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BAYESIAN ESTIMATION OF A SHIFT POINT
IN A TWO-PHASE REGRESSION MODEL

Abstract. The purpose of this paper is to carry out the Bayesian analysis of
a two-phase regression model with an unknown break point. Essentially, there are two
problems associated with a changing linear model. Firstly, one will want to be able to
detect a break point, and secondly, assuming that a change has occurred, to be able
to estimate it as well as other parameters of the model. Much of the classical testing
procedure for the parameter constancy (as the Chow test, CUSUM, CUSUMSQ, tests
and their modifications, predictions tests for structural stability) indicate only that the
regression coefficients shifted, without specifying a break point.

In this study we adopt the Bayesian methodology of investigating structural changes
in regression models. The break point is identified as the largest posterior mass density,
the peak of the posterior discrete distribution of a break point. It seems to work well
with artificially generated data.

The Bayesian framework also seems to be promising for extending the analysis of
a single break to that of multiple breaks.

Key words: two-phase-regression model, changing linear model, detection a break point,

Bayesian estimation, test for structural stability.

1. INTRODUCTION

The definition of structural changes has not been given clearly in

studies, but mainly it has been considered as the problem of non-constancy
of regression parameters over the sample period. In this paper we adopt
this concept. It is obvious that the use of sample where the regression
coefficients are not constant, leads to biased testing results, because testing
procedures are based on the full sample estimates. Under the possibility of
structural changes during the sample period, it is important to segment
a full sample into sub samples, where the regression parameters are
constant. This problem has been attacked in various ways.
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Our analysis is based on the Bayesian estimation of a shift point presented
by Bromeling and Tsurumi (1987). The marginal posterior density
function of the shift point is used for testing the stability of parameters
in regression model and some numerical studies are performed.

2. MODEL AND THE POSTERIOR DISTRIBUTION OF THE SHIFT POINT

The model we shall consider is the two-phase regression model:

{x,ﬁ1 8 1l oo m
Y=

xf,+e i=m+1, m+2,..,n M

where:

=y, (i=1,2,..,n) is the ith observation of the dependent variable,

— x; is the 1 x p vector of given observations of independent variables,

— By, B, are the p x 1 vectors of the regression coefficients considered
to shift from the first regime to the second regime,

—~ m is the unknown shift point,

— & is the error term; it is assumed that the & are normally and
independently distributed with zero mean and common unknown precision 7
(E(e) =0, E(ge) =1711).

If m=n, no change has occurred, while if me{l, 2,..., n—1} exactly
one change has occurred. Note, that for m#n we can rewrite the model
(1) as follows:

Y, (m) X m 0
[Yigno] . [ 0 Xz(m)][ﬁi] i &
where:
Xy Xm+1 Y1 Ym+1
X, m =2 Xjm =| ™2 | vm) =]’ vy0m=[""*?]
% %e Vm Y

On the other hand, for m = n the model is given by:

Y=XB,+¢ 3)
where:
Xy V1
X=|"] ya|¥?

A Yn
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As it is well known, in the Bayesian approach all inferences about
unknown parameter vector 0 are based on the posterior probability density
function (pdf) for parameter vector 0, given the sample information
y (p(0/y)). We would obtain this posterior pdf p(0/y) by combining prior
pdf (p(0)), which represents our initial beliefs about 0 and the likelihood
function L(0/y) representing the sample information.

In the analysis of linear regression models usually two types of the prior
probability density functions have been used: a noninformative prior, when
an informative or a subjective prior is not available (see, for example
Keying, 1993) and an informative prior named ‘“‘natural conjugate” prior,
which is often useful in representing prior information, relatively simple,
and mathematically tractable (see De Groot, 1981).

In our model (1) parameter vector 0 = (m, 8,, B,, t). For our analysis
we consider the following natural conjugate, the normal-gamma pdf for 0:

q(2m) = P2| A|P2?%exp(— 1/2(By — B1o)'A11(By — B1o)) *
p(m, By, By 7) = b/T(a)t* ‘exp(— tb) dla m=n

(1=g)/(n—1)(27) ~?|A|*?zPexp(— ©/2(B — Bo)' A(B — Bo)) *

*b%/I'(a)r*~ texp(— tb) dlal<m<gn-—1 4)

For m = n parameters (f,, ) are assigned the normal-gamma density i.e.
the conditional distribution for f, is the p-dimensional normal pdf with mean
vector fio and precision matrix tAy; (Ay; is a positive-definite matrix of order
p), while the marginal distribution for 7 is the gamma pdf with parameters
a and b. From (4) it is visible that when 1 <m < n—1, the conditional
distribution for B, = (8,, f,) is 2p-dimensional normal pdf with mean vector
Bo = (B10, B2o) and positive-definite precision matrix A of order 2p, where:

A11A1z]
A=
[Anl\zz

Furthermore, the marginal prior density function of m is:

=2 q dla m=n
p(m)-{(l—Q)/("—l) dlalsm<gn—1 ©)

Note, that for m = n, the model is stable and g represents the probability
of this event. When we are not sure that the model is stable, g = 0.5 seems
to be appropriate prior choice.

