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1. A GENERALIZED MULTIVARIATE ANALYSIS 

OF VARIANCE MODEL (OMANOVA )I

F i r s t  we d e s c r i b e  in  t h i s  s e c t i o n  a g e n e r a l i z a t i o n  o t  t h e  

s t a n d a r d  M/NOVA ( m u l t i v a r i a t e  a n a l y s i s  o f  v a r i a n c e *  m odel vucjoo- 

s t e d  i n  P o t t  h o f f  and R o y  [ 1 0 ] .  T h is  m o d e l  i s  a l s o  

known as t h e  growth c u r v e s  m o d e l ,  a l t h o u g h  i t  j s  a v e r y  g e n e -

r a l  modal a p p l y i n g  t o  a v a r i e t y  o f  m u l t i v a r i a t e  s i t u a t i o n s .  Pqtt-  

h o f f  and ttoy 's  m o d i f i c a t i o n  t o  t h e  rlANOVA m o d e l  а s  th e  a d d i t i o n  

o f  a w i t h i n - s u b j e c t  d e s i g n  m a tr ix  T d e s c r i b i n g  t h e  s t r u c t u r e  o f  

an i n d i v i d u a l  c u r v e .  The model becom es

E>( Y) = X В T' ( 1 . 1 )
n x q n x m m x p p x q

where ea c h  row o f  V h as  a m u l t i v a r i a t e  norm al d i s t r i b u t i o n  w i t h  

:.iôan v e c t o r  ц . and .'arí a n c e - c o v a r i a n c e  m a t r ix  £ ,  a'.J X and T 

a r e  known n rn and q x p m a t r i c e s  o f  ran'- r.t and p ,  m < n 

and p 4 q .  В a s  an unknown m x p p a ra m eter  a t r i x .  D en ote  as  

у t h e  rows o f  Y, s o  t h a t  Y ' -  У ' • У 2 ) '  • * • '  V n • ’

Tlie m a tr ix  X in  th e  m o d e l  Í 1 .1  ) i s  t.he u s u a l  dt Mi.cn « ' a t r i x ,  

c o n s i s t i n g  o f  i n d i c a t o r  v a r i a b l e s  s p e c i f y i n g  t r e a t m e n t  c r o u p  a n d  

p o s s i b l e  c o v a r i a t e s .  For e x a m p le ,  i n  t l io  m - q r o u n  c a s e  w it h  r .Ą 

s u b j e c t s  p er  group { 1-way a n a l y s i s  o f  v a r i a n c e )

*
L e c tu re r  a t  the  U n iv e r s i ty  o f  Tampere and the  I'e.ademy o f  F in l a n d ,  Tam-

pere  F in land .

;Г>Г ,



X'
m x n

0 ' 

O'

where 1 d e n o t e s  an n . x 1 v e c t o r  o f  u n i t i e s  i n  t h e  d e s i g n
i

m a t r i x .  Very o f t e n  in  grow th  c u r v e  a p p l i c a t i o n s  T i s  a m a t r ix  

whose rows are  p ow ers  o f  t h e  t im e  t^ s t ^  ж t 3

T-
q x p

1
•1 t ? - 1

hP“1

1 t  t 2 t ? " 1 
q q • q

For t h e  j t h  s u b j e c t  we c o u ld  h ave t h e  u n i v a r i a t e  l i n e a r  model

y ^ j j  * T ß + * ( j ) '  j e 1 # 2 # . . . f n f (1  • 2 )

where var ( e ^ ^ )  * £ fo r  e v ery  j and 3' ” ( 3 Q» 3  ̂ > • • • > ßp_i )■

The grow th  c u r v e  a s s o c i a t e d  w i t h  t h e  j t h  i n d i v i d u a l  i s  o f  t h e

form

E ( y )  = 3Q + e , t  + ß2t 2 + . . .  + 0p _ ! t p~ 1 , 

and t h e  g e n e r a l i z e d  l e a s t  s q u a r e s  e s t i m a t o r  o f  6 i s

3 = (T , r " 1T )"1T’ E- 1y ( j r

We su p p o s e  t h a t  3 “ C®io* ®i1 ' p - O '  when t h e  s u b j e c t

f a l l s  in  t h e  i t h  gro u p .  In  t h i s  1-way MANOVA s i t u a t i o n  t h e  p a r a -

m eter  m a tr ix



ß 10 ß 11 • • •  ßi , p -1 " & ' ( i ) "

» 02O ß21 . . .  02 ,p - 1
33

ß ' ( 2 )

* • •

•

ßm0 ßm1 ßm ,p-1

-----------------------------------------------------------
1

в

• 
ca!

