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AN INTEGRAL FORMULA FOR
A RIEMANNIAN MANIFOLD
WITH TWO ORTHOGONAL DISTRIBUTIONS

We derive global results concerning integrals of curvatures for
closed oriented Riemannian manifolds.

Let D be a distribution on a Riemannian manifold (M, ( , )).
The second fundamental form B of D is defined in the following way:
B(X,Y) is the normal component of the field 3(VxY + Vy X) where
X,Y are two tangent vector fields to D (see [1]) and V is the Levi-
Civita connection on M. The trace H of the form B is called the mean
curvature vector of D. Let Dy, Dy be two orthogonal distributions on
M such that dim D; + dim Dy > dim M. Let us put D3 = D, N D;.
In this paper we consider the mean curvature vectors Hy of Dy, k =
1,2, 3, and calculate the quantity div H; + div H; —div Hz. Applying
the Green theorem for M closed and oriented, we derive global resuls
concerning integrals of curvatures.

The results obtained generalize a theorem proved in [2] for two
complementary orthogonal distributions.

The author is indebted to Pawel Walczak for suggesting the prob-
lem and for his helpful remarks.
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Throughout the paper, manifolds, fields, metrics ete. are assumed
to be C*-differentiable.

Let D+ denote the orthogonal complement of a distribution D.
We say that a distribution D is orthogonal to a distribution D, if
the intersection Dy N (D;y N Dy)* is orthogonal to the intersection
D, N (Dy N Dy)t. Suppose that ey,...,en is a local orthonormal
frame on M and assume that

(i) e; is tangent to D for i = 1,2,...,dim Dy,
(i) eq is tangent to Dit for a = dimDy + 1,...,dim D +
dim Dy,

(iii) e; is tangent to DyND; for j = dim(DyNDy)*++1,...,dim M.

If v is a vector tangent to M, we write

where v 7! is tangent to Dy, v T2 is tangent to Di- and v ? is tangent
to Dy N D,.

By v1+* and v TP* k = 1,2, 3, we denote, respectively, the compo-
nents of v orthogonal and tangent to Di. The integrability tensors
Ty of Dy are defined by the formula

1
Ti( Xy, Y3) = §[Xk,Yk]J'k
for vector fields X, Y) tangent to Dy.

Let By be the second fundamental form of D;. The mean curva-
ture vectors Hy of D) are given by

Hy =Y Bi(ei,ei) + Y Bilej,e))
i J

= Z(Ve.'ei)'u v Z(Vej ej)ll’
i J

Hy =) Bieasca) + Y Bs(ej,€5)
« j

= Z(Vea ea)™! + Z(VC;’ ‘31')'1'2
o J

-
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Hy =) Bi(ej e;) =Y (Vese)™.
i

j
Therefore

div Hy, = —|H,|* + Z(VeaHl,Ca)

= =[5’ + 3 (Ve (Veie)) ™, ea)

o,

+ Z(ch (Ve,' ej)T2 ) ca)a

)

div Hy = —|H|* + Z(Ve.-Hz,ei)

(1) = =H:* + Y (Ve (Vere) ™, e0)

o,

g Z(vei (ch ej)Tl )€},
ij

divHy = —|Hs|* + ) (Ve Ha,e5) + 3 (Ve Hs, ea)

= —|H3|2 + Z("’((Ve,' ej)szvh'ei)

t,o,f
ap ((Ve,- e.i)Tl 'y Veg ea)
+(Vei(Ves €)™ €i) + (Ve (Ve )2, €a))-

It follows from (1) that

div Hy + div Hy = —|H1|? — |H,|? + Y (Ve (Vi) 2 0)

i)avj
H(Vea(Ve;€i) 2 ea) + (Ve (Ve ea) T, €5
+(Vei(Ve; ej)“&a’)) = div Hy — |H; |?
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—|Ha* + [ Hs[* + Y ((Ve; €)™, Vesei)
i,a,)

H{(Ve; €)™ Ve a) + (Veo(Vesei) T2, €a)
+(Ve.-(ve., ea)Tl y ei)) .

Now, we calculate the last component of the above sum by applying
the definition of the curvature tensor R:

(2) .
Z ((Veo, (Vei ei)T2 y ea)+>ve.- (vea Ca )Tl ’ ei))

i,

% 2(2(R(ei’eﬂ)eavei) . 2 (Veaveiea’ei> 2 (Ve.-vea €y ea)

¥ 2(V[c,,e;]ei,ea) - (Ve.. (Ve.-ex')-rlaea) — (Vea(ve.'ei).rs, ea)
B (Ves(vcaea)n’ci) ~(Vei(Ve, ea)n’ei))'

Then we observe that
Z(Veivca €y ea)
1,0
= Z(—ei(ei’ Veaea) ;o (Vea ei, Ve.' ea)),
i,

(3)
Z(Vea Ve.- Cay 6,’)

= Z(—ea(ea,Ve‘e;) = (Vei€as Ve, ei))

and

ea(eaa Veiei) = ea(em(veiei)Tz)
(3) = (Ve,€ar (Ver€i)T?) + (ar Veo (Vesi) T2),
€; (6;’, Veaea) = ei<ei, (Ve.,, ﬁa)Tl)

= (Veaei,(vea ea)n) + (eisvea(veaea)Tl)'
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Let us put
K(Dy,Dy) = ) (R(ei,ea)ea, i),

Hy = Z((Ve;ei)Tz " (Veaei)Ta)’

Hjyp = Z((Ve.. o)t + (Veqei)™?).

