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THE TWO-STAGE ITERATIVE METHOD 

FOR ESTIMATING THE CES PRODUCTION FUNCTION

1. In t ro d u c t io n

Consider tw o - fac to r CES p rod uctio n  fu n c tio n  in  the form

_ v

( 1 )  f ( K , L )  - a  [s k “ £ ♦ (1  - 5 ) L * ff]  ^ ,

K, L denoting  o u t la y s  of c o p ita l  and la b o u r, r e s p e c t iv e ly .  As­

suming th a t the output of p rod uction  process Y is» a random va ­

r ia b le  depending on a random term e tho two s im p les t s to c h a s t ic  

models are

(2  ) Y » f ( K , L )  ♦ E

and

(3  ) Y - f ( K , L )  eE .

The cho ice  of (2 )  o r (3 )  fo r  the model d e sc r ib in g  p roduction  pro­

cess determ ines the methods of e s t im a tio n  th a t can bo ap p lied  to 

the e s t im a tio n  of p rod uctio n  fu n c tio n  param eters.

Out o f w e ll  known and commonly accepted methods of estim a­

t io n ,  the Gauss-Newton's end M arquerd t'o  methods are  ap p lied  

to the model ( 2 )  and Km enta's to the model (3 ) .

The methods a re  based on a l in e a r iz a t io n  o f the CES func-
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t io n .  I r  Gause-Newton'e -nothod the CES fu n c tio n  I s  expanded (a s

o fu n c tio n  of V3riobloi3 a,6,\>,(3) in  T o y lo r s e r ie s  around the p o in t 

(otQ, 8q , v q , up to tlio torme co n ta in in g  f i r c t  p a r t io l  co-

r iv o ta s .  Next, a ccep tin g  a c r i t e r io n  of m inim izing the sum of 

re s id u a l squares'1, i t e r a t i v e  procoduro i s  ap p lie d  to f in d  e s t i ­

mates a , b, c , r  of param ators a , 5 , v,£> re e p o c t lv e ly .  Gauas-New- 

to n 'e  method is  thus a sim ple i t e r a t i v e  procedure which does not 

ensure convergence, M arq ua rd t's  method 13 a com bination o f l i ­

n e a r iz a t io n  p r in c ip le  w ith  g rad ie n t method. The method ia ip lle s  

the convergence of re s id u a l squares obta ined  fo r  a l in e a r iz e d  

form.

The Km enta's method i s  a one-stup-procedure c o n s is t in g  in  8n 

expansion of the n a tu ra l lo garithm  o f the fu n c tio n  ( l )  ( t re a te d  

as a fu n c tio n  of £>) in  M ac lau rin  oe rlo3  w ith  the a ccu racy  up to 

the f i r s t  two terms of t h is  .expansion. In v e s t ig a t io n s  c a r r lo d  

out in  [ 3 ] ,  [4 ]  on p ro p e r t ie s  of the CES fu n c tio n  param eter es ­

tim a tes  ob ta ined  when the above method i s  a p p lie d , proved tho 

e x is te n ce  of the b ia s  in  param eter e s tim a tes  fo r  6m all sam ples. 

A part from th a t the estim ates  showed a ls o  h igh v a r ia t io n  c o e f f i ­

c ie n t s .  Thu w orst r e s u lts  o f e s t im a tio n  wore ob ta ined  fo r  tho 

param eter £ .

¿^ p ly in g  Km enta'a method en ab le s , however, g a tt in g  a co r­

re c t  e stim ate  or the pnram oter v  . I t s  b ios  and v a r ia t io n  are  

sm a ll. Such a s itu a t io n  mokes i t  p o s s ib le  to use the e stim a te  

of param eter v as an a p r io r i  in fo rm atio n  In  ano ther CES func­

t io n  param eters e s t im a tio n .

Tho method of e s t im a tio n  o f the CES p rod uction  fu n c tio n  p re ­

sented in  th is  paper makes use of on a p r io r i  in fo rm atio n  about 

the va lu e  of param eter v .  The method belongs to a group of 

le a s t  squares methods. More p r e c is e ly ,  the problem of seeking 

the minimum o f a n o n - lin ea r c r i te r io n - fu n c t io n  (w h ich  is  not a 

square form ) c o n s is ts  in  s o lv in g  a n o n - lin ea r system o f normal e- 

q u a tio n s .