i

We r e w r i t e  t h e  grow th  c u r v e s  m odel ( 1 . 1 )  by p u t t i n g  i t  i n t o  

t h e  v e c t o r  form . L et  us d e f i n e  the_ m a tr ix  o p e r a t i o n  v e c ,  w hich  

r e a r r a n g e s  t h e  co lum ns o f  a m a t r ix  u n d e r n e a th  e a c h  o t h e r .  T h u s ,  

f o r  e x a m p le ,  vecY* ■ y ' ( i ) /  y ' ( 2 ) '  * * * '  ^ ' ( n ) '  an nq x 1

v e c t o r  and vecB ' = Cg 1 ( 1 ) ,  § ' ( 2 ) '  • • • '  &' ( m) ^'  i s  a Pm x 1 v e c -

t o r ,  where У(^)  I *-*1 row ^ ant  ̂ £ ( j )  row  

o f  B. S i n c e  we want t o  p u t  th e  rows o f  Y u n d e r n e a th  e a c h  o t h e r ,  

we w r i t e  f i r s t  E( Y' )  * TB'X' and n o t e  t h a t  vec (T B 'X ')  -  (X*T)  

v e c B ' , where XeT i s  t h e  K roneck er  p r o d u c t  o f  X and T. T h er e -

f o r e  we h ave t h e  g e n e r a l i z e d  l i n e a r  m odel d e f i n e d  by t h e  f o l -

lo w in g  e q u a t i o n s

E (vecY ')  = (X eT )vecB ' ( 1 . 3 )

and

c o v (v e c Y ')  = Ie E ,

w here E = co v  у ц ^  f o r  e v e r y  i  = 1 ,  2 ,  . . . ,  n.  L e t  us s u p p o s e ,  

f i r s t ,  t h a t  2 w ere known. Then t h e  BLUE ( b e s t  l i n e a r  u n b ia se d  

e s t i m a t e )  f o r  v ecB ' i s

1 —1 —1 
vecB* = Г(ХвТ)' ( l® E) “ (X e T )]"  ( X e T ) ' ( l a i ; )  vecY'

= [ ( Х, х ) " 1л ' * ( Т ' Е ~ 1Т 'Г 1Т ' е " 1 ] vecY' ( 1 . 4 )

w h ich  i s  e q u i v a l e n t  t o

в  = ( x ' x ^ x 1 y í T ’ t í t ' e ' V ) - 1



The c o v a r ia n c e  m a t r ix  o f  t h e  e l e m e n t s  o f  В i s  g iv e n  as

C o v (v e cB )  -  ( X ' X ) “ 1*(T'E-1 T ) " 1 ( 1 . 6 )

L e t  us c o n s i d e r  t h e  e s t i m a t i o n  o f  e s t i m a b l e  l i n e a r  f u n c t i o n s  

o f  t h e  form CBD, where С and D a r e  known m a t r i c e s  o f  o r d e r  

g x m and p x v r e s p e c t i v e l y .  T h is  can  be w r i t t e n  jn  v e c t o r  

form as v e c ( D ' B 'C ' )  = ( C ® D ')v e c B ' .  The BLUE f o r  t h e  e s t i m a b l e  

f u n c t i o n  (C eD )vecB ' i s

( C*D1) [(  X' X )""1 x 1 и('Г1 £ " 1Т ) ” 1Т ' г Г 1] vecY ' 1 .7  )

w hich  means t h a t

CBD -  C (X'X ) " 1 X 'Y l f  1T ( T ' £ - 1T )- 1 D ( 1 . 8 )

i s  t h e  BLUE o f  CBD. The c o v a r i a n c e  m a tr ix  o f  ( C e D ')v e c B '  i s  d i -

r e c t l y  computed t o  be

( c * d ’ ) [ ( х ' х Г ’ в ( т ч Г ’т Г 1 J ( X' *D)

= C( X' X) - 1C 'e D ’ ( T ’E“ 1T ) _ 1D ( 1 . 9 )

In  p r a c t i c e  E 1з u s u a l l y  unknown and lih eu id  be e s t i m a t e d .  

L et  us t e p a r a m e t r i z e  t h e  m odel ( 1 . 1  ) f o r  a w h i l e  s o  t h a t  Г * 

= ВТ1. Then we h ave an o r d in a r y  m u l t i v a r i a t e  l i n e a r  modol B<y ) = 

= ХГ, whore Г' i s  r e s t r i c t e d  t o  t h e  з р а с е  spanned by t h e  c o -

lumns o f  T. The g e n e r a l  t h e o r y  o f  m u l t i v a r i a t e  l i n e a r  irode ls  

shows ( s e e  e . g .  A r n o l d  Г2 ] ,  p .  3 50 )  t h a t

£ = ( У - Х Г ) Ч ¥ - Х Г )  ( 1 . Ю )

i s  an u n b ia s e d  e s t i m a t e  o f  E and i s  in d e p e n d e n t  o f  Г “  ( X' X)  X'Y.

