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OPTIMUM CHEMICAL BALANCE WEIGHING DESIGN 

FOR p  =  V + 1  OBJECTS BASED ON BALANCED BLOCK DESIGNS

Abstract. The paper we study the problem of estimation of individual (weights) 

measurements p  objects using n measurements operations according to the model of the 

chemical balance weighing design. We assume that in each measurement not all object 

are included. We give conditions under which the existence of the optimum chemical 

balance weighing design for p = v objects implies the existence of the optimum chemical 
balance weighing design for p = v + 1 objects are given. For construction the design 

matrix X of the optimum chemical balance weighing design for p = v + 1 objects we use 

the incidence matrices of the balanced incomplete block designs and the balanced bipar-

tite weighing designs for v treatments.
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I. INTRODUCTION

We consider the experiment in which using n measurement (weighing) op-

erations we determine unknown weights of given number o f p  objects The 

problem comes from statistical theory o f weighing designs. The results of ex-

periment we can write as

у = Xw + e

where у is n x 1 random column vector o f the observed weights, 

X = (хД  / = 1,2,...,n, j  = \ ,2 ,...,p , called a design matrix, is matrix of known 

elements xtJ, If in the /th  weighing j  th object is placed on the left pan of scale 

then Xjj = - 1 , if on the right pan then x:j = 1 and x,j = 0 if j  th object is omitted 

in the / th weighing, w is p  x 1 column vector representing unknown weights
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of objects and e is an и х 1 random column vector o f errors we have 

E(e) = 0„and E(ee) = <r2I n, where 0 n is an и х  1 column vector o f zeros, l n is

an и x и identity matrix, BQ stands for the expectation o f (■) and (•) is used for 

the transpose o f (•). For the estimation o f unknown weights o f objects we used 

the least squares method and we get

w = (x'x)"1 X y

and the dispersion matrix of w  is

V (* ) = <T! (X X )- ',

provided X is full column rank, i.e. r(x) = p.

Various aspects o f the chemical balance weighing designs have been studied 

in Raghavarao (1971), Banerjee (1975) and Shah and Sinha (1989). Hotelling 

(1944) has shown that the minimum attainable variance for each of the estimated 

weights for a chemical balance weighing design is a 2/n  and proved that each of 

the variance o f each estimator o f unknown weights o f objects attains minimum if 

and only if X X  = n lp. This design is called optimum chemical balance weigh-

ing design. In other words, X is the design matrix of the optimum chemical bal-

ance weighing design if and only if its elements are equal to -1 or 1, only. In this 

case several construction methods of the design matrix are available in the litera-

ture. Some methods of construction o f the design matrix o f the optimum chemi-

cal balance weighing design under the restriction on the number of objects 

placed on the pans are given by Swamy (1982), Ceranka and Katulska (1999), 

Ceranka and Graczyk (2001a).

In the present paper we generalize problem given by Hotelling. We assume 

that in each measurement operation not all objects are included. That means the 

elements of the design matrix X are equal to -1 , 1 or 0. Under this assumption 

we present new method o f construction o f the optimum chemical balance weigh-

ing design. In this method from the incidence matrices of the balanced incom-

plete block designs and the balanced bipartite weighing designs for v treatments 

we form the design matrix of optimum design for p  = v +1  objects.



II. VARIANCE LIMIT OF ESTIMATED WEIGHTS

Let X  be an n x  p  matrix o f rank p  o f a chemical balance weighing design 

and let ttij be equal to the number of times in which j  th object is weighted, or

respectively number of elements equal to -1  and 1 in j  th column of 

X, j  = 1,2,...,;?. Ceranka and Graczyk (2001b) showed that the minimum at-

tainable variance for each of the estimated weights for a chemical balance 

weighing design is c r 2 / w  , i.e. v ( w ; ) >  a 2/m , m -  ma

Definition 1. Any chemical balance weighing design X is called optimal 

for the estimation of individual weights if v ( w y ) >  a 2/m , j  = 1,2,...,p .

Ceranka and Graczyk (2001b) proved the following theorem

Theorem 1. Any nonsingular chemical balance weighing design X is opti-

mal if and only if

X X  = /wI/J.

In particular case when m = n the theorem was given in Hotelling (1944).

