in A
∐︁

B/H , with a ∈ A and b ∈ B. 
Then

π(f(a)) ≤ π(g(b)).

By definition of the order in the quotient, this means

π(f(a) ∧ g(b)′) = 0,

hence
f(a) ∧ g(b)′ ∈ H.

By Lagrange Lemma 3.12, for some l ∈ L,

(a, b′) ≤ (h(l), k(l)′).

By the Comparison Lemma 3.11, this inequality implies

a ≤ h(l) and b′ ≤ k(l)′,

that is, a ≤ h(l) and k(l) ≤ b.
Therefore, whenever φ(a) ≤ ψ(b) in the amalgam, there exists l ∈ L

with a ≤ h(l) and k(l) ≤ b. This is precisely the order-reflecting property 
required for super-amalgamation. □

Let us recall from Pitt [45] the notion of interpolation (we refer the 
reader also to the extensive discussion by Maksimova [35, 36, 37]). 
Definition 6.3.  Consider the commutative square

C

A

B

D

f

g

j

h
(6.2)

where A,B,C,D are partially ordered algebras with order preserving maps. 
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We say that Diagram (6.3) enjoys the interpolation property if whenever 
for b ∈ B, c ∈ C such that h(b) ≤ j(c), there is a ∈ A so that b ≤ g(a) and 
f(a) ≤ c.
Theorem 6.4.  If a regular double Stone algebra A possesses a non-empty 
core, then for every V -formation (A,B,C) the commutative diagram:

C

A

B

D

f

g

j

h
(6.3)

enjoys the interpolation property.
Proof: Observe first that if A has a non-empty core, then every algebra 
appearing in the diagram must also have a non-empty core; otherwise, no 
homomorphisms between the algebras could exist, since the central element 
k can only be mapped to another central element.

Suppose that, for some b ∈ B and c ∈ C, we have h(b) ≤ j(c) in D, where 
D can be regarded as a strong amalgam of (A,B,C), due to Theorem 5.6 
and the fact that A possesses a non-empty core. By virtue of Theorem 2.4, 
b and c can be identified with the pairs (□b,♦b) and (□c,♦c), respectively. 
We may observe that in the V -formation

[SK(A), SK(B), SK(C)]

the elements □b,♦b,□c,♦c have Boolean interpolant elements a, d in the 
Boolean algebra SK(A). Specifically, we can assume that a, d satisfy

□b ≤ g(a) f(a) ≤ □c

and

♦b ≤ g(d) f(d) ≤ ♦c.
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Fix such elements a, d ∈ SK(A). In accordance with Theorem 2.4, since 
a, d are Boolean elements, they may be regarded as pairs of the form

a = (□a,♦a) = (a, a), d = (□d,♦d) = (d, d).

This observation will play a pivotal role in the construction of the 
interpolant.

Since A has a non-empty core, by the construction in Display (A), A is 
of the form [SK(A), SK(A)].

Our goal is to identify an element x = (□x,♦x) ∈ A such that

b = (□b,♦b) ≤ g((□x,♦x)) = g(x)

and

f(x) = f((□x,♦x)) ≤ (□c,♦c) = c.

To this end, consider the element

x = (a ∧ d, a ∨ d).

Clearly, a ∧ d ≤ a ∨ d, and since A has a non-empty core, this suffices 
to ensure that (a ∧ d, a ∨ d) ∈ A, because both a ∧ d, a ∨ d ∈ SK(A), and 
the universe of A is

{(x, y) ∈ SK(A)2 : x ≤ y}.

We now verify that the element x = (a ∧ d, a ∨ d) is indeed the desired 
interpolant. To check that b ≤ g((a∧ d, a∨ d)), we focus on the maps g and 
f  restricted to the sharp elements (see Theorem 2.4). From the fact that 
□b ≤ g(a) and □b ≤ ♦b ≤ g(d), we obtain that

□b ≤ g(a ∧ d).

Moreover, because ♦b ≤ g(d), then



38 A. Ledda, H. P. Sankappanavar, G. Vergottini

♦b ≤ g(a ∨ d).

Therefore, b = (□b,♦b) ≤ g((a ∧ d, a ∨ d)). To verify that

f((a ∧ d, a ∨ d)) ≤ c,

the argument is dual. This establishes our claim. □

Therefore, we immediately obtain Theorem 6.5:

Theorem 6.5.  The variety RDSk enjoys the super-amalgamation property.

Proof: By Theorem 4.1, every V -formation admits an amalgam that 
renders commutative the corresponding diagram. Moreover, by Theorem 
6.4 any diagram satisfies the interpolation property. Therefore, the super-
amalgamation property (Definition 6.1) follows. □

7. Examples and applications

In this section we provide a collection of examples of regular double Stone 
algebras that will be expedient to describe concretely the construction of 
some interesting amalgams in the variety of regular double Stone algebras.