In  f a c t  E f o l l o w s  t h e  W ish a r t  d i s t r i b u t i o n  Wq ( n “ m> ” "m’ )

w i t h  n -  rn d e g r e e s  o f  f re ed o m . I f  we r e p l a c e  E by E in  ( 1 . 5 )  

and ( 1. 8 ) ,  we o b t a i n  an e m p i r i c a l  e s t i m a t e  t o r  B:

В = ( X ' X ) " 1 Х'УЕТ(Т'ЙТ) " 1 ( 1 . 1 1 a )

ana f o r  CBDj

CbD = C (X 'X ) -1 X 'x £ ~ 1T ( T ' £ - l  T ) _ 1 D ( 1 . 1 1 b )



In a s i m i l a r  way We o b t a i n  e m p i r i c a l  e s t i m a t e s  f o r  t h e  с о -л
v a r i a n c e  m a t r i c e s  o f  t h e s e  e s t i m a t o r s  by r e p l a c i n g  E by £ in  

t h e  e x p r e s s i o n s  ( 1 . 6 )  and ( 1 . 9 ) .  K h a t r i  [ 6] showed t h a t  В 

i s  th e  m a x im u m -1 ik e l ih o o d  (ML) e s t i m a t e  o f  B w i t h  t h e  p r o p e r t y  

t h a t

| f y  -  XBT' ) ' ( Y -  XBT1) I i s  minimum a t  B -  B 1 . 1 2

H owever,  В i s  no l o n g e r  BLUE. N ote  t h a t  E i s  n o t  t h e  ML 

e s t i m a t e  o f  Ľ ; th e  ML e s t i m a t e  under t h e  n o r m a l i t y  a ssu m p t io n

( K h a t r i  [6]) i s

Č T = -S  + — ( f  -  ВТ1) ' X' X ( f -  ВТ')
ML n n

whore S » V' Cl -  X(X’ X ) " 1X' ] Y and f  -  ( X 'X ) " 1X'Y.  G e n e r a l l y  

CBD i s  an u n b ia s e d  e s t i m a t o r  o f  CBD f o r  a l l  sy m m e tr ic  d i s t r i b u -

t i o n s  o f  Y. A lth o u g h  В 1з n o t  BLUE, Г i s  a c o n s i s t e n t  e s t i m a -

t o r  o f  E and i f  n i s  l a r g e ,  E w ould  be n ea r  f , and В w ould

Le n e a r  t h e  BLUE. ,

■ *

2. INFLUENCE OK A PART OF DATA

We a r e  i n t e r e s t e d  in  t n e  e f f e c t  o f  d e l e t i n g  a p a r t  o f  m easu-

rem en ts  from d a t a .  L e t  В be t h e  e s t i m a t e  o f  В b a se d  on f u l l  

d a t a  arid l e t  B/v be an a l t e r n a t i v e  e s t i m a t o r  b a s e d  on a s u b s e t  

o f  d a t a .  The s u b s e t  o f  d a ta  can be o b t a in e d  by d e l e t i n g  o b s e r -

v a t i o n s  ( some rows o f  Y ) ,  by d e l e t i n g  m easu rem ents  a t  a g iv e n  

t i i c i e - p o i n t  ( c e r t a i n  co lum ns o f  t h e  o b s e r v a t i o n  m a t r ix  Y and 

c o r r e s p o n d in g  rows o f  T) o r  by d e l e t i n g  any o t h e r  s u b s e t  o f  

m easu rem ents  from t h e  d a t a .  In  t h i s  a p p l i c a t i o n  t h e  i n f l u e n c e  o f  

d e l e t i n g  m easu rem ents  a t  g iv e n  t i m e - p o i n t s  i s  o f  p rim ary i n t e r -

e s t ,  b ut  we w i l l  c o n s i d e r  t h e  p rob lem  o f  a s s e s s i n g  t h e  i n f l u e n c e  

more g e n e r a l l y .

L e t  I be an s v e c t o r  o f  i n d i c e s  t h a t  s p e c i f y  t h e  in c o m p l e t e  

o b s e r v a t i o n s .  Y( j )  d e n o t e  t h e  o b s e r v a t i o n s ,  where no m ea su re -

m en ts  a r e  d e l e t e d .  Y ^  can a l s o  be em pty . L e t  Y ̂  d e n o t e  t h a t  

s e t  o f  o b s e r v a t i o n s  from w h ich  some m easu rem ents  a re  d e l e t e d .  

F u r t h e r ,  we p a r t i t i o n  Yj su ch  t h a t  YrJ c o n t a i n s  t h e  d e l e t e d  

m easu rem ents  and ^I ( J ) t : ie  r e s t  o f  t h e  d a t a  c o n t a i n e d  in  Y. For



e x a m p le ,  d a t a  on b u l l s  born in  1966  c o n t a i n  208 b u l l s  m easured  

a t  12 t i m e - p o i n t s . I f  we d e l e t e  f o r  10 b u l l s  m easu rem ents  a t  t h e

I ( J )
a g e s  o f  90 and 120 d a y s ,  Y ^  w i l l  be a 1.0 x 2 m a t r ix  and Y 

a 10 x 10 m a t r ix .  The grow th  c u r v e  model ( 1 . 1  ) can be e x p r e s s e d  

a s  a s e t  o f  m od e ls  a s  f o l l o w s

E( Y( n ) = X( I ) BT'