III. BALANCED BLOCK DESIGN

In this section we recall definitions o f the balanced incomplete block design 

given in Raghavarao (1971) and the balanced bipartite weighing design given in 

Swamy (1982).

A balanced incomplete block design there is an arrangement of v treatments 

into b blocks, each of size к , in such a way, that each treatment occurs at most 

ones in each block, occurs in exactly r blocks and every pair of treatments oc-

curs together in exactly Л blocks. The integers v , b ,  r , к , Л are called the 

parameters of the balanced incomplete block design. Let N be the incidence 

matrix o f balanced incomplete block design. It is straightforward to verify that

vr = bk, A(v-l) = r (* - l) ,  NN = (r -A )lv + A1,.iv-

A balanced bipartite weighing design there is an arrangement o f v treat-

ments into b blocks such that each block containing к distinct treatments is 

divided into 2  subblocks containing kx and k2 treatments, respectively, where



к = kx+ k2 . Each treatment appears in r blocks. Every pair o f treatments from 

different subblocks appears together in Ą  blocks and every pair of treatments 

from the same subblock appears together in ^  blocks. The integers v , b, r , 

kx, k2, are called the parameters o f the balanced bipartite weighing

design. Let N be the incidence matrix o f such a design. The parameters are not 

independent and they are related by the following identities

vr = bk f t - V f r " 1) x  . - ^ f c f o - O + Ł z f e - O ]
2 kxk2 ’ 2kxk2

r =
_  Á ^k iy -1)

2 kxk2

IV. CONSTRUCTION

Let N, be the incidence matrix of the balanced incomplete block design

with the parameters v, bx, rx, kx, Л,, N2 be the incidence matrix o f the bal-

anced bipartite weighing design with the parameters 

v, b2, r2, kx2, k22, ЛХ2, Ą 2 (kX2< k22) and N 3 be the incidence matrix of 

the balanced bipartite weighing design with the parameters 

v, b$ = b2, Aj = r2, kXi = k22, k2̂  = ^i2> ^13 = ^i2> Д23 = ^22 ■ Now, for 

s = 2,3, the N s can be obtained from N* by replacing the k Xs elements equal 

to +1 of each column which correspond to the elements belonging to the first 

subblock by -1 . Thus each column of N, will contain kXs elements equal to --1, 

k2s elements equal to 1 and v — k Xs —k 2s elements equal to 0. Now, we define 

the design matrix X of the chemical balance weighing design as

X =

2 N , - y v

N 2

N 3

(1)

In this design each of p  = v objects is weighted m = bx + 2r2 times in 

n = bx+ 2b2 measurement operations.

It is easy to show that chemical balance weighing design X in (1) is nonsin-
gular if and only if v Ф 2kx or kX2 Ф k22.



Theorem 2. Any nonsingular chemical balance weighing design with the 
design matrix X given in (1) is optimal if and only if

X X = (4(r, -  4 )  + 2(r2 -  ^  + \ 2))lv + (ft, -  4(r, -  4 )  + 2& 2 -  4 2))lvl'v •

The thesis of Theorem is a result derived from Theorem 1.

Now, let X given in (1) be the matrix the optimum chemical balance 
weighing design for p  =  v objects. Based on this matrix we construct the design

matrix X of the chemical balance weighing design for p  = v 4-1 objects in the

form

In this design each o f p  = v + 1 and n = b{ + 2b2.

Theorem 3. If X given in (1) is the design matrix of the optimum chemical 
balance weighing design then X given in (3) is the design matrix o f the opti-
mum chemical balance weighing design if and only if

4(/i Л ,)+ 2(^22 (2)

Proof. For the design matrix X  given in (1) we have

(3)

b\ =2{b2 - r 2). (4)

Proof. For the design matrix X  given in (3) we have

0 'v 2 b2 '

Theorem 2 implies (4).

The equality (2) is true when й ,-4 (г 1-Л 1)=  2 ( ^ 2 - ^ )  = a , 

a  = 0, ±1, ± 2 ,.... Now we consider particular case a  = 0 .