Our main interest is to find the marginal posterior density function of
m and to compare it with the marginal prior density function of m given
by (5).

Under the above assumptions the likelihood function is:
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3y = [Cm) "1 exp(— < [2(Y — XB,)(Y — XB,)) dla m=n
o {(275) “M2M2exp(— 1/2(Y — X(m)B)' (Y — X(m)B)) dla 1<m<n
: (6)

where:

| Xym) 0O
X('”)“[ 0 Xz(m)]

Then, combining (4) and (6) we obtain the joint posterior pdf for 0.
This function is a basis for making inferences about By, By, t© and m.
Integrating the joint posterior pdf with respect to f and 1, the posterior
distribution of the shift point is obtained as:

q|A11|%3D(n)~@+202) X' X L A (|75 dlam=n
pm/Y)oc (1 — g)/(n— 1)|A|*5D(m) =+ 2002 | X'(m) X (m) + A | =05
dla l<sm<n—1

™)

where;

D(n) = b+0,5[Y'Y + B1o'AyyBro— BX(X'X + Ay1)B ¥
D(m) = b+ 0,5{[Y — X(m)B*(m)]'Y + [B, — B*m)AB,} for I<m<n—1

and

B* =[X'X + Ayy] Y As1810 +X'Y];
B*(m) = [X'(m)X (m) + Al [AB, + X'(m)Y).

The comparison of the posterior probability density function of m with
the prior probability density function (5) let us deduce about the model
parameters stability as well as specify the shift point m*. When the
posterior probability of no change p(m=n)/Y is less than the prior
probability of no change equal g, the model is unstable; in the opposite
case the hypothesis about the model stability should be accepted.

3. A NUMERICAL STUDY

For illustrative purposes, we perform some numerical studies in this
section. The posterior distribution of the shift point m was obtained with
the data generated by the following model:

{3x‘+€1, V= l, 2, wey m
y=

8
G+A)x+e, i=m+1, m+2,.., 20 ®

where:
- X; (i=1, 2,.., 20) are generated from the uniform distribution over
<1, 20,
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RO, N(oa 1)’
— for A#0 a structural change occurs at point m = m*.

In the numerical studies we put m* =5, 10, 15 and A =0.1, 0.2, 0.4 and
0.5 i.e. the angle between regression lines is respectively equal 0.01 rad,
0.02 rad, 0.03 rad and 0.04 rad.

The prior distribution for this example is such that ¢ =0.5, m is
independent of f and 7, f given 7 is four dimensional normal pdf with
mean vector fi, = (3, 0, 3, 0) i.e. the model is stable, and precision matrix
is 7 I, A=1I, and Ay, =A,,=1,, Aj; =A,;; =0) and the marginal
distribution of 7 is the gamma pdf with parameters a =2, b= 1.

Table 1
Marginal posterior distribution of m when m* =5

m\A 0.1 0.2 04 0.5
1 0.120 0.001 0.000 0.000
2 0.038 0.002 0.000 0.000
3 0.022 0.003 0.000 0.000
4 0.100 0.391 0.062 0.010
5 0.044 0.162 0.318 0.431
6 0.043 0.201 0.400 0.435
q 0.053 0.238 0.220 0.124
8 0.009 0.000 0.000 0.000
9 0.019 0.000 0.000 0.000
10 0.011 0.000 0.000 0.000
11 0.006 0.000 0.000 0.000
12 0.006 0.000 0.000 0.000
13 0.006 0.000 0.000 0.000
14 0.002 0.000 0.000 0.000
15 0.001 0.000 0.000 0.000
16 0.002 0.000 0.000 0.000
17 0.005 0.000 0.000 0.000
18 0.005 0.000 0.000 0.000
19 0.006 0.000 0.000 0.000
20 0.502 0.001 0.000 0.000
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The objective is to test the null hypothesis of no change by using the
marginal posterior density function (7).