KÍY 1 ( J } = X ^ T 'K ( 2 . 1  )

and

Е(У1 а ) = Xj.BT' К,

f
where i s  t h e  n  ̂ x m known a c r o s s - i n d i v i d u a l s  d e s i g n  ma-

t r i x  f o r  c o m p le te  o b s e r v a t i o n s  and Xj. i s  t h e  П2 x m d e s i g n  ma-

t r i x  f o r  in c o m p l e t e  o b s e r v a t i o n s .  The m a t r i c e s  В and T a r e  

t h e  same a s  i n  model ( 1 . 1 )  К i s  a q x q 1 i n c i d e n c e  m a tr ix  o f  

z e r o e s  and o n e s  w hich  i n d i c a t e  t h e  t im e s  w i t h  m easu rem ents  f o r  

c a s e s  in d e x e d  by I .  C o r r e s p o n d in g ly  К i s  a q x ( q - q ^ )  i n c i -

d e n c e  m a t r ix  i n d i c a t i n g  t h e  t im e s  w i t h  m i s s i n g  m easu rem ents .  When 

m easu rem ents  a t  t h e  a g e s  o f  90 and 120 d a y s  a r e  d e l e t e d ,  К i s  a s  

f o l l o w s

57 _ / 0 0 1 0 0 0 0 0 0 0 0 0 0 ч 
' 0 0 0 1 0 0 0 0 0 0 0 0 0  ' '

and К i s  a 1 3 x 1 1  m a t r ix  o f  z e r o e s  and on es  

+ KK’ = I 13x 13 - D e n o t in g  v e c Y ,(I> ■= y 1

v e x y 11j  = y 3 we may w r i t e  t h e  model a s  f o l l o w s

N o te  t h a t  KK' +

vecYÍ ( j )  = ľ 2 and

X ( D ®  T \

vecB ' + v e c E 1

K’T

(2 . 2 )

and K'SK
( J ) '  “  * * ....... ............  “(j)

w here " ( j ) "  d e n o t e s  t h e  i n d e c e s  o f  c a s e s  d e l e t e d  from  t h e  d a t a .

I f  y 3 i s  d e l e t e d  from d a t a ,  one o b t a i n s



v e c B ' d ^  -  [ Х ' ( 1 ) Х( 1 )ИТ - Е - 1Т +

+ x ’ x I «T^J ) i:( ] ) T( j ) r 1 Cfx( I ^eE T V Xl  +

+ ( V S ( ] ) T ( з ) \ Ъ 2 v ( 2 , 3 )

S u b s t i t u t i n g  S i n t o  ( 2 . 3 )  in  p l a c e  o f  E y i e l d s  t h e  e s t i m a t e

В, 4 f o r  B, when YTT i s  d e l e t e d  from t h e  d a t a .  The e m p i r i c a l  
К I J ) U

i n f l u e n c e  f u n c t i o n  i s  now

I F ( I J  ) = В -  ( 2 . 4  )

When E = I , we can  d e r i v e  c o n v e n ie n t  m a tr ix  fo r m u la s  f o r  

th e  d i f f e r e n c e  В -  However, i n  t h i s  c o n n e c t i o n  we do n o t

c o n s i d e r  t h i s  an in p o r t a n t  s p e c i a l  c a s e .

2 . 1 .  M easu rin g  I n f l u e n c e  a t  t h e  D e s ig n  S ta g e

In  o r d e r  t o  o b t a i n  a treasure o f  in f o r m a t io n  we compare t r a -

c e s  o f  c o v a r ia n c e  m a t r i c e s .  A lth ou gh  m easurem ents in d e x e d  by I J  

a r e  u n a v a i l a b l e ,  t h e  p r o p o r t io n  o f  change in  t h e  t r a c e  o f  c o v a -

r i a n c e  m a tr ix  o f  t h e  e s t i m a t o r  o f  ( C e D ')v e c B '  can  be d e f i n e d  as

t rV( CB[ - D -  trV(CBD)

Ч и ) 1“ 0 ' ------------ trV ŕcsĎ )----------------  ( 2 - 51

N ote  t h a t  CBD = ( g ' ^ B d j ) ,  w here С = ( C ( i ) /  £ ( 2 ) '  • ’ *'

£ ( g ) )  and D = ( d 1, d 2 , . . . ,  dy ).  However, we ad op t  a s l i g h t l y

d i f f e r e n t  ap p r o a ch ,  w hich  i s  more f l e x i b l e  and more s i m p l e .  We 

c a l c u l a t e  in f o r m a t io n  on e v e r y  c '^ ^ B d ^  a c c o r d in g  t o  t h e  formu-

l a  ( 2 . 5 ) ,  and d e n o t e  i t  as

CiJ ) - ( j j M j ) ----------------- Cs( 1 ) *á

As in f o r m a t io n  m easure f o r  CBD c o u ld  be d e f i n e d  as a w e i g h t -

ed  sum o f  t h e  in f o r m a t io n  m easu res  ( 2 . 6 ) .  I f  a l l  e l e m e n t s  o f  CBD



a r e  o f  e q u a l  i n t e r e s t ,  th e n  t h e  a r i t h m e t i c  mean o f  

Would be a p p r o p r i a t e :

i ( i j ) <c b d ) -  ^ i ( i j ) ( c , ( i ) Bd ( j ) ) / ( 9 v )
( 2 . 7 )