Comparing equalities (1), (2) and (3), (3’), we have

diVH] + diVHQ 5 - diVH3 = —|H1|2 ot |H2|2 + |H3|2

+K(Dy, D) + Z ((Viea,ei1€ir€a) + (Vei€i) ™, Veo €a)

La,)

(4) —(Veias Ve, i) + (Ve ea)Tlave,- ej)

+{(Ve,€i) T2, Ve, €5)) + (Hux, Hyg) + (Hy1, H3) + (Haz, Hs).

Since [X,Y] = VxY — VyX for arbitrary vector fields on M, it
follows that

(V[ea sei] €i) ea) = Z ((Vea €i, eP)<V¢p ) e")

P8,

+(Ve., €4, eﬂ)(VGp €1y ca) + (Veo, €, ej)(ve,' €4, ea)

(’5) —(Ve.'eav cP)(Vep €iy ea) = (Veeea» eﬂ)<vep €i, ea)

"(Ve;eaa ej)(vcj €1, ea)) = Z ((Ve., €i, (ve.‘ea)Tl)
PiByj

+(Ve, eﬂ,(Ve, ea)Tl) % (Veaej’(ve; ea)Tl)
+<Ve- €ps (Vepei)Tz) ® (Veaem(vca ei)Tz)
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+(Ve,ej, (Ve,‘ ei)T2))'
From (5) we have
(V[ca,ei]eivea) = (Veita, Ve, 8) = -(V,ae,-,(V,,.ea)T")

+ (Veaes, (ch ea)Tl) o (Veaej» (ch ea)Tl>
it (Veaep»(vepei)n) * (Ve..ej,(Ve,.e,-)Tz),

Now, we shall introduce some notation:

231(67’65) = (Vc-y eG)Tz +* (Vezse‘)‘)-rz’
2T(ey,e5) = (Ve, es) ' = (Vejey)"?

for v,6 € {1,...,dim D3} U {dim D{- + dim D3 + 1,...,m} = A,

2B2(e‘11 66) e (Ve-, eé)Tl ¥ (Ve5 e‘y)Tl’
2T2(e‘77 65) = (ve‘y eﬁ)Tl F (ve587)Tl

for 4,6 € {dim D+ + 1,...,m} = A,,

2B13(eq,€5) = (Ve, e5)1—3 3 (Vcsev)Tsa
2Tha(ey, €5) = (Ve, 65)T3 = (Ves e'r)Ts

for v,6 € {1,...,dim Di* + dim D3} = 43,

233(‘31’64) = (Ve,' eq)’Ls . 3 (Veq ej)la,

2T3(ej’ eq) = (Vej eq)-Ls = (Veqej)-u’
2311(6,',8,,) = (VeieP)TDz + (Vepei)TDz’
2T11(ei,ep) = (Veiep) P2 — (Ve, i) T2z,
2B33(€ar ) = (Ve,e8) "2t + (Ve,ea) TPt
2T2(easep) = (Ve e5) TPt — (Vepea)TD‘.
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Let us notice that

Z ((Ve—y €s )T2 {(Ves CV)T2>

7186041

= 3 (1Bilexs o)l = Tiles, e6)P)

7:66-41
=|Bi|* - |Th|*.

For the remaining forms, analogous equalities are true. Hence

Z ((V[emei]ei’ Ca) e <Ve.'eaa Ve, ei))

= =(1B1|* + |B2|* + |Bu1|* + | Ba2|* — | B3| — | Bya|?
=T = |2 = |Tul? = |To2* + T3 + |T12[?).

MI'—‘

Equalities (4) and (6) lead us to the formula

(7) div Hy + div H, — div H3 = K(Dy, D)

+Z (—1Hi]* + |B:|2+|B..|2 ITi? — |Tiil?))
=1

1
+ |Hs|* + -2-(-|Bs|2 — |Bu2|* + |T3[* + |T12?).

Proposition. If Dy, D, are two orthogonal distributions on a Rie-
mannian manifold M, such that dim D; + dim Dy > dim M, then

diVH1+diVH2—diVH3=K(D1,D2)
+Z —|Hi[* + |B ? +|Biil® - IT:)* — |Tis*))

+ |Hs|* + 5(—|Bal2 — |Bi2® + T3 + |T12?).

where B,,,H,,T,, n = 1,2,3, denote, respectively, the second fun-
damental forms, mean curvature vectors and integrability tensors of
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Dy, D;,D3 = Dy N Dy; Byi, Tji, © = 1,2, are, respectively, the sec-
ond fundamental forms and integrability tensors of (D; N D3)* N D;;

By2,Ty3 are the second fundamental forms and integrability tensors
of (Dl n Dg)J‘.

This is a direct consequence of (7). Now, applying the Green
theorem, we obtain the following result:

Theorem. If Dy, D, are two orthogonal distributions on a closed ori-
ented Riemannian manifold M, such that dim Dy 4+ dim Dy > dim M ;
then

: Lp2 2 _|m. ¥
/M<K(D1,Dz)+2(-|He|2+ 5 (Bil* + Bl — |Ti|* - |Tiil*))

1=1

1
HES [+ 3 (<IBa? = (Bl + T+ Tual?) ) 2 =0
where {2 is the volume element on M.

Corollary. If F;,F; are two orthogonal foliations on a closed ori-
ented Riemannian manifold M, such that dim Fy 4+ dim F; > dim M,
then

2
2, lop. 12 (T2
[ (5,74 S (IFP + 3B + 1Bl [Tl

1
HIE + 3 (1Bl = Bl +[Tual?) ) 2 =

where 2 is the volume element on M.

This follows immediately from our theorem.
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WZOR CALKOWY DLA ROZMAITOSCI
RIEMANNOWSKIEJ Z DWIEMA
DYSTRYBUCJAMI ORTOGONALNYMI

Praca zawiera globalne wyniki dotyczace calek z krzywizn na zori-
entowanej zwartej rozmaitosci riemannowskiej bez brzegu.
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