In  such a procedure the sum of r e s id u a l equres is  a square
form. ,



2. Es tim a tio n  or CES Func t io n Param eters 

by Tivo-Stage I t o r a t l v e  Method

CES p rod uction  fu n c tio n  c o n s t itu te s  a n o n - lin ea r  model fo r  

the sample {(Y.^, L ^ ),  i  ■ 1, , nj .  I t  has the form

_  v

(4 )  Y i  "  a  K~£ ♦ ( l  - S ) L“ ^ J £+  ,

where s

Y tm o u tp u t.

K - fix e d  a s s e ts ,

L mt employment,

a - param eter of the s c a le  of p rod u c tio n ,

6 - d is t r ib u t io n  param eter.

V m homogeneity param eter.

e
m s u b s t itu t io n  param eter,

c - random term.

Taking in to  co n s id e ra t io n  tho n o ce a s ity  of economic in t e r ­

p re ta t io n  the param eters of tho above fu n c tio n  should f u l f i l  the 

fo llo w in g  co n d it io n s»  a  e (0 ,  + o o ),6 e (0 , 1 ) ,  v e ( 0 ,  + ooXgc(- l»0 )u 

u (0 ,+ ao ). Fo r £ * 0  p rod uctio n  fu n c tio n  (4 )  becomes the Cobb- 

-Oouglas typ e .

The problem of e s tim a tin g  tho param eter of fu n c tio n  ( a ) using 

the le a s t  squares method, g ivon  a p r io r i  v ,  reduces to seeking 

the v a lu e s  A , b, r  such th a t the fu n c tio n

n
(5 )  3 ( A , b , r )  - Y  {y ^  - A [bK^r  ♦ ( l - b ) L " r ]  r j 2

1>1

a t t a in s  minimum.

The e x is te n ce  of optimum va lu es  A ,b , r  of fu n c tio n  ( 5 )  i s ,  

f i r s t  of a l l ,  con d ition ed  by the ex is te n ce  of the fo llo w in g  sy­

stem of e q u a t io n s ' s o lu t io n »
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The s o lu t io n  of system (6 )  I s  e q u iv a le n t  to f in d in g  of zero- 

p o in ts  of the system of fu n c tio n s
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where F^,  F ,  a re  n o n - lln ea r  fu n c tio n s  of e s tim a tes  A, b, r 

so th a t the a n a ly t ic  way of d e te rm in a tio n  of ze ro -p o ln ts  estim a­

t o r s '  v a lu e s  is  h ig h ly  com plicated  end p r a c t i c a l l y  im possib le* 

O n ly the va lu e  of A is  In  th is  case easy to be e s ta b lish '*
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ad2 (a s  a fu n c tio n  of b and r ) .  Making use of tho f i r s t  equ­

a t io n  of ( 6 ) ,  wo have

( 0 )  A - A (b ,r )

Y,G

iWj __

Z  Gi
1-1

So the &ystam of eq uations  (6 )  assumes the form

( 9 )

n K. - L,
£  (V ,  - A (b ,r>  C1)O l  - * *

1«! 9 i

n

Z  ( y . - A (b ,r )G  )o !  - o 
1-1  1

-r

In  o rder to so lve  the above system we o h o ll ap p ly  the fo llo w in g  

I t e r a t i v e  method.

Assuming oomo s ta r t in g  v a lu e s  b ■ b ^ ° \  r - r  the i t e r a ­

t iv e  p rocess  proceeds In  such a way (where k denotes the g lvon  

i t e r a t io n  num ber), th a t

1 ° fo r  o determ ined b « b In  the su cce ss ive  I t e r a t io n s

such r - r^k+ l) la  found th a t lF » (b  , r^ ) I < W, where W
**8

Is  an a p r io r i  im p lied  v a lu e ,  fo r  example W » 1 0  .

