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Abstract

This paper introduces the logics of super-strict implications, where a super-strict
implication is a strengthening of C.I. Lewis’ strict implication that avoids not only
the paradoxes of material implication but also those of strict implication. The
semantics of super-strict implications is obtained by strengthening the (normal)
relational semantics for strict implication. We consider all logics of super-strict
implications that are based on relational frames for modal logics in the modal
cube. it is shown that all logics of super-strict implications are connexive logics
in that they validate Aristotle’s Theses and (weak) Boethius’s Theses. A proof-
theoretic characterisation of logics of super-strict implications is given by means
of G3-style labelled calculi, and it is proved that the structural rules of inference
are admissible in these calculi. It is also shown that validity in the S5-based
logic of super-strict implications is equivalent to validity in G. Priest’s negation-
as-cancellation-based logic. Hence, we also give a cut-free calculus for Priest’s
logic.
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1. Introduction

Given its centrality in deductive reasoning, “implication seems to be the
most important connective” [18, p. 167]. Nevertheless there are different
competing formal explications of implication. Just to mention some cases,
we have material implication (D); its modalised versions such as strict im-
plication (3) and variably strict implication (O—); relevant implications;
and connexive implications. This paper proposes a new pair of modalised
versions of material implication which avoid the paradoxes of strict impli-
cation and generate a family of connexive logics with a simple relational
semantics.

Strict implication has been introduced by C.I. Lewis [6] to overcome
the paradoxes of material implication:

-AD(ADB) (MI1)

B> (ADB) (MI2)

But, as connexivists [13] and relevantists [1] argued, strict implication is
plagued by its own paradoxes:

1 3B [and 0-A4D> (A3 B)] (SI1)

A3T Jand OBD>(A3B) (SI2)

We agree with connexivists and relevantists in taking the paradoxes of strict
implication to be as questionable as the paradoxes of material implication.
If, following C.I. Lewis, it is not maintained that ‘A implies B’ follows from
the hypothesis that A is false simpliciter (MI1) or from the hypothesis that
B is true simpliciter (MI2), then it is unnatural to maintain that it follows
from the hypothesis that A is inconsistent/impossible (SI1) or from the
hypothesis that B is a logical/necessary truth (SI2).

This is not to say that we have quarrels with material implication, as
is witnessed by the fact that we will consider logics containing material
implication: we maintain that there are uses of ‘A implies B’ for which
material implication is not appropriate, and that for these uses Lewis’
strict implication fares no better than material implication. If ‘A implies
B’ means that the truth of B depends, in one way or another, on that of
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A, in all the aforementioned cases we should accept that ‘A does not imply
B’ — i.e., among the validities governing implication we do not find (SI1)
and (SI2) but, instead, their negations. We find no reasonable sense of
‘depending’ under which the truth of some B might depend on the truth
of a sentence A that cannot be true (apart, possibly, the degenerate case
in which B itself cannot be true that will be disregarded in this paper).
Analogously, the truth of some B that cannot be false does not seem to
depend on the truth of any other sentence.?

Another way of making the same point goes as follows. If ‘A implies B’
means that establishing the truth of A is a good way of establishing the
truth of B —i.e., if the key role of an implication is its use in Modus Ponens
— then we immediately see that ‘1 implies B’ is useless for inquiring into
the truth of B. Analogously, ‘A implies T’ is a roundabout way for reaching
the truth of T (from this perspective (SI1) is way more problematic than
(SI2)).

This paper studies two strengthenings of -3 — called super-strict impli-
cations (SSI) — that are designed to validate ‘A does not imply B’ when A
is logically impossible or B is logically necessary. Weak SSI (>) does not
validate (SI1) nor (SI2), but it validates the negation of (SI1). Strong SSI
(») does not validate (SI1) nor (SI2), but it validates their negations.

Semantically, SSI are obtained by modifying the truth condition for 3
in such a way that (SI1) and (SI2) no longer hold. As is well known, C.I.
Lewis’ strict implication can be defined in terms of the modal operator [J
as:

As3B = [0OADB)

If we express this in terms of the relational semantics for normal modalities
(for C.I. Lewis’ stronger calculi S4 and S5), we obtain the following semantic
clause:

A 3 B holds at a world w if and only if B holds at every
w-accessible world satisfying A.