Furthermore, we elaborate on the significance of Theorem 4.4 by pro­
viding examples that show the existence of V -formations that fail to have a 
strong amalgam in the variety of regular double Stone algebras.

Example 7.1.  Consider the 4-element Boolean algebra 4, whose carrier is 
{0, a, a′, 1} together with the filter {a′, 1}. Then, the regular double Stone 
algebra [4, {a′, 1}] will be the following:
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(1, 1)

(a′, 1)

(a, a) (a′, a′)

(0, a)

(0, 0)

Example 7.2.  Consider the 8-element Boolean algebra 8, whose carrier 
is {0, a, b, c, a′, b′, c′, 1} together with the filter {a′, 1}. Then, the regular 
double Stone algebra [8, {a′, 1}] will be the following:

(1, 1)

(c′, c′) (a′, 1)

(b′, b′) (b, c′) (a′, a′)

(a, a) (c, b′) (b, b)

(0, a) (c, c)

(0, 0)

As mentioned in Section 4, the variety of regular double Stone algebras 
does not fulfill the strong amalgamation property in general. However, in 
case a V -formation (A0,A1,A2) is homogeneous, in the sense that all alge­
bras in the formation possess a non-empty core, then the formation admits 
a strong amalgam. Actually, it is straightforward to observe that in case 
A0 possesses a non-empty core the whole V -formation must be homogeneous.
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Example 7.1 will be relevant to this discourse.
In fact, it can be seen that ([4, {a′, 1}], [4, 4], [8, {a′, 1}]) is a V -formation, 

where the mappings f1, f2 are self-evident. To ease the notation, let us 
rename the V -formation as (A,C1,C2). We can observe that

f1((a
′, 1)) = (f1 ↾SK(A) (a

′), f1 ↾SK(A) (1)) = (a′, 1) in C1.

Clearly, (4,4,8) is a Boolean V -formation of finite algebras. By Theorem 
3.14, the algebra 4

∐︁
8/H  is an amalgam. As we have seen in Theorem 4.1 

and Theorem 5.6 we construct

[4
∐︂

8/H ,4
∐︂

8/H ], (7.1)

and we obtain a regular double Stone algebra with a non-empty core which 
amalgamates the formation

([4, {a′, 1}], [4, 4], [8, {a′, 1}]).

Let us recall that the algebra in Display (7.1) is not a strong amalgam. 
Indeed, the same reasoning applies in Example 7.3.

Theorem 4.4 follows from general algebraic facts. However, it may be 
interesting to find a concrete case in which a V -formation of regular double 
Stone algebras does not have a strong amalgam within the same variety.

In Example 7.3, we propose a direct application of Theorem 4.4. In fact, 
making a straightforward use of the subdirectly irreducible members in the 
variety of regular double Stone algebras it can be shown that in general this 
variety does not fulfill the strong amalgamation property.

A more elaborated counterexample is Example 7.3. In fact, Example 
7.3 presents the case of a V -formation homogeneous for not possessing a 
fixpoint which can not be strongly amalgamated in the variety of regular 
double Stone algebras. 
Example 7.3.  Consider the V -formation

([4, {1}], [4, {a′, 1}], [8, {a′, 1}]),
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where [4, {a′, 1}] and [8, {a′, 1}] are as in Example 7.1 and Example 7.2, 
respectively. Suppose that there exists a strong amalgam L as in Diagram
(7.2):

[4, {a′, 1}]

[4, {1}]

[8, {a′, 1}]

L

i

j

f

g

(7.2)

Note that Diagram (7.2) is determined by Diagram (7.3):

4

4

8

SK(L)

i

j

f ′

g′
(7.3)

Moreover, SK(L) is a strong Boolean amalgam. Indeed, for any element 
x = (□x,♦x), and any homomorphism in Diagram (7.2):

f((□x,♦x)) = (f ′(□x), f ′(♦x)).

By construction, the element (a′, 1) is in both [4, {a′, 1}] and [8, {a′, 1}]. 
Moreover, by Condition (Regularity), (a′, 1) is the unique unsharp element 
in the interval [(a′, a′), (1, 1)].

Therefore, we have that

f((a′, 1)) = (f ′(a)′, f ′(1)) = (g′(a)′, g′(1)) = g((a′, 1)).

However, (a′, 1) is not the image of any element in [4, {1}], since (a′, 1)
is unsharp, and [4, {1}] is a Boolean algebra.

Thus, the V -formation ([4, {1}], [4, {a′, 1}], [8, {a′, 1}]) does not admit 
any strong amalgam in the variety of regular double Stone algebras.
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