2 ° fo r  the p re v io u s ly  determ ined r ■ r 14+1  ̂ in  the succes­

s iv e  i t e r a t io n s  such b ■ k^ + 1 ) 18 found th a t | F g (r  ^b )j 

< Wj ,

3 ° the I t e r a t io n s  d escrib ed  In  1 ° and 2 ° a re  repeated  by 

tu rns  u n t i l  fo r  k - IT ,  ond thus b ^ *  \  r , the ab so lu te  

v a lu e s  of 3 J/ 3 A , d»/3b , 9 i/ d r  become sm a lle r  than IV.

The determ ined v a lu e s  r  ^^ and b k ore ob ta ined  ao e 

r e s u lt  o f su cce ss ive  approx im ations using  the tangent method I .e .  

fo r  determ ined va lu e s  of b(k-1) and r (k “ 1) we in te r c e p t  the tan-

2 The va lu e  of A ob ta ined  in  t h is  way c o n s t itu te s  a good
estim a te  of param eter o* \ i t  i s  supported by the r e s u lt s  of many

experim ents.



(k-1 }
gunt of the fu n c tio n  F^ (b  , r ) of the v a r ia b le  r j  the 

p o in t c f in te r s e c t io n  of the tangent and Or a x is  is  o new va ­

lue  of the v a r ia b le  r in  a f i r u t  step of the In t e r n a l  in te ra c-
(k-1 )

t io n  - so we got r^ . Next a new tangent of F 3 ie  co n s tru c ­

ted In  n o in t (b , r i 'K’*i b. The ab sc issa  of the p o in t of in-
(k-1 )

to ra o c t io n  w ith  Or a x is  detorrainoe a new va lu a  r^ , and so 

on. The in te r n a l  i t e r a t io n s  are  continued u n t i l  in  a aucces- 

c-ive step  IT T  such a v a lu e  ■ r ^  i s  produced that|a#/dr|<

< W.
(k-1 )

Thtf s e r ie s  of v a lu e s  r^ is  i t e r a t i v e l y  c a lcu lp to d  using

tho re c u rs iv e  form ula

_ (k-1 ) „  (k-1) 

i  r J - i

F 3(b (k ‘ 1 ) , r < y b

H2 (b (k _ 1 ) , r ^ " 1*)

fo r  J » l ,  . . . ,  IT T , where:
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n
2  (Y . - 2AG.) • G '

A - * *  .  A - i  1 1____ J L
a 2 dr

11

Z  of 
i - 1  1

(k )  ( k )
In  the sane way the va lu e  b i s  e s ta b lis h e d , a t r  determ in ­

ed, i . e .  bik )  - b2TB1 } ' i f  o n lV I a^/ab  I < W. fo r  b - b ^ '^ a n d  

r * r ( L ' .  S u cce ss ive  v a lu e s  b j  fo r  J » l ,  . . . .  IT B  ore os-

tc b li 'ih o d  using the form ula
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Such an I t e r a t i v e  way of f in d in g  the s o lu t io n  of the system 

( 9 )  I s  the base fo r  e la b o ra t in g  the e s t im a tio n  method fo r  p ara ­

meters A, b, r ,  w h ile  c r i t e r io n  (5 ) is  assumed. The method la  

c a l le d  the two-stage i t e r a t i v e  method (T S IM ).

To e s ta b lis h  the p ro p e r t ie s  of the prosented  CES fu n c tio n  es­

t im a tio n  method a Monte-Corlo experim ent was used. Fo r th i3  the 

sample space ft - { (Y , K. L ) }  f u l f i l l i n g  r e la t io n  ( l )  has been 

c o n s tru c te d . The c o n s tru c t io n  co n s is ted  in  f in d in g  t h e o r e t ic a l  

v a lu e s ,o f  the endogenous v a r ia b le  YT1# 1-1, . . . .  n fo r  the g iven  

v a lu e s ,  of exogenous v a r ia b le s  L ^ ) , 1-1, . . . ,  n and, of

param eters a ,5 ,v,£> ( assumed a p r i o r i ) ,  the th e o r e t ic a l  va lu e s  of 

the endogenous v a r ia b le  i " l #  •••* n }  acco rd ing  to the

form ula

YT̂  -  a [Sl<^ + ( l  -  5) L“e ]  ̂ •

3. G enerating  of Sample Spg^g



The c a lc u la te d  va lu e s  YT^ were thon added to the random term C

so th a t the va lue3  of endogenous v a r ia b le  Y ware equa l to

YjL - YT^ ♦ C^, i  - 1 , . . . .  n.

