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A N  IN T E G R A L  F O R M U L A  F O R  

A R IE M A N N IA N  M A N IF O L D  

W IT H  T W O  O R T H O G O N A L  D IS T R IB U T IO N S

We derive global results concerning in tegrals of cu rvatures for 
closed oriented R iem annian manifolds.

Let D  be a distribution on a Riemannian manifold (M , ( , )). 
The second fundam ental form B  of D  is defined in the following way: 
B ( X , Y ) is the normal component of the field |(V x F - )-  V y X ) where 
X ,  Y  are two tangent vector fields to D  (see [1]) and V is the Levi- 
C ivita connection on M.  The trace H  of the form B  is called the mean 
curvature vector of D.  Let D \ , D2 be two orthogonal d istributions on 
M  such th a t d im D j +  dim £>2 >  d im M . Let us put £>3 =  £)j D D 2 . 
In this paper we consider the mean curvature vectors Hk  of Dk, k =  
1, 2 ,3 , and calculate the quantity div Hi  +  div H 2 — div H 3 . Applying 
the Green theorem for M  closed and oriented, we derive global resuls 
concerning integrals of curvatures.

T he results obtained generalize a theorem proved in [2] for two 
com plem entary orthogonal distributions.

The author is indebted to Pawel Walczak for suggesting the prob-
lem and for his helpful remarks.
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T hroughout the paper, manifolds, fields, metrics etc. are assumed 
to be C°°-difFerentiable.

Let D^~ denote the orthogonal complement of a d istribution  D.  
We say th a t a distribution D\ is orthogonal to a d istribution £)2 if 
the intersection D\ D (D\ fl D?)1- is orthogonal to the intersection 
D i fl (£>i fl Suppose th at e i , . . . , e m is a local orthonorm al
frame on M  and assume tha t

(i) ei is tangent to D % for i =  1, 2 , . . . ,  dim D 2 ,
(ii) ea is tangent to Df- for a = dim D ^  +  1, . . . ,  dim Df- + 

dim D 2 ,
(iii) ej is tangent to £)j n.D2 for j  = dim (Dj n Z ^ ^  +  l) • • • 1 dim  M. 

If v is a vector tangent to M , we write

v = vTl + v T2 + v T3

where i»Tl is tangent to D ^ , v T2 is tangent to D j1 and uT} is tangent 
to D\ fl D 2.

By v ±k and v TDk, k — 1 ,2,3 , we denote, respectively, the compo-
nents of v orthogonal and tangent to D k. The integrability tensors 
Tk of D k are defined by the formula

Tk( X k , Y k) = ± [X k, Y k]±k

for vector fields X k, Y k tangent to D k.
Let B k be the second fundam ental form of D k. The mean curva-

ture  vectors H k of D k are given by

Hi  =  ^  -Di(e,-, e,) +  ^  B \ (e j , e j )
• i

=  + E o v j )11.
* i

H 2 = ŷ J B 2(ea , e a ) + s}TJ B 2{ej ,e j )
a  j

=  E (v ^ e«)-L1 +  D v ^ e>)±2’
O f  j



H 3 = ^ 2 B 3(ej ,e j ) =  ^ ( V e ^ j ) - 13.
1 j

Therefore

d i vH ,  =  - | f f i |2 +  £ ( V t „ f f i ,e „ )
O'

=  - | i f , | 2 +  £ ( V i„ (V „ e i )T2,e„)
Or,«

+  l Z ^ Ve« (V e;ej ) T2i ea)^
Q<J

d iv /f 2 =  - | f f 2|2 +  ^ ; ( V (,f f 2,e ()
*

( 1 ) =  - | ^ l 2 +  £ < V « ,( V ,. e i)T\ e i>
Qf,i

+  £ < V .,(V « i ej f
hJ

d iv tf 3 ~ \H 3\2 + J 2 ( ^ e iH3, e i) + Y / ( ^ e aH 3 , ea )
1 a

=  - i ^ i  2 +  E ( - « v « ,^ ) T2 , v „ e i)

+  ( V „ (V tiei )T1,e i) +  (Ve>(V e, e , ) T2,e„)).