Needless to say, if A is semantically equivalent to L then this semantic
clause has an unsatisfiable antecedent and, hence, (SI1) is valid. Analo-

20bserve that intuitionistic implication (—) with its BHK-interpretation — “a proof
of A — B is a construction which permits us to transform any proof of A into a proof
of B” [21, p. 9] — might seem to express an appropriate notion of dependency, but it
doesn’t fare better than material and strict implcations since it allows for the dummy
transformation when A= 1 or B=T.
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gously, if B is equivalent to T then the consequent of this semantic clause
is always satisfied and (SI2) is valid.
Weak SSI avoids the first paradox since

A > B holds at a world w whenever not only B holds at every
w-accessible world satisfying A but also A holds at some w-
accessible world.

Hence, > does not validate the paradoxes of strict implication: it validates
the negation of (SI1). Strong SSI does better in this respect in that it
validates also the negation of the second paradox (SI2):

A » B holds at a world w iff the two clauses for 1> are satisfied
and, moreover, B does not hold at some w-accessible world.

Having sketched the semantical interpretation of the notions of truth-
value dependency and SSI that we subscribe, the next step will be that
of introducing the class of logics that we are going to consider. Logics of
SSI will be defined semantically as sets of formulas that are valid in some
class of relational frames. In particular, we consider the logics determined
by the classes of frames defined wvia the following well-known properties of
the accessibility relation: seriality, reflexivity, transitivity, symmetry, and
Euclideaness (see Tables 1 and 2). Proof-theoretically, we will characterise
each logic by means of a G3-style labelled calculus [12, Chapter 11] where
all structural rules will be shown to be admissible (both syntactically and
semantically).

By means of these calculi it will be shown that all logics of SSI are
connexive logics — see [14] for a recent introduction to connexive logics —
in that they include both Aristotle’s Theses (—o stands for either > or »):

(A —o —A) (A —o A) (AT1 & AT2)
and (weak) Boethius’ Theses:
(A — B) D —(A — —B) (A—-B)>—-(A—B) (BTl & BT2)

Observe that the validity of Aristotle’s and Boethius’ Theses is a natural
outcome for an implication that expresses a notion of ‘truth-value depen-
dency’. Even if we have not tried to give a precise meaning to this notion
of truth-value dependency, one minimal property that we can ascribe is the
impossibility for both a proposition and its negation to depend on the same
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proposition. Accordingly, SSI validate Boethius’ Theses. Another property
that we can ascribe to this notion of truth-value dependency is that no
proposition depends on its own negation. Whence, SSI validate Aristotle’s
Theses. SSI are connexive implications (though they do not validate the
strong Boethius’ Theses that are obtained from the weak ones by replacing
D with —o). To sum up, SSI are simple modality-based non-paradoxical
and connexive implications where the connexion between antecedent and
consequent of a true implication is some kind of ‘truth-value dependency’.

Outline Section 2 discusses some related works and gives some motiva-
tions for SSI. Section 3 introduces the syntax and semantics of logics of
SSI. Section 4 introduces labelled calculi for them and Section 5 proves the
admissibility of the structural rules of inference. In Section 6 it is proved
that these calculi are sound and complete with respect to their intended se-
mantics. In Section 7 the semantics of the S5-based logic of SSI is shown to
be equivalent to the semantics for a connexive logic considered by G. Priest
[16]. Section 8 sketches some future works.

2. Super-strict implications and related works

SSI are interesting for at least two different but related reasons. First,
they explicate the idea of implication as expressing some kind of truth-
value dependency: ‘A implies B’ is taken to mean that establishing A is
a way to establish B. Under this reading of implication the paradoxes
of both material and strict implication do not hold. SSI validate instead
the negation of the first paradox of strict implication (SI1); strong SSI
validates also the negation of the second paradox (SI2). The second reason
for studying SSI is that they generate a family of connexive logics having a
very simple relational semantics. SSI show that we can achieve connexivity
by adding to the truth conditions for strict implication the condition that
the antecedent of a true implication has to be possible. Moreover, this
additional condition is not just a formal machinery to achieve connexivity:
it can be philosophically justified by taking implication to express some
kind of truth-value dependency. In this section we compare SSI with some
related approaches in order to highlight the main novelties of SSI.