The va lu e s  of the random v a r ia b le s  were generated  from

the normal d is t r ib u t io n  N (0 ,d^.The param eter d̂  woe determ ined as

cfc m S (Y T )y {/ R 2 - l ,

where ¿ (Y T )  denotes the standard d e v ia t io n  of YT arid R2 la  the 

c o e f f ic ie n t  determ in ing  the p a r t  of v a r ia t io n  of v a r ia b le  Y be­

ing exp la ined  by YT, i . e .  i t  la  e q u iv a le n t  to the th e o r e t ic a l  

d e te rm in a tio n  c o e f f ic ie n t  fo r model (1 ) .

Drawing I P  tim es the r e a l iz a t io n s  of E we get the sample 

sp a ce :

A ( j ( , L^) , 1 » 1, • . . , * *■* i ^ ) *

- {(Y < °> ........... Y^S ) J : a - 1 .............. i p } .

The space ft c o n s t itu te s  the base fo r  the d e te rm in a tio n  of the 

sequence of e s tim a te s  { AB } » { bs }• ( r a }  •••• ***) of para­

meters a ,8 ,g  g en e ra tin g  th is  space,

A few types of sample spaces were in v e s t ig a te d , the source 

of v a r ia t io n  being«

1 ° the range of c o r r e la t io n  o f the v a r ia b le «  K and L ,

2 ° the va lu e s  of param eters a ,  6, g ,

3 ° the va lu e  of R2 ,

4 °  sample s iz e  (n ) ,

5 ° the q u a n t ity  I P .

In  the f i r s t  case the v a r ia t io n  of the sample space co n s is ted  

in  the cho ice  of two d i f f e r e n t  se ts  of v a lu e s  (K , L )^  and ( K , L ) 2, 

c o r r e la t io n  c o e f f ic ie n t s  between K and L being 0 ,03  and 0 .9 7 ,re ­

s p e c t iv e ly .  The eat (K ,  L )^  was chosen from random number ta ­

b le s ,  but the se t (K , L )g  corresponds (w ith  the acou racy  to the 

assumed s c a le )  to  the r e a l v a lu e s  of f ix e d  a sse ts  and employment 

in  the P o l is h  economy in  the y e a rs  1958-1977.

The se t of param eters was v a ry in g  in  r e la t io n  to g tak ing  g ■
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- - 0 .5 , -0 .2 , 0 .2 , 0 .5 , 1.0  fo r  ot - 2 .0 , S - 0 .4 , V - 1 .0 . 

Such a concept le  duo to the economic Im portance of tho p ara ­

meter £ as w e ll as to the worst e s tim a tes  of th is  param eter 

ob ta ined  using o th e r  methods. Fo r va luoe 0 .9 9 , 0 , ‘.'0, 0.95 

and 0.90 were assumed. In v e s t ig a t io n s  v<ere made fo r eanp lea oi 

20, 25 and 30 elem ents.

On the b as is  of soquoncos of e stim ates  { Aa }*  { bs } * { r s }^ s "

■ 1, . . . .  I P ) »  the p ro p e rt ie s  of param eter e s tim a te s  a re  e s tab ­

l is h e d  fo r e ve ry  type of sample space. Moan va lu oe  of the es­

tim ated  b ia e , v a r ia t io n  c o e f f ic ie n t ,  tho v a r ia n c e  about the 

mean and about the r e a l  va lu e  of param eter wero an a lysed .

4. E f f i c ie n c y  o f t he Two-Stage I t e r a t i v e  Method 

fo r  a D eterm in i s t i c  Mod e l

I n i t i a l l y  the p rocess of tha TSIM convergence май analysed  

fo r  the cose of d e te rm in is t ic  models, i . e .  when R ® 1 .0  (then 

У я Y T ). The a n a ly s is  was expected to g ive  answers to the f o l ­

low ing q u e s tio n s :

1. I s  the convergence p rocess dependent on tho cho ice  of

s ta r t in g  p o in ts ?