We have seen in Theorem 1 that if the parameters o f the balanced incom-
plete block design and the balanced bipartite weighing design satisfy the condi-
tion (2) then the chemical balance weighing design with the design matrix X 
given in (1) is optimal. If the chemical balance weighing design is optimal then 
from Theorem 2 the design matrix X given in (3) is optimal if  and only if the 
condition (4) is fulfilled. Under these conditions we have formulated Theorem 
following from papers o f Raghavarao (1971) and Huang (1976).

Theorem  4. The existence o f the balanced incomplete block design with the 
parameters

5 1  6 ’  1 12

k  ( s - 2 j s 2  - \ \ s 2 - 4 )

1 2 ’ 24

and the balanced bipartite weighing design with the parameters v  = ä 2 ,

u s3(s2- l )  s(s2- l )  , , , , 5
t>2 = — — > r 2 = — » «12 =  *> «22 = 3. Ą 2 = Á22 =  —, s  > 4 is even num-

ber except the case s = 0 (m o d 6 ) , implies the existence o f the optimum chemi-

cal balance weighing design with the design matrix X  given in (3).

Proof. It is easy to see that the parameters o f the balanced incomplete block 
design and the balanced bipartite weighing design given in Theorem satisfy the 
condition (2 ).

Theorem 5. The existence o f the balanced incomplete block design with the 
parameters

v = s 2 r  - M f r - l f c 2 - * )
1 3 ’ 1 6

k -  j f r - O  д -  (•y~ 2X-y2 ~lX-y2 - 4)
1 2 ’  12 

and the balanced bipartite weighing design with the parameters

2 s 3 ( s 2  —  l) 2 s ( s 2 - 1)
V  —  S  > ^ 2  * » ^ 2  “  ~ ’ к \2  = к  к22  — 3) ~ ^ 2 2  =  $, S  Í S  odd

6 3



number except the case 5 = 3 (m od6), implies the existence of the optimum 

chemical balance weighing design with the design matrix X  given in (3).

Theorem 6. The existence of the balanced incomplete block design with the 

parameters

_ s(s - l )  ( s - 2 p - № - 4 )

* i~  2 > * -  4

• 2 

and the balanced bipartite weighing design with the parameters v = s ,

b2 = s r2 = s(s2 - 1) £,2 = 1, k22 = 3, \ 2 = Л22 = у , 5 ž  4 is even num-

ber, implies the existence o f the optimum chemical balance weighing design 

with the design matrix X given in (3).

Theorem 7. The existence of the balanced incomplete block design with the 

parameters

and the balanced bipartite weighing design with the parameters

v = í 2, b2 = ^ y - ^ ,  r2 = 2s{s2 - l )  kn  =1, £ 22 =3, Л,2 = ^22 =3s, s is odd

number, implies the existence of the optimum chemical balance weighing design 

with the design matrix X given in (3).

Theorem 8. The existence of the balanced incomplete block design with the 

parameters

v _ s ; X ^ -g )
, 1— 9  ’ “ 9



and the balanced bipartite weighing design with the parameters v = s2 b =
9

r2 = j (a'2- i ), kn = 3, k22 = 6, Я,2 = 2̂2 = 4 j , s > 6  is even number, implies the

existence o f the optimum chemical balance weighing design with the design 
matrix X given in (3).

Theorem 9. The existence o f the balanced incomplete block design with the 
parameters

v - л  > , л ( ; 2 - | Х, г - 9) .
3 6

2 4 24

and the balanced bipartite weighing design with the parameters v = 52,

s3(s2 - l )  3 if i2 - l )
^2 = j 2 , r 2 ~  4  ’ ^12 k22 =6, Д,2 =/Í22 = 3 í, 5 > 5  is odd num-

ber, implies the existence o f the optimum chemical balance weighing design 
with the design matrix X given in (3).

Now we give the parameters o f the balanced incomplete block design and 
the balanced bipartite weighing design for which the condition (2) is true for 
a  *  0 .

Theorem 10. The existence o f the balanced incomplete block design with 

the parameters v = 4s + 1, b,= 2(4s + 1), Г] = 4s, kx = 25, \  = 2s -1  and the 

balanced bipartite weighing design with the parameters

(i)v = 45 + l, b2 =5(45 + 1), r2 =55, kX2 =1, k22 =.-4, Л,2 = 2 , Л22 =3  or

(ii) V =  45 + 1 , b 2 = 25(45 + 1), r2 =  145, k,2  = 2, k22 = 5, Л,2 = 10 ^ 2 2  = 11 , 

where 45 + 1 is a prime or a prime power, 5 = 1,2,..., implies the existence of the 

optimum chemical balance weighing design with the design matrix X given in (3).