The posterior distributions of m are shown in Tab. 1-3 and in Fig,
1-3. From these tables and figures we can see the following facts:

— only in two cases: for A = 0.1, and m* = 5 and m* = 15 the posterior
probability of no change (p(m =20)/Y) is larger than g =0.5. In other
cases this posterior probability is close to zero, which indicates the model
instability.

— we can estimate the shift point m* as the mode of the marginal
posterior density function of m;

Table 2
Marginal posterior distribution of m when m* = 10
m\A 0.1 0.2 04 0.5
1 0.002 0.000 0.000 0.000
2 0.001 0.000 0.000 0.000
3 0.000 0.000 0.000 0.000
4 0.001 0.000 0.000 0.000
5 0.000 0.000 0.000 0.000
6 0.000 0.000 0.000 0.000
7 0.001 0.000 0.000 0.000
8 0.001 0.000 0.000 0.000
9 0.166 0.046 0.000 0.000
10 0.330 0.716 0.979 0.995
11 0.161 0.118 0.011 0.003
12 0.134 0.103 0.010 0.002
13 0.093 0.017 0.000 0.000
14 0.001 0.000 0.000 0.000
15 0.000 0.000 0.000 0.000
16 0.000 0.000 0.000 0.000
17 0.001 0.000 0.000 0.000
18 0.001 0.000 0.000 0.000
19 0.001 0.000 0.000 0.000
20 0.106 0.000 0.000 0.000
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if A increases, the probability P(m = m*)/Y, is larger.

— in general a shift in the centre of the data is easier to detect (see
Tab. 2), the problem arises only if the break point is at the beginning or
the end and the value of A is relatively small.

Table 3
Marginal posterior distribution of m when m* =15
m\A 0.1 0.2 04 0.5
1 0.013 0.000 0.000 0.000
2 0.004 0.000 0.000 0.000
3 0.002 0.000 0.000 0.000
4 0.002 0.000 0.000 0.000
5 0.002 0.000 0.000 0.000
6 0.002 0.000 0.000 0.000
7 0.002 0.000 0.000 0.000
8 0.002 0.000 0.000 0.000
9 0.025 0.010 0.000 0.000
10 0.028 0.016 0.000 0.000
11 0.021 0.011 0.000 0.000
12 0.019 0.012 0.000 0.000
13 0.037 0.047 0.000 0.000
14 0.028 0.785 0.168 0.007
15 0.005 0.064 0.830 0.993
16 0.003 0.007 0.001 ~ 0.000
17 0.007 0.000 0.000 0.000
18 0.007 0.000 0.000 0.000
19 0.009 0.001 0.000 0.000
20 0.782 0.045 0.000 0.000
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Fig. 1. Marginal posterior distribution of m
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4. CONCLUDING REMARKS

In this paper, we have derived the posterior distribution of the shift
point for a two-phase regression model. It was shown how to detect
structural change and to estimate the change point of the model. We may
see that the posterior distribution of m gives a clear indication about the
true value of the shift point. This method seems to work well with
artificially generated data, but the form of the priors of @ is the crucial
assumption for obtaining the results presented in this paper. Therefore,
more work is required to formulate, understand, and use a broader range
of prior pdf’s to represent our prior information.
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BAYESOWSKA ESTYMACJA PUNKTU ZMIANY
W MODELU REGRESJI DWUFAZOWEJ

Celem pracy jest analiza bayesowska modelu regresji dwufazowej z nieznanym punktem
zmiany strukturalnej to jest punktem, w ktérym zmienna obja§niana zaczyna by¢ ksztaltowana
przez inna relacje liniowa zmiennych obja$niajacych. W szczegblnoSci rozwazane sg dwa
zagadnienia zwigzane ze zmieniajacym si¢ modelem liniowym. Jedno to problem wykrywania
punktu zmiany, drugie to problem estymacji tego punktu i innych parametréw modelu przy
zalozeniu, ze zmienna nastgpila.

Wigkszo$¢ klasycznych procedur testowych stuzacych do weryfikacji hipotezy o stabilnosci
modelu regresji liniowej (tj. test Chow’a, CUSUM, CUSUMSQ i ich modyfikacje) wskazuje
tylko, ze wspolczynniki regresji zmieniaja si¢ bez specyfikacji punktu zmiany.

W pracy tej zastosowano metod¢ bayesowska badania strukturalnych zmian w modelach
regresji. Przy estymacji bayesowskiej tychze modeli przyjgto klasyczne zalozenia o gam-
ma-normalnym rozktadzie a priori szacowanych parametroéw.

W ostatnim punkcie pracy przedstawiony jest przyklad ilustrujacy opisang metodg.