2. What 1з an averago number of i t e r a t io n s  and average time 

o f reach ing  the assumed re a l  p o in t ?

3. In  what way the I t e r a t i v e  p rocess is  in flu e n ce d  by tho 

range of c o r r e la t io n  of exogenous v a r ia b le s  К and L?

N um erical experim ents c a r r ie d  out on OORA 1304 computer using

#  CES 4 program proved the convergence of the i t e r a t i v e  process. 

The number of i t e r a t io n s  depends on the cho ice  of accu racy  (w ), 

as w e l l  as on the ch o ice  of s ta r t in g  p o in t ,  more p r e c is e ly  on 

r , and on tho range of c o r r e la t io n  of v a r ia b le s .  The r e s u lt s  

a llo w  us to put out s e v e ra l in te r e s t in g  con c lu s ion^ .

1 ° A l l  param eter e s tim a te s  a re  convergent to the assumed pa­

ram eter v a lu e s .  The o n ly  excep tio n  le  in  the case when s t a r t ­

ing Гф and r e a l g are  the numbers w ith  opposite  s ig ns  i . e .  fo r

 ̂ I t  I s  obvious th a t the sm a lle r  the va lu e  W the la r g e r  the 

number of I t e r a t io n s .



s ta r t in g  rQ e (- 1 , 0 ) and r e a l v a lu e  of param oter £ > 0 (and 

in v e r e e ly )  and in c rease  (o r  d ecreaae ) up to 0 or r ob ta ined  in  

su cce ss ive  i t e r a t io n s  is  observed . And, in  tu rn , w ith  r  tend­

ing to 0 the i t e r a t i v e  p rocess is  no longer convergen t. In  eve­

ry  i t e r a t io n  the va lu e s  of r  " t r a v e l “ about 0 which la  impaled by 

num erica l p ro p e rt ie s  of on exp ress ion  of the fo llo w in g  form4 «

A [b  K“ r ♦ (1 - b )L " r ]  r  .

In  th ltf case when TSIM i s  a p p lie d , the sign  of s ta r r in g  va lu e  r 

should bo changed. I f  the s itu a t io n  Is  s t i l l  the same a f t e r  the 

change of the s ign  then the h yp o th es is  should be accepted  th a t 

the r e la t io n  between the output and p rod uction  fa c to rs  i s  of 

the Cobb-Douglas typ e , i . e .  a fu n c tio n  w ith  the e l a s t i c i t y  of 

s u b s t itu t io n  o' ■ 1 . i t  fo llo w s  th a t expecting  the e l a s t i c i t y  

of s u b s t itu t io n  g re a te r  than [ l ]  we should assume p o s it iv e  s ta r t «

*n9 r Q ; expecting  tf < 1 we should choose n eg a tive  r  .
’* o

2 ° The convergence o f the I t e r a t i v e  p rocess does not depend 

on a cho i-e of s ta r t in g  v a lu e s  ( i f  o n ly  the co n d it io n  on the 

s ig n  of param eter r i s  s a t i s f i e d ) .  I t  was observed , th a t the 

number of i t e r a t io n s  is  sm a lle r  when s ta r t in g  va lu e  r i s  g rea ­

te r  than g fo r  £ > 0 , and sm a lle r  than £ fo r  £ < 0 .

. 3 ° The e s tim a te s  o f param eter S become s ta b le  much sooner 

than the e s tim a te s  o f param eter £ .  So th a t fo r  s ta r t in g  b e- 

qua l to  5 thg e stim a te  of r  I s  equa l to the r e a l  v a lu e  of pa­

ram eter q  in  the f i r s t  i t e r a t io n  IT  a lr e a d y .

4 °  The convergence in  the proposed method does riot depend on 

the range of c o r r e la t io n  of exogenous v a r ia b le s .  In  both cases 

(¿?KL * “ 0 .036 , £ k l  - 0 .9 6 6 ) the a p r io r i  assumed r e a l  va lu ee  

were o b ta in ed . But the range of c o r r e la t io n  in f lu e n c e s  s i g n i f i ­

c a n t ly  the number o f I t e r a t io n s .  I t  ie  obvious th a t the g re a t ­

e r the c o r r e la t io n  c o e f f i c i e n t ,  the g re a te r  the number o f lt e -  

ra t io n e .