Theorem 11. The existence o f the balanced incomplete block design with 
the parameters v = Ю5 + 1, b,= 2 (1 0 5  + l), r, = Ю5, k, = 5s, Л, = 55 - 1  and the 

balanced bipartite weighing design with the parameters v = 105 +1, h2 = 5(105 +1),



r2 = 6 s, kn  = 1, k22 = 5, \ 2 ~ 1 J-22 = 2 ,  where 1 Os + 1 is a prime or a prime 

power, s = 1,2 ,..., implies the existence of the optimum chemical balance weigh-

ing design with the design matrix X given in (3).

Theorem 12. The existence of the balanced incomplete block design with 
the parameters v = 7, b{=42, r, =12, A:, = 2 , Ą  = 2  and the balanced bipartite 

weighing design with the parameters

(Í) V  = 7, ft2 =21, /*2=9, k \2 = 1, &22 = 2» Xf2 = 2 , /̂ 22 = 1 or

(ii) v = 7, b2 = 21, r2 = 18, k\2 — 2, £22 = 4, Л, 2 = 8 , ^ 2 = 1  

implies the existence o f the optimum chemical balance weighing design with the 

design matrix X given in (3).

Theorem 13. The existence of the balanced incomplete block design with 

the parameters v = 10, ft,= 30, r, = 9 , =3, Ą = 2  and the balanced bipartite 

weighing design with the parameters v = 10, b2 = 45, r2 = 27, kn = 2, k22 = 4, 

Ą 2 = 8 , X12= l  implies the existence o f the optimum chemical balance weigh-

ing design with the design matrix X given in (3).

Theorem 14. The existence o f the balanced incomplete block design with 

the parameters v = 13, 6 ,= 26, rx = 8, kx = 4, Ą  = 2  and the balanced bipartite 

weighing design with the parameters

(i)v = 13, b2 = 78, ľj = 18, k\2 = 1, k22 = 2, \ 2 = 2 , Л22 = 1 >

(ii) v = 13, b2 = 39, r2 =12, kl2 = 2, k22 —2, \ 2 — 2> -̂ 22 = 1 >

(iii) v = 13, b2 =39, r2 =15, k\2 = 2 , &22 =3, Л,2 =3, Лгг = 2  or

(iv) v = 13, ft2 = 78, r2 ~ 36» ^12 = 2, k22 = 4 , Л,2 = 8, Л22 ”  7

implies the existence o f the optimum chemical balance weighing design with the 

design matrix X given in (3).

Theorem 15. The existence of the balanced incomplete block design with 

the parameters v = 15, ft, = 42, r, =14, kx = 5 , \  = 4  and the balanced bipartite 

weighing design with the parameters

(i) v = 15, b2 = 105, /*2 = 21 , &I2 = 1, k22 = 2, ^ 2  = 2 > Л22 = 1 or

(ii) v = 15, ft2 = 105, r2 = 42, £,2 = 2, &22 = 4 , Л[2 = 8 , Л22 = 7

implies the existence of the optimum chemical balance weighing design with the 

design matrix X  given in (3).
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Małgorzata Graczyk

OPTYMALNE CHEMICZNE UKŁADY WAGOWE DLA p  = v + 1 
OBIEKTÓW W OPARCIU O UKŁADY BLOKÓW

W pracy omówiona jest tematyka estymacji nieznanych miar p obiektów w n po-

miarach w modelu chemicznego układu wagowego. Zakłada się, że każdym pomiarze 

nie wszystkie obiekty biorą udział. Podane zostały warunki, przy spełnieniu których 

istnienie chemicznego układu wagowego dla p = v obiektów implikuje istnienie che-

micznego układu wagowego dla p = v + 1 obiektów. Do konstrukcji macierzy układu 

optymalnego wykorzystano macierze incydencji układów zrównoważonych o blokach 
niekompletnych i dwudzielnych układów bloków.