T h e r e f o r e  w i t h  r e s p e c t  t o  t h e  p a r a m e te r  m a t r ix  B ,  t h e  i n f o r -

m ation  c o n t a in e d  i n  t h e  m easurem ents in d e x e d  by I J  i s  s im p ly  

th e  a v e r a g e  o f  i n f o r m a t io n  f i g u r e s  o f  t h e  e l e m e n t s  o f  B. We s u g -

g e s t  c a l c u l a t i n g  t h e  I n fo r m a t io n  m a tr ix

iM( I j ) (fl) > { i ( l J ) Ce1:J»  <2-8>

w h ich  p r o v e s  a u s e f u l  s t a t i s t i c .  L ook in g  a t  t h i s  m a t r i x  we can  

s e e  t h e  i n f o r m a t io n  c o n t a i n e d  In  t h e  o b s e r v a t i o n s  in d e x e d  by IJ  

w it h  r e s p e c t  t o  e v e r y  e l e m e n t  o f  B. We can  e a s i l y  s e t  t h a t

i ( i j ) ( S U ) b4 j ) •  <2-9)

G h o s h  [ 5] s u g g e s t e d  a k in d  o f  m easure s i m i l a r  t o  t h a t  

i n  ( 2 . 6 ) i n  t h e  c o n t e x t  o f  o r d in a r y  l i n e a r  m o d e ls .

I

2 . 2 .  I n f l u e n c e  a t  t h e  I n f e r e n c e  S ta g e

Perh ap s t h e  m ost p o p u la r  i n f l u e n c e  m easu re  a t  t h e  i n f e r e n c e  

s t a g e  in  t h e  c o n t e x t  o f  r e g r e s s i o n  m od e ls  i s  t h e  d i s t a n c e  m easu-

re  p r o p o se d  by C o o k  [ 4 ] .  No s i m i l a r  m easu re  can  be u se d  

s t r a i g h t f o r w a r d l y  i n  a grow th  c u r v e s  m od e l .  In  o r d e r  t o  d e r i v e  a 

m easure f o r  i n f l u e n c e  s u i t a b l e  i n  m u l t i v a r i a t e  s i t u a t i o n s ,  we 

c o n s i d e r  f i r s t  t e s t i n g  t h e  h y p o t h e s i s

H : CBD ж M ( 2 . 1 0 )
о

in  t h e  model

E ( v e c Y ' )  = ( x « T ) v e c a '  . * ( 2 . 1 1 )

The h y p o t h e s i s  ( 2 . 1 0 )  can be e x p r e s s e d  e q u i v a l e n t l y  by

( c e D ' ) v e c B '  = vecM' ( -2 . 12)



In  o r d e r  t o  s i m p l i f y  n o t a t i o n  we c h o o s e  M = 0 in  t h e  s e q u e l .

I f  n e c e s s a r y  (C eD M vecB ' c o u ld  e a s i l y  be r e p l a c e d  by (OeD')vecB1

-  vecM' in  t h e  f o l l o w i n g  f o r m u la s .  I f  E w ere known, we c o u ld  
2

uso  the  o r d in a r y  x s t a t i s t i c  known from t h e  t h e o r y  o f  l i n e a r  

m o d e ls .  I f  we d e n o te  CeD' » K ' ,  we have

x2 - ( K 'v e c B ’) ' IK' (ХшТ)1 (1иЕ)_1(ХшТ)” 1К}“  (K 'v e cB ')  =

-  ( K ' v e c i ) 1 ([c(X 'X )"1C,] r 1 a[D, T’s ‘ 1T 'r 1D]] (K’vecB) -

-  t r  {Su rD’ С Т Ч ' Ч ) " ^ ] “ 1 ( 2 . 1 3 )
П

where

S,, » (CBD)' Г.С(Х'Х)” 1С'] " 1 (C3D) (2.1 4 ->

I t  i s  w e l l -k n o w n  t h a t  under lln : CBD = 0 th e  s t a t i s t i c  ( 2 . 13)
2

f o l l o w s  t h e  c e n t r a l  * d i s t r i b u t i o n  w i t h  u and n -  mp d e -

g r e e s  o f  fre ed o m , where s  = gv ' I s  t h e  number o f  tows in  (.’»D* 

b e in g  f u l l  row ran k .  In c e r t a i n  c a s e s  E m igh t  V-e known from o t h -

e r  e x p e r i m e n t s ,  and t h i s  " e s t im a te "  c o u ld  be u sed  in  n i a c e  of>

E. P erh ap s i n  some a p p p l i c a t i o n s  t h e r e  a r e  good r e a s o n s  f o r  th e  
2

u se  o f  a I i n  p l a c e  o f  Ł. U s u a l l y ,  h o w e v er ,  E i s  unknown.

