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NORMAL APPROXIMATION OF MULTIPLE RUNS DISTRIBUTIONS

a oo i-b«W n m.. =
Tests based on the number of runs can be applied to verifica-

tion of many types of hypotheses, for (iInstance the hypothesis
that

- elements of the sample are independent,
- two or more samples are drawn from the same, distribution,

- regression model of one or two explanatory variables Iis
linear, etc.

Let us consider a sequence of random variables
Xi» Xj, e**» Xjj (€))
which have the same discrete distribution with s values, i.e.

S
P(XL = x~) * Pj, j * 1, s, Aopro= L

We also use the symbols n® to denote the number of elements of
J-th type in (1):

n™ m card (is Xi = Xj}-
The object of our consideration is the number of runs in the
sequence (1)s

Kn =1 + card {it 2 £ 1 S n, XA t XA_1).
For instance:

- for n = 8, s = 2, wusing the traditional notation: Xj = A,
X2 = B we can have the sequence
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when we observe 5 runs,

- for n *9, s=J, XJ =C - we also have 5 runs in
sequence

ABBCCC AA C

The critical region for the above specified types of hypothe-
ses is based on the distribution of the number of runs iIn Q)
under the assumption that Xi"s are independent. This distribu-

tion for two kinds of elements was investigated by S tevens

(1939), Mood (1940), WwWald and Wol fowitz (1940),
Sved fanrd Eisenhart (1943) and, for three and more
kinds of elements - Bar ton and David (1957, 1960).
Some new results could be found in monographies Bar t on (1960)
and Gibbson (1987). They showed some combinatorial for-
mulae for number-of-run distribution. Besides, the convergence to
the normal distribution was proved.

Tables of number-of-run distribution for more than two kinds
of elements were constructed just Tfor small values of n (for in-
stance, for 3 and 4 kinds of elements - up to n = 12 only). It
was because the classical formulae are not convenient for compu-
tations. For s = 2 we published quite general recursive formulae
(cF. DomansKkii and Tomaszewidcz (1984)) which
can be used when the sequence (1) is generated by stationary
Markov chain.

The number of runs is a discrete variable. Therefore (ex-
cluding exceptional cases) it is not possible to select such a
critical value to make the test size exactly equal to fixed

significance level a. Commonly the critical values as integer
numbers
kL(n, a) = max (k; P(Kn 1 k) s a),

kR(n, a) = min <k: P(Kn 2k) S a)

are accepted (the first of them concerns a left-hand-sided test,
the second one - a right-hand-sided test. Hence, the test size

is, in general, less than a:
P(Kn s kL(nh, a)) < a,

P(Kn > kR(n, a)) < a.

the



For that reason the randomized tests are applied.
The randomized test we used is defined iIn common way:
reject HQ when

Knin kL(, a) (or Kg 2 kR(n, a)),
accept Hgq when

Kn > kL(h, a) + 1 (or Kn < kR(n, a) - 1),
reject HQ with the probability

- a - P(K z kL(, a)) -

Prati(n” @ = perr-m-kbgof-ay-=1 ° When Kp =k (n"a) + 1

(or reject Hn with the probability
pdcr 2 KRn, a))

prand(n® a) * pA-=kR{b-a)----§, " when Kn " k (n* a) " 1)>

The idea of interpolated quantiles is connected with randomi-
zed tests. We define

kf(n, a) * kL(n, o) ¢ pfand<n, a),

kR(nh, a = kR(n, a) - pfand(n, a).

Of course, when we know the interpolated quantile we know both
the integer quantile and the randomization probability.

Using normal approximation we obtain following estimates of
interpolated quantiles

kr(n, a) » k™M(n, a) = WR(M) + &"1(a)olgn) -
k"(n, a) » kE(n, a) = Pk() - *_1(a)akK () +

¢ denotes the inverse of standard normal cumulative distribution
function and

W (@) = E(Kn), * var(Kn).

Randomized test based on these quantiles are defined using esti-
mates of the integer quantiles and the randomization probabili-
ties:

kL(n, a) = entier(k™(n# a)),

prand*n® a* = *i*n» a) ~ kL(n, a),



kR(n, a) m -entier(-kR(n, a)),

pend(n® n) * &**“e * ~NJ(n, 4,1*
Thus. eh* sil* of the test based on nonul approximation is

oL<n, a) - PIKn S £L(n, a)) ¢ pj~«»», a) P(kJ - k(nh, a) ¢ 1).
aR(n, a) m P(Kn Z ®fR(n, a)) ¢ P*end«n, a) PFK* - k(n, o) - 1).

(These formulae follow immediately from the r&ndomized test defi-
nition).

As a measure of goodness of approximation we chose the dif-
ference between the test size and the assumed significance level
at

iL(n, a) m aL(n, a) - a,

TR(n, a) » éD(n, a) - a.

a~r* 5*t 1}
It ismﬁard to denyyﬁhat the_§maller the value of this difference,
the better approximation.