It follows from (1) that

div / f ,  + d i v t f 2 =  - | / r , | 2 -  | i i2|2 +  5 ^ (< V e„ (V , . e i )T2,e ct>
«»«.>

+ ( V e„(V«i ej )T2,e„) +  ( V „ ( V t„e<, )T1, ei) 

+<Ve, (V , j ei )T1,e i)) =  div f t  -  | f t | 2



+  I f t l 2 +  E ( « v *ie>)TJ' V ^ e<>
i,a,j

+ «  V ej e , )T1, V.„ e„) +  (V,„ (V e,ei)T2, e„) 

+(V«((V„,e„)T‘ ,ej)).

Now, we calculate the last component of the above sum by applying 
the definition of the curvature tensor R:

(2)
E « V*.(V« ei)T2, ^ ) + ) V t,(Vt„e<I)T1,ei))
i,a

-  5 ^ ( 2 (R(e i , ea )ea ,ei) +  <Veo V eieQ,ei) + (Vei Veae,-,ea)
i,a

+  "  ( V . . ( V „ i j)T1,««> -  ( V , . ( V t,e,)T3,e„)

-  (V „ (V <>e„)T2,e ,) -  (V «,(Ve.e „ ) T3,e i)) .

Then we observe that

V e a ^», 6« )
t,Or

= ^ ^ ea e a ) ~  (Vea Cj, V e( ea)) ,
(3) i,Q

^ e ,  Cj)
»,<*

~ ^ ~]( ea{eat Veje,-) (Ve;ea, V£q ej))
1,0

and

ea(eof, Veie,) — ea(eQ, (Ve;ei)T2)

(3>) =  (Veaea,(Ve,.e,)T2> + <ea, Vea(Ve,.el)T2),
ei(eti VeQea) = e,(ei, ( V£q ea)Tl)

=  (V ei.et , ( V e„e a )T l ) +  (e i, V e,.(V £Qea )T l ).



Let us pu t

K (D i ,D2) = ^ (/2 (e j,ea)ea,ej),
i,a

*

#22 =  J ] ( ( V e aea )T1 +  ( V ec>e,)T3).
Ot

Com paring equalities (1), (2) and (3), (3 ’), we have

d iv  Hi  +  d iv Hi  -  d iv =  - | # j | 2 -  \H2\2 +  | # 3|2

+ K (D u D2) +  5 ^ ((V[ea,e,ie.-,eQ) -(- ((Veiei)T3, Ve„eQ) 
*>«>>

(4) - ( V e<ea , V ea e<) +  ((V Ca ea )T l , V £, t , )

+  ((^e , e i)T2, v e. ey)) +  ( # 11 , # 22) +  ( # 11, # 3) +  ( # 22? #:})•

Since [.AT, F ] =  V a'F  — V y X  for a rb itra ry  vector fields on M , 
fo llows that

(V [e .,.,]*,<*«> =  ' 5 2 ( ( V e aei, ep) ( V ep ei t ea ) 
p,P,j

+  ( V , .e i ,e /,)(V i ,e j l e .)  -f- (V Cae ,,e j) (V e;-et ,ea )

(5) —(Veiea, eJ))(Vepe,-, eQ) — (Ve;ea, e^)(Vĉ e,-, ea)

=  £  ((Ve„ei , (V e,e<t)T>)
P , 0 j

+{Vt<,e„,(V,„e„)T1) + {Ve<1ej,(Vei ea)T1) 

+ (V « ,e „ (V « ,e i )T2) +  (V ,,e „ ,(V ,„ e i )T2)



+{V«iey,(Vejei )T!» .

From (5) we have

(^[«a ,«<1®*’ e°) — (^e.'eari ^  ea et) = ~ (Via ej, ( Ve,-ea ) )
+  (V«<,c9 , (V « ,e it)T1) +  <V,„ei ,(V«j e„)T1)

+  ( V „ e „ ( V . ,e i )T2) +  (V I(ei , (V c,e i)T2>.