Now we c o n s i d e r  t e s t i n g  th e  h y p o t h e s i s  ( 2 . 1 2 ) ,  when Ł i s  

unknown. As n o te d  in  t h e  p r e c e e d i n g  s e c t i o n .  E d e f i n e d  in  ( 1 . Ю)  

i s  an u n b ia s e d  e s t i m a t o r  o f  E i n  t h e  r e s t r i c t e d  l i n e a r  m odel

K(Y) = XI’ 2 . 1 5

wnere Г = ВТ’ . O t h e r w is e  t h e  a s s u m p t io n s  a r e  t h e  same a s  i. i 

th e  m odel ( 1 . 1 ) .  I t  i s  known ( e . g .  M u i r h e a d  [ 9 ] ,  o .  

4 J 0 ) t h a t  t h e  maximum l i k e l i h o o d  e s t i m a t e s  o f  Г and E in  th e  

model a r e  f » ( X ' X ) _ 1X’Y and ( 1 / n ) S  = ( 1 / n ) Y ' [ l - X ( X ’X ) ~ 1X']  Y.  

Moreover С Г , S )  i s  s u f f i c i e n t  f o r  ( Г ,  E ) .  The maximum l i k e l i -

hood e s t i m a t e s  Г and S a r e  in d e p e n d e n t l y  d i s t r i b u t e d  and

S ~ W (n-ra, E ) .  S i n c e  ( 1 / n ) S  i s  t h e  MI. e s t i m a t e  o f  E in  th e
4

m odel ( 2 . 1 5 ) ,  ( 1 / n ) S  i s  a c o n s i s t e n t '  e s t i m a t o r  o f  E ,  or  in  

o t h e r  words ( 1 / n ) S  c o n v e r g e s  i n  p r o b a b i l i t y  t o  £ as  n i n -

c r e a s e s  w i t h o u t  l i m i t .  We w r i t e  ( 1 / n ) S P -* E a s  n -» <o. T h is  

r e s u l t  can a l s o  be p ro v ed  u s i n g  t h e  weak law  o f  l a r g e  members



( A r n o l d  [ 2 ] ,  p .  365") and t h e  f a c t  t h a t  S<-W^ ( n  -  m, С ) .

N a t u r a l l y  t h e  u n b ia s e d  e s t i m a t o r  E i s  a l s o  c o n s i s t e n t .

I f  we s u b s t i t u t e  E „ T f o r  E in  t h e  e x p r e s s i o n  o f  t h e  s t a -  
ML

t i s t i c  ( 2 . 1 3 ) ,  we no l o n g e r  know t h e  d i s t r i b u t i o n  o f  t h e  r e s u l t -

i n g  s t a t i s t i c .  H owever,  t h e  a s y m p t o t i c  d i s t r i b u t i o n  o f  t h i s  s t a -

t i s t i c  can  be o b t a i n e d .

A f t e r  t h i s  s u b s t i t u t i o n  we have

( K* v e c S)  ' {K' [ ( X eT )' ( I* É ML) ” 1(ХшТ)]“ ’к ) “ 1(K 'v e c S ' )  ( 2 . 1 6 )

w h ich  i s  t h e  Wald S t a t i s t i c  f o r  t e s t i n g  HQ : K 'v e c S '  = 0 ( s e e

e . g .  S 1 1 v e у [15]  , p .  1 1 6 ) .  W a l d  [17] showed t h a t  

under t h e  n u l l  h y p o t h e s i s  ( 2 . 1 6 )  i s  a s y m p t o t i c a l l y  d i s t r i b u t e d

a s  x 2( s ) ,  where s  i s  t h e  number o f  rows i n  X ' .  We n o t e d  a -

bove t h a t  ( 1 / n ) S  i s  a c o n s i s t e n t  e s t i m a t o r  o f  E (and a l s o  £ =

= [ 1 / ( n -  m)] S ) .  S i n c e  E №  i s  a c o n s i s t e n t  e s t i m a t o r  o f  E ,

t h e  e s t i m a t o r s  E and E a r e  a s y m p t o t i c a l l y  t h e  sam e. We su b -
A ^

s t i t u t e  E f o r  E WT in  ( 2 . 1 6 ) ,  w hich  y i e l d s  t h e  s t a t i s t i c
ML

Qn = ( n  -  m ) t r ( s HSE1) ( 2 . 1 7 )

w nere Sy i s  as  i n  ( 2 . 1 3 )  and

S_ = D' CT' S-1 T )_ 1 D ( 2 . 1 8 )
Б

N ot i t  i s  e a s y  t o  s e e  t h a t  a l s o

Qn ~  X2( s )  < 2 . 1 9 )

a s y m p t o t i c a l l y , ' w h e n  HQ i s  t r u e .  We c a l l  Wn t h e  Wald S t a t i -

s t i c .  K l e i n b a u m  [7 ]  p r o p o se d  t h i s  approach  f o r  t e s t i n g  

l i n e a r  h y p o t h e s e s  i n  t h i s  g e n e r a l i z e d  grow th  c u r v e  m o d e l .