On the b a s is  o f the re e u lts  ob ta ined  fo r  the d e te rm in is t ic  

model I t  should be s ta ted  th a t the two stage  i t e r a t i v e  method

Fo r r - 0 the fu n c tio n  (1 )  transform s In to  Cobb-Oouglas one.



prov id es  good r e s u lt s  and Is  e f f i c i e n t .  However, fo r  s to c h a s t ic  

modela the b ia s  and e f fe c t iv e n e s s  of param eter e stim ates  should 

be in v e s t ig a te d . The fo llo w in g  p a rt  of the paper I s  devotod to 

th is  problem.

•*

5. P ro p e r t ie s  of TSIM fo r  a S to c h a s t ic  Model

The sample epacee and Monte-Carlo experim ents wore ap p lied  

to e s ta b lis h  the p ro p e r t ie s  of TSIM ee tim a to s . P a r t ic u la r  a t ­

te n tio n  was paid  to b a s ic  c h a r a c t e r is t ic s  of tho obta ined  se­

quences of param eter e s t im a te s  { Ag }» {b 8 }« { r 8 }• E s p e c ia l ly  tho 

fo llo w in g  va lu e e  hove been an a lyeed t mean va lu e s  from the IP  

r e p e t it io n s ,  v a r ia n c e s  and standard  d e v ia t io n s  from the sample 

(c a lc u la te d  in  r e la t io n  to the mean), v a r ia t io n  c o e f f ic ie n t s  fo r  

the means, the v a lu e s  of b ia s  fo r  the means, v a r ia n ce s  and 

s tandard  d e v ia t io n s  c a lc u la te d  in  r e la t io n  to the param eters. 

The same c h a r a c t e r is t ic s  havo been determ ined fo r the sum of 

squares of r e s id u a ls  (Q ) ,  e s tim a tes  of d e te rm in a tio n  c o e f f i ­

c ie n t  R2 from the samples and the va lu e  F determ ined as a sum 

of squares of p a r t i a l  d e r iv a te s  of tho c r i t e r io n  fu n c tio n  $ .

Tha ob ta ined  r e s u l t s ,  being ra th e r  p re lim in a ry ,  are  b e tte r  

than expected in  v iew  of a sm all number of undertaken e x p e r i­

ments. The param eter e s tim a te s  were supposed to be b iased fo r  

two reaso n s : the b a s ic  sample covered 20-elem onte end was a 

sm a ll one, and, seco n d ly , in  a common w id e ly-accep ted  o p in io n , 

the i t e r a t i v e  methods are  b iased . In  the experim ents c a r r ie d  out 

for R2 - 0.990 the s t a t i s t i c a l l y  s ig n i f ic a n t  param eter b ia s  has 

not been observed os mean param eter e s tim a te s  d id  not d i f f e r  from 

the r e a l  v a lu e s  o f these param eters more than by one standard  de­

v ia t io n  fo r  the mean. The dependence of mean param eter e s tim a te s  

on the number of r e p e t it io n s  I P  i s  p resented  in  F ig s  1-3.

The mean va lu e  of the sum of r e s id u a l squares Q and the 

mean R2 showed a v e ry  s im i la r  b ehav io u r. The c h a r a c t e r is t ic  ob­

ta in ed  in  I P  r e p e t it io n s  were id e n t ic a l  fo r  d i f f e r e n t  s ta r t in g  

v a lu e s .  The exp erim en ta l r e s u lt s  fo r  R2 ■ 0 .9 9 , a  ■ 2.0, S ■

- 0 .4 ,  £> » 0 .2  ob ta ined  in  su cce ss ive  r e p e t it io n s  I P  ■ 50, ICO, 

200 are  shown in  Tab le  1. I t  i s  w orthw h ile  to note th a t the
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Fig . 2. Heon value of the parameters S estim ates ca lcu lated  a fte r IP r e p e t it io n s



F ig . 3. Mean value of the parameters £ estimates ca lcu la ted  a fter IP r e p e t it io n s