Now, we shall introduce some notation:

2 B, (e7, e , ) =  (V e, e i ) T2 + ( V e<e7)T2,

2 r 1(e7 ,e i ) =  (V e, e #)T2- ( V „ e 7)T2

for 7 ,6  G { 1 , . . . ,  d im £>2"} U {dim £)j- +  dim +  1 , . . . ,  m} =  A i ,

2B2(e1,es) =  (Ve ie#)T1 +  ( V „ e T)T1,

2T2(e7 ,e s ) =  (V e,e«)T1 - ( V I,e 1)T1

for 7,(5 G {dim D j1 +  1 , . . .  ,m} =  A 2,

2 B 12(e7, e$) =  (V e7e i)T3 +  (V e<e7)T3,

2T12(ey , e s ) =  ( V eyes)T3 -  (V£<e7)T3

for 7 ,6  € {1, . . . , d i mDj- +  dim Z)^} =  A3,

2B3(ci , e i ) =  (Vei ci )-L3+ ( V e,e i )-L3,

2T3(ej , e ?) =  ( V eieq)±3 -  (V Cf c,-)X3,

2 £ 11(ei ,ep) =  (V e,.ep)TD’ +  (V epe<)TD’ ,

2Tn (ei ,ep) =  (V£iep)TD’ -  (V£j>ei)TDi,

2B22(ea ,ep) =  (V£ae^)TD‘ +  (V £/3 e0)TDl, 

2T22(ea ,e f)) =  (V e<, e/9)TD‘ -  (V £„eQ)Ti\



Let us notice tha t

Y ,  ((V,,e»)T2,(VI(e ,)T2)
7,«e>4i

=  £  (IBi(eT,e ,) |2 - |T . ( e , , e , ) | I )
y ,S eA i

= \Bi |2 — \T\ |2.

For the remaining forms, analogous equalities are true. Hence

(6) ^  l ((^ [en,e i]e'»ea) ~  ( ^ e ; , V e„C j))
i,a

= i( l« i |2 + m2 + |B „|2 + |B22|2 -  |B3|2 -  |B12|2

-  \T\\2 -  |T2|2 -  |T„ |2 -  |T22|2 + |T3|2 + |r12|2). 

Equalities (4) and (6 ) lead us to the formula

(7) div if i  +  div # 2  — div # 3  =  K (D i ,  D 2)

+ ¿ ( - l i f i l 2 + k |B ,|2 + |B«|2 -  |T.|2 -  |Tü|2))
1 = 1

+ If tl2 + | ( - |S 3|2 -  |B,2|2 + |7i|2 + |T12|2).

P ro p o s it io n . I f  D \ , D 2 are two orthogonal distributions on a Rie- 
mannian manifold M , such that dirnD i +  dim £>2 >  d im M , then

div Hi +  div H 2 -  div H 3 =  K (D \ , D2)

+ ¿ ( - I t f i l 2 + k |B , |2 + IB.il2 -  |r , |2 -  |Tü |2))
1=1

+  IH 3 12 +  — (—I-£?312 — I-B12I2 +  |T3 |2 -f |T12|2).

where B n, H n, T n, n  =  1 ,2 ,3 , denote, respectively, the second fun -
dam ental forms, mean curvature vectors and integrability tensors o f



D i , D 2 , D 3 = D i D D2; B a ,T ii, i =  1,2, are, respectively, the sec-
ond fundamental forms and integrahility tensors o f  (D\ D D 2)̂ ~ fl D t; 
B \ 2,T \ 2 are the second fundamental forms and integrahility tensors 
o f (D i n

This is a  direct consequence of (7). Now, applying the Green 
theorem, we obtain the following result:

T h e o re m . I f  D \ , D 2 are two orthogonal distributions on a closed ori-
ented  Riemannian manifold M , such that dim D\ +  dim D 2 > dim M , 
then

j M { K { D ' ’D2)  +  £ H f f < i 2 +  5 ( |fli |2  +  " |T'f  ~ |T ,,|2 ))

+ltf>l2 + \ ( - m 2 -  |b12|2 + |r, |2 + |t12|2)) n  = o

where Q is the volume element on M .

C o ro lla ry . I f  T \ , T 2 are two orthogonal foliations on a closed ori-
ented Riemannian manifold M , such that dim F\ +  dim F2 > dim M , 
then

/ u  +  j d B 'i2 + if l" i2 -  it - i 2))
i= i

+  1-̂ 3 |2 +  “ ( — | 12 — I-0 J212 +  | î l 2|2)^  Q = 0

where Î2 is the volume element on M .

This follows immediately from our theorem.
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W Z Ó R  C A Ł K O W Y  D L A  R O Z M A IT O Ś C I 
R IE M A N N O W S K IE J  Z D W IE M A  

D Y S T R Y B U C J A M I O R T O G O N A L N Y M I

Praca zawiera globalne wyniki dotyczące całek z krzywizn na zori-
entowanej zwartej rozmaitości riemannowskiej bez brzegu.
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