To d e t e r m in e  t h e  d e g r e e  o f  i n f l u e n c e  t h e  m easu rem en ts  i n d e x -

e d  by I J  h a v e  i n  t h e  e s t i m a t e  в ;  we s u g g e s t  t h e  treasure d e -

f i n e d  by
/

D( I J ) (CBD) = t r ( S HSE1) t 2 - 20)

where



s H = [c (b  -  6 ( i j ) ) d ] ' [ c ( x , x ) ' 1c , ] ' 1[c (b -  S^x j j)d] (2 .21 )

We a g a in  ad o p t  t h e  same ap proach  a s  i n  i n t r o d u c i n g  t h e  d e -

s i g n  s t a g e  m easure and c a l c u l a t e  f i r s t  t h e  i n f l u e n c e  o f  e v e r y  

c ' ^ . j B d j .  Thus we have

[c'( . ( В- В/  J  d , ] 2
D( n ) ( o ' ( 1 ) M  ) = -- -------1------------------------------ ---------------  ( 2 . 2 2 )

V.1J / J _t ( v i y ' \  d (T 1 4
£ ( i / X  X) £ ( i )  ~ S ( I J ) T; á j

The f o l l o w i n g  r e l a t i o n  h o ld s  b etw een  t h e s e  m e a su r e s :

D( l J ) C s ( i ) B~ j ) = I ( I J ) ( £ ( i ) Bá j ) •

v <s U ) 8 ( i j Ą )  -  « * Ц > Ч » >  < 2 ' 23>

Sup pose  now f o r  a moment t h a t  £ = I .  Then we can w r i t e

CcQ ) (B " § ( u ) ) á j J 2 = C2- 2 4 >

= Сс'ц ,®«r К Х ' Х в Т ’т Г 1 (XjBTj. ) 1 АЛ' ( x i b t j ) ( , x , x b t , t ) -1 ( c u  ) * d j ) ,

where

A = ( 1 -H j.j ) “ [vecY'( I J )  -  (X j ^Tj ) v a cB ']  ( 2 . 2 5 )

I t  can e a s i l y  be shown t h a t  E(AA')  = ( I  -  Hj j )  • T h e r e f o r e  ( 2 . 6 )  

and ( 2 . 2 4 )  y i e l d  t h e  r e s u l t

E[D( I J ) (S U )BV ] = I ( l J ) i~'(i) B~ j) (2-26)

When £ = I , t h e  maximum v a l u e  o f  ^ ^ C c J ^ ) Qd ^ ) i s

A ' ( X TeT ) (Х 'ХвТ 'Т)- 1( Хти T ) ' A , w hich  i s  t h e  l a r g e s t  e i g e n v a l u e
1 J  1 J

o f  th e  m a tr ix  ( X^bT^ ) 1AA' (Х^ИТ^НХ' ХвТ' T ) 1 . F u r t h e r ,  i t  can  

e a s i l y  be d i s c e r n e d  ( s e e  e . g .  G h o s h  [ 5 ] )  t h a t



E [inaxD^ j j  j ( с ' ö d )] *> m a x l ( c ' B d )  ( 2 . 2 7 )

c , d  o , d

I t  s h o u ld  be e m p h a s i se d  t h a t  t h e  p r e c e d i n g  i d e n t i t i e s  do n o t  

h o ld  i n  th e  c a s e  where В i s  n o t  e q u a l  t o  ( X' X)  X' YT(T'T)

3. AN EXAMPLE

Now wo i n v e s t i g a t e  t h e  i n f l u e n c e  o f  d e l e t i n g  m easurem ents  

a t  d i f f e r e n t  t i m e - p o i n t s , when d a ta  on 20G b u l l s  b orn  i n  1966 

are  under c o n s i d e r a t i o n .  A p o ly n o m ia l  o f  t h i r d  d s q r e e  was f i t t e d  

them. In F ig u r e  1 t h e  v a l u e s  o f  t h e  i n f e r e n c e  s t a a e  i n f l u e n c e  

titóasure ( 2 . 2 0 )  f o r  d i f f e r e n t  a g e s  a re  g i v e n .

F ig .  1. Xlie va lu e s  of the  in f lu e n c e  bvaaiire D̂  j  в ) f o r  d i f f e r e n t  t im e -p o in t s

when the  measurements at the  co rresp on d ing  p o in t  are d e le t e d .  Data concern

b u l l s  born in  1966

When t h e  m easu rem ents  a re  e q u a l l y  s p a c e d ,  i t  i s  e x p e c t e d  t h a t  

t h e  o b s e r v a t i o n s  a t  t h e  b e g i n n i n g  and a t  t h e  end  o f  t h e  sam ple  

p e r i o d  a r e  m ost i n f l u e n t i a l .  T h is  f o l l o w s  from t h e  f a c t  t h a t  d e -

t e c t i n g  o b s e r v a t i o n s  a t  t h e  en d s  o f  t h e  sam p le  p e r i o d  r e d u c e s  

m ost t n e  v a r i a n c e  o f  В ( s e e  t h e  i d e n t i t i e s  ( 2 . 5 )  and ( 2 . 2 6 ) ) .  