T a b l e  1

Mean sample poramnter e stim ates  
and t h e ir  c h a r a c t e r is t ic s  fo r  R2 * 0 .990, n * 20

C h a r a c te r is t ic s The numbor of r e p e t it io n s  ( I P )

fo r
of

a soquence 
e stim a tes 50 100 200-

1 2 3 4 5

a. 1.99092 2.00060 1.99977

s 2( a  ) 0.00082 0.00092 0.00076

s ( a ) 0.02858 0.03029 0.02767

K )
s ( a )/ a ' 0.01429 0.01513 0.01383

A - a 0.00108 -0.00060 0.00023

s 2( a ) 0.00082 0.00002 0.00077

S (A ) 0.02060 0.03029 0.02767

h r .
0.40330 0.40144 0.40102

S 2(b ) 0.00024 0.00027 0.00028

S (b ) 0.01549 0.01645 0.01665
t

K ) s(b)/b 0.03040 0.04097 0.04143

b - « -0.00330 -0.00142 -0.00102

S 2(b ) 0.00025 0.00027 0.00028

s(b) 0.01584 0.01651 0.01674

r I P
0.18041 0.20424 0.19790

s2(r) 0.00654 0.00855 0.00749

S ( r ) 0.08090 0.09244 0.08656

{ % }
s(r)/r 0.44843 0.45262 0.43738

F  - e
0.01959 -0.00424 0.00210
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Tobie 1 (co n td .)

1 2 3 4 5

32 ( r ) O.OOG93 0.00856 0.00750

G (r ) 0.00 324 0.09254 0.08658

R * , 0.99150 0.99175 0.99172

s 2 ( r 2) 4 .7  • 10"6 5 .7  • 10 "6 6 .7  • 10"6

s ( r 2) 0.00217 0.00230 0.00259

{ « . }
s ( r 2 )/ r 0.00219 0.00240 0,00261

R2 - R2 O 0.00150 0.00175 0.00172

s2 Cr 2)

Ro

6.9 • 10 "6 8 .7  • 10"6 9 .6  • 10 "6

S (R 2 ) 

Ro

0.00264 0.00296 0.00311

« I P
361.67 352.22 351.41

s 2( q ) 9047.37 10 803.84 11 993.04

s ( q ) 95.12 103.94 109.51

W
S (Q )/Q Ip 0,26 0.29 0.31

QjP - Q -2.19 , -11.64 -12.46

s q «Q) 9052.17 10 939.33 12 148.20

Sq CQ> 95.14 104.59 110.22

F1P
1.58 • 10‘ 9 1.87 • 10"9 1.82 • 10**9

s 2( f ) 5.21 • Ю " 1? 5.36 • 10"18 5.82 • 10"18

S tP ) 2.28 • 10 "9 2.31 • 10"9 2.41 . 10 "9

S (F )/ F Ip 1.44 1.23 1.32

F I P '  0
1.58 • 10“ 9 1.87 • 10~9 1.82 • 10"9



Tab le  1 (co n td .)

1 2 3 4 5

S JC F )

So (F )

7 .73 • 10"9 

2.78 • 10~9

8.88 • 10 "18 

2.98 • 1 0 '9

9 .13 • 10“ 18 

3.02 • 10"9

number of I t e r a t io n s  In  su cce ss ive  sampling# woe Id e n t ic a l  to 

th a t  in  the d e te rm in is t ic  севе (7  t i l l  1 0 ). In  the p rocese  of 

sam pling the re  were generated  euch two samples (where the gene­

r a to r  s ta r te d  from 0.41053835 and 0.65214471) th a t the number 

of I t e r a t io n s  was stopped w ith  IT  ■ 30 and the r e s u l t s ,  espe­

c i a l l y  fo r  r ,  s e r io u s ly  d if fe r e d  from the r e a l  ones. The va ­

lu es  of Q and the In d ic a to r  F were la rg e  fo r  the two coses . 

The two samples were not takon in to  account in  e s ta b lis h in g  the 

moan e stim a te s  ond t h e ir  c h a r a c t e r is t ic s .