The idea of strengthening C.I. Lewis’ 3 to obtain a more apt formal
explication of implication is not new. The most famous example of this
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phenomenon is D. Lewis’ and Stalnaker’s logic of wvariably strict implica-
tion (= (a.k.a. the logic of counterfactual). We will briefly return to
variably strict implication in Section 8; here we just highlight that the goal
of proponents of variably strict implication is orthogonal to our own, since
O is designed to avoid the transitivity of 3 and not its paradoxes (SI1)
and (SI2).

A proposal that looks similar to SSI is made by E. J. Lowe in a series of
papers [8, 9] where he proposes to capture indicative conditionals by expli-
cating ‘A implies B’ in the modal language as (A D B)A(OAVOB). Lowe
explicitly rejects a modal analogous of weak SSI because of the following
counterexample: “If n were the greatest natural number, then there would
be a natural number greater than n” [9, p. 48]. We are not particularly
moved by this counterexample since our intuitions about its truth value
differ from Lowe’s ones. While Lowe maintains that a conditional with a
necessary consequent must be true even if its antecedent is impossible, we
believe, to the opposite, that no formula is implied by an impossible for-
mula. This is motivated by our understanding of implication as expressing
some kind of truth-value dependency. ‘A implies B’ means that establish-
ing A allows us to establish B. If A is impossible then it cannot be used
to establish the truth of some B, not even when B is necessarily true as in
Lowe’s example: we might have many different ways to establish B, but A
is not among them.? Hence, when A is impossible we take ‘A implies B’
to be (logically) false. Notice also that under Lowe’s explication of impli-
cation the second paradox of strict implication (SI2) turns out to be valid.
Even if Lowe’s proposal were able to explicate indicative conditionals, it
would not provide a non-paradoxical implication. SSI are instead meant
to provide simple non-paradoxical modalised implication that need not be
formal explications of indicative conditionals in natural language. For this
reason we are not moved by the counterexamples given in [4] either.

Another proposal that is quite similar in spirit to the present one is
Hitchcock’s [5] enthymematic consequence: A I+ B iff it is impossible that
A is true and B is false, but both A and =B are possibly true. Obviously,
strong SSI can be seen as an object language representation of Hitchcock’s
consequence relation; and, analogously, weak SSI can be seen as an ob-

3If we consider strong SSI then Lowe’s example turn out to be false for the very
same reason used by Lowe to argue that it is true.
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ject language representation of B. Bolzano’s consequence relation since he
required the premisses be consistent, see [2].

A connexive implication that is somehow similar to SSI is C. Pizzi’s
consequential implication [15]: A consequentially implies B if and only if
A 3 B and, moreover, A and B cannot have incompatible modal status.
If the underlying modal logic is at least the serial logic KD, consequen-
tial implication validates Aristotle’s Theses and weak Boethius’ Theses.
Moreover, connexive consequential implication does not validate strong
Boethius’ Theses and, as shown in [15], a consequential implication val-
idating Strong Boethius’ would be a commutative operator. One of the
main differences between Pizzi’s consequential implication and SSI is that
the former is semantically analysed only via a translation in the modal lan-
guage and its formal definition makes essential use of modal notions. The
definition of SSI, instead, does not depend on modalities and, as will be
shown in Section 3, the (normal) modal operators O and ¢ can be defined
in terms of weak SSI in a non-circular way. Another striking difference
— which can be taken to show that SSI generate a better behaved family
of connexive logics than consequential implication — is that SSI validate
Aristotle’s and Boethius’ Theses even on structures falsifying the seriality
axiom D := OA D QA (see Example 4.1), whereas consequential impli-
cation is connexive only in the presence of the seriality axiom. All in all,
SSI seem better behaved than consequential implication for introducing
connexive implications with a simple relational semantics: modal notions
should not be involved in the definition of a connexive implication (but
they might be defined in terms of connexive implication) and, moreover,
it might be interesting to consider modality-based connexive logics where
the seriality axiom fails (even if seriality expresses the connexive idea that
A and —A express incompatible propositions).