N ote  t h a t  th e  s t a t i s t i c  ( 2 . 1 7 )  i s  t h e  L a w l e y - H o t e l l l n g  t r a c e  s t a -

t i s t i c .  T h is  i s  u sed  as a b a o i s  f o r  ou r  i n f l u e n c e  m e a su r e ,  s i n -

/



c e  t h e  s t a t i s t i c  can  be e a s e l y  i n t e r p r e t e d  a s  a d i s t a n c e  m easure  

a s  can be s e e n  from ( 2 , 1 6 )  and from ( 2 . 2 1 ) .  The m agnitu de o f  (n  -  

(CBD) may be a s s e s s e d  by com paring i t  t o  t h e  p r o b a b i l i t y  

p o i n t s  o f  t h e  c o r r e s p o n d in g  L a w l e y - H o t e l l i n g  s t a t i s t i c  u nder Hq :

j CbD »  0 .

The d e g r e e  o f  i n f l u e n c e  i s  g r e a t e s t  a t  t h e  p o i n t s ,  3 0 ,  90 

and 365 d a y s  o f  a g e s .  For ec o n o m ic  and o t h e r  p r a c t i c a l  s e a s o n s ,  

m easu rem ents  a t  t h e  a g e s  3 0 ,  9 0 ,  120 and 150 d ays  w ere  n o t  ta k e n  

a f t e r  th e  y e a r  19 7 0 .  I f  we d e l e t e  t h e s e  a g e s  from t h e  d a t a  on 

D u l l s  born  i n  196 6 ,  t h e  d e g r e e  o f  i n f l u e n c e  = 3 0 2 . 7 ,

where  J = ( 1 ,  3 ,  4 ,  5 ) .  D e l e t i n g  t h e  f i r s t  t h r e e  a g e s  3 0 ,  60 

and 90 o a y s  y i e l d s  th e  v a lu e  3 5 9 3 . 4  f o r  D ^ j ( b ) ,  b u t  d ro p p in g  

o u t  t h e  f o u r  a g e s  6 0 ,  12 0 ,  150 and 240 g i v e s  t h e  v a l u e  0 . 5 ,  The 

93% s i g n i f i c a n c e  p o i n t  o f  t h e  c o r r e s p o n d in g  L a w l e y - H o t e l l i n y  s ta -

t i s t i c  i s  0 . 0 b .  T h e r e f o r e  0 . 5  i s  h i g h l y  s i g n i f i c a n t .  I f  4 w e ig h -

in g  t im e s  must be d e l e t e d ,  one n a t u r a l  ap proach  I s  t o  f i n d  su c h  

p o i n t s  w h ich  h ave  l e a s t  i n f l u e n c e  on t h e  e s t i m a t e s .  F in d in g  th e  

minimum i s  n o t  s t r a i g n t f o r w a r d  s i n c e  some t i m e - p o i n t s  may be  

j o i n t l y  i n f l u e n t i a l  b u t  i n d i v i d u a l l y  u n i n f l u e n t i a i , and c o n v e r -

s e l y ;  some t i m e - p o i n t s  m y  be i n d i v i d u a l l y  i n f l u e n t i a l  b u t  j o -

i n t l y  u n i n f l u e n t i a i .

However, t h e r e  m igh t  a l s o  be some p r a c t i c a l  s . i d e - c o n d i t i o n s  

f o r  s e l e c t i n g  w e ig h in g  t i m e s .  On t h e  o t h e r  hand , i t  may b e  im-

p o r t a n t  t o  a t t a i n  a good  f i t  t o  d a ta  i n  i n d i v i d u a l  b u l l s  s p e -

c i a l l y  a t  a g iv e n  a ge  i n t e r v a l .  Of c o u r s e ,  t h e  i n f l u e n c e  *of  a 

y iv e n  s e t  o f  m easu rem ents  a l s o  d ep en ds on t h e  m a th e m a t i c a l  form  

o f  a c h o s e n  grow th  c u r v e ,  T h e r e f o r e  t h i s  i n f l u e n c e  a n a l y s i s  s e r -

v e s  as  a means f o r  com paring  t h e  r o b u s t n e s s  o f  v a r i o u s  m odels  

t o  m i s s i n g  ic e a s u r e n e n ts  and t o  d i f f e r e n t  s t u d y  d e s i g n s  ( i . e .  s e t s  

o f  t a r g e t  a g e s ) .
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E rkki P. L isk i

OBSERWACJE WPŁYWOWE W UOGÓLNIONEJ ANALIZIE 

MODELU WARIANCJI

Podano o p is  modelu GMANOVA wielowymiarowej a n a l i z y  w a r i a n c j i  (zwanego 

czasem modelem krzywych w z ro s tu ) .

Dyskutowano problemy a n a l i z y  skutków występowania wpływowych wyników ob-

s e r w a c j i  na w ła sn o śc i  estymatorów. Okazało s i e .  że s k u tk i  t e  są  różne w za-

le żn o śc i  od k s z t a ł t u  estymowanej fu n k c j i  p a ram e try czn e j .

P roponuje s i ę  pomiar ty ch  skutków w f a z i e  p lanow ania  eksperymentów oraz
%

w f a z i e  a n a l i z y  danych eksperym enta lnych .  Wyniki a n a l i z y  z i lu s t ro w a n o  r e z u l -

ta tam i badań eksperym enta lnych  z z ak re su  hodcwli z w ie rz ą t .