C onclus ions concern ing  the c h a r a c t e r is t ic s  of parom oter e s t i ­

mates ob ta ined  on the beo is  of num erica l experim ente a lw ays de­

pend on the зеоро of the experim ents, i . e .  on the number of re ­

p e t i t io n s  fo r  о b a s ic  somple. I t  i s  о p r io r i  assumed that the 

number I P  should be l n d l f l n l t e l y  la rg e .  P r a c t i c a l l y  tho f u i f  l i ­

mant of t h is  co n d it io n  i s  alm ost im poss ib le  because of time- and 

labour-consum ptlon. T h e re fo re , a l im it a t io n  on the number of

r e p e t it io n s  is  n ecessa ry .

In te re s t in g  r e s u lt s  fo llo w  from the a n a ly s is  of e m p ir ic a l d i­

s t r ib u t io n s  of param eter e s tim a te s  ( f o r  I P  * 200). The h lghoct 

s t a b i l i t y  showed the es tim a te  of param eter oi : tho v a r ia t io n  

c o e f f ic ie n t  fo r  i t  was equal to 1.58Й ( i t  was measured as a sha­

re of a s tandard  d o v ia t lo n  In  the mean). The low est s t a b i l i t y  

was re ve a le d  by the estim ate  of param eter £> ; the v a r ia t io n  co­

e f f i c i e n t  - v e ry  h igh  - was equal to c ir c a  45.1%. The v a ­

r ia t io n  c o e f f ic ie n t  fo r  the es tim a te  of param eter 5 was equa l 

to 4.08%. The e m p ir ic a l d is t r ib u t io n s  of the e s tim a te s  of p a ra ­

m eters a ,  5, g are  shown In  F ig s  4-6. These d is t r ib u t io n s  show 

le ft- h a n d  eldo asymmetry fo r  A and r ig h t  hand s id e  ssymmotry fo r  

b and r .
The above p resented  r e e u lts  c o n s t itu te  o n ly  a p a rt  o f those 

which we ob ta in ed . These which e re  not p resen ted  h e re , have v e ry  

s im i la r  p ro p e r t ie s .  The proposed two-«ta  I t e r a t i v e  method
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F ig .  4. Diagram of e m p ir ic a l d is t r ib u t io n «  o f e s tim a te  A 
fo r  I P  - 200 (R 2 - 0 .990 , n - 20 )

F ig .  5. Diagram of e m p ir ic a l d is t r ib u t io n  of e s tim a te  b
fo r  I P  - 200 ( R 2 - 0 .990 , n - 20 )

can be th e re fo re  ap p lied  to e s tim a te  the param eters of CES 

p rod uc tio n  fu n c t io n , assuming th a t a l l  c o n d it io n s  fo r  the ran­

dom term a re  f u l f i l l e d .  The a n a ly s is  o f p ro p e r t ie s  o f th is  

method in  tho case o f weaker assum ptions I s  c a r r ie d  out a t the 

In s t i t u t e  of Econom etrics  and S t a t i s t i c s ,  U n iv e r s i t y  o f *.6d£.

The paper is  based on the in v e s t ig a t io n s  c a r r ie d  out under

tho c o n tra c t  R . I I I . 9 .5 .
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F ig .  6. Diagram of e m p ir ic a l d is t r ib u t io n  of e stim ate  r
fo r  I P  - 200 ( R 2 - 0 .990, n - 20)
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Czooîo'./a Ja c k ie w ic z ,  H a lin o  K lep acz , E lż b ie ta  Żółtowska

DVAJ3T0PNI0V/A ESTYMACYJNA METOOA ESTYMACJI 
FUNKCJI PRODUKCJI TYPU CES

.V a r ty k u le  p rzedstaw iono p ropozycję  metody e s ty m a c ji fu n k c j i 
p ro d u k c ji CES z addytyw n lc wprowadzonym sk ładn ik iem  losowym. Me­
toda to je s t  op arta  na k la s y cz n e j metodzie najm n ie jszych  kwadra­
tów. Otrzymany uk ład  n ie lin io w y c h  równań normalnych rozw lęzu je  
s i t  « sposób l t e r a c y jn y  dwustopniowo. IV a r ty k u le  przedstaw iono 
równie?, w yn ik i eksperymentu Monte-Carlo uzyskano tę metodę.