We would like to present some evaluation of normal approxima-
tion of tests based on number-of-runs distribution in symmetric
case for 3 types of elements. That means we assume that

Im 1 n J [
P1L "™ p2 " p3 "1 a il /\:
and wriv.y/. >t U, «* [ Y]
nt m n2 m N3
are fixed. The recursive formula H "> 1

n
P(Kn . k I Dj, n2. n3) - jlI “P<Kn.J - k I nx - 1, n2, n3)

¢ PIKNn-1 * *~x 1V nl * 1" n3> &« pCn-1 * k « 1 I »J.
nx - 1, b))
ul -i--. ;
was used to compute the distribution. We present some results for

the special cases™" 1~
n. =N @ 31» 2, ..., 40 (n * 3, 6, ..., 120).
Table 1 contains the interpolated quantiles k», kR, their nor-

mal approximates k“, and test size errors 1iL, iIR. The dif-



Quantiles (kL, kL) and test size errors

Left-hand sided
a-0.01 a» 0.050 - 0.10 a- O.

1] kL* KL a

Table 1

@

Right-hand sided
10 a-0.05 a-0.01

IS ki-(h- a) 6.267 7.534 9.077 12.956  14.209

a) 6.568 7.720 9.077 12.923  14.280

aL(h. a) 0.0052 0.0095 0.0000 -0.0070 0.0037

30 ki(h, a) 14.416 16.260  18.380 23.653 25.556

A(n. a) 14.704 16.402  18.403 23.597  25.598

aL(m, a) 0.0029 0.0063 0.0025 <=0-0068 0.0019

60 Ay, a) 31.940  34.460 37.467  44.567 47.338

ki(th, a) 32.150 34.600 37.479 44.521  47.403

aL(n, a) 0.0018 0.0038 0.0010 -0.0037 0.0018

0 klcn. a) 50.008 53.123 56.778 65.257  68.702

ki(h. a) 50.214 53.227  56.779 65.221 68.773

aL(n. a) 0.0015 0.0027 0.0000 -0.0022 0.0019

120 ki(h- a) 68.330 71.992  76.1%4 85.837 89.837

ki(h. a) .68.588 72.078 76.191 85.809 89.922

aL(, a) 0.0014 0.0019 0.0002 -0.0016 0.0020
Source: The author s calculations.

ferences between the quantiles seem to be not large.

our opinion, a much better measure of goodness

is the test sire error 6L and ©6R, In Table
are shown. They are absolute values of 6 in

sample size n:

6*(n,, n,, a = max | 6L(n, & |,
njsnsn2
6®(n,, n,, a) * max | 6R(n, a) |

njSnsn2

2 values of

14.990
15.432

0.0046

26.958
27.296

0.0029

49.615
49.849

0.0020

71.552
71.786
0.0015
93.145
93.419

0.0012

But, in

of approximation

6L 6R

some intervals of



Table 2

Test sice errors

ny-n, Left-hand sided Right-hand sided

a- 0.01 *a - 0.05 a-0.10 a« 0.10 a - 0.05 a- 0.01

15-30 0.0052 0.0095 0.0033 0.0084 0.0048 0.0046

33-45 0.0030 0.0049 0.0014 0.0056 0.0048 0.0029

48-60 0.0022 0.0040 0.0010 0.0039 0.0033 0.0025

63-75 0.0019 0.0037 0.0008 0.0035 0.0030 0.0022
78-90 0.0017 0.0031 0.0009 0.0022 0.0020 0.0019

93-105 ® 0.0015 0.0026 0.0003 0.0024 0.0025 0.0017

108-120 0.0014 0.0026 0.0003 0.0022 0.0020 0.0015

Source: The author®s calculations.

Some authors suggest that the normal approximation 1is good
enough even for n * 15. For very rough statistical investiga-
tion maybe it 1is not a big difference whether the test size is
5% or 6%. But in many kinds of statistical analysis (for instan-
ce test power investigation) more accuracy is needed. Thus, the
error values 1 or 2 pro mille which we observe for sample size
100-120 is not satisfactory.

Therefore we cannot base only on normal approximation of num-
ber-of-runs distribution. Even Tfor moderate sample sizes the
exact distribution should be applied.
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ROZKEADY DLUGOSCI I LICZBY SERIl WIELOKROTNYCYU

Rozk#ady liczby 1 ddugosci serii dla dwéch rodzajow elementéw zostaty sto~
sunkowo dobrze poznane. Znacznia mniej natomiast wiadomo o wkasnosciach roz-
ktadéw liczby badt diugosci serii dla trzech lub wiecej elementéw.

W artykule prezentujemy niektére wyniki dotyczace whasnosci testéw opar-
tych na seriach ztozonych =z trzech lub wiecej rodzajow elementéw, weryFfikuja-
cych hipoteze o niezaleznosci obserwacji w prébie. Ze wzgledu na to, te roz-
ktady badanych statystyk s« dyskretne, analizowano testy zrandomizowane 1
kwantyle Interpolowane.