Finally, another formal semantics for a connexive logic that is very sim-
ilar to the one for SSI is the one adopted by G. Priest [16] to model the
cancellation account of negation [19]. Section 7 will compare our proposal
with Priest’s one. Here we just anticipate that Priest’s motivation is com-
pletely independent from ours. Priest’s aim is that of making precise the
cancellation account of negation and showing how this “gives rise to a se-
mantics for a simple connexivist logic” [16, p. 141]. As we will see in
Proposition 7.1, validity (but not consequence) in Priest’s connexive logic
can be seen as a particular case of our more general approach obtained
by considering the S5-based logic of SSI. Hence, in providing proof sys-
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tems for logics of SSI, we will provide also a proof system for validities in
Priest’s cancellation account of negation. As we will argue in Section 7,
the cancellation account of negation cannot be formalised suitably by the
given formal semantics, which is instead appropriate to capture the idea of
implication as expressing some kind of truth-value dependency.

3. Syntax and semantics

The language (£) of SSI is determined by the following grammar, where p
ranges over a denumerable set of propositional variables P:

Au=p|L|ANA|AVA|ADA|A>A|Aw A (L)

Parentheses follow the usual conventions (where SSI bind lighter than all
other operators). We will use p,q,r as metavariables for propositional
variables and A, B, C for arbitrary formulas. T is short for 1 D 1 and —=A
is short for A D L. Moreover, A — B will be short for both A > B and
A » B. Given a formula A, its weight w(A) is thus defined: w(p) = w(L) =0
and w(Ao B) =w(A) +w(B)+1for o€ {A,V,D,>,p}.

As in relational semantics for modal logics, a frame F is a pair (W, R)
composed of a non-empty set of worlds and an accessibility relation; a
model M is a triple (W, R, V) where V is a valuation function mapping
each propositional variable in P to a subset of W. If M = (W, R, V) and
F = (W, R), we say that the model M is based on the frame F (F-model,
for short).

The truth of a formula A at a world w of a model M (in symbols
=M A) is defined as usual for the classical operators and for the SSI is
defined as follows:

EMA>B iff forallveW,if wRvand ) A, then =M B &
some v € W is such that wRv and = A

=M Aw B iff forallve W, if wRv and EA A, then =M B &
some v € W is such that wRv and = A &

some v € W is such that wRv and M B
Truth in a model (™ A) and wvalidity in a frame (F = A) or in a class
C of frames (C |= A) are defined in the usual way. A formula is valid if it
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Table 1. Modal correspondence Table 2. Cube of normal
results modalities
Name ‘ Property ‘ Modal axiom
S4=1T4 S5 = KT4B
(D) seriality 0A D> 0A
YVw3v(wRv) T —TB
(1) reflexivity 04> A
Yw(wRw) D4e *D45
(4) transitivity | 0A > 004 *D5
YVw, v, u(wRv A vRu D wRu) b DB
(B) symmetry A D OCA _
Vw, v(wRv D vRw) Kde . K5 KBS = KBd5
(5) Euclideaness ‘ OADOOA K K5 B
Yw, v, u(wRv A wRu D vRu)

is valid in the class of all frames. Given a class C of frames (a C-model is
a model based on a frame in C and) its (local) consequence relation is thus
defined:

I =¢ A iff  for each world w of a C-model, if all formulas in
T" are true at w then A is true at w

A logic of SSI is defined as the set of L-formulas that are valid in a class
of frames. In particular, we consider the logics determined by the classes
of frames defined via the well-known properties of the accessibility relation
given in Table 1. We follow the standard naming conventions for £5-logics,
see Table 2.

Now we present some important properties of logics of SSI.

ProrosITION 3.1.

1. None of the paradoxes of material implication — i.e., (MI1) and (MI2)
— is valid for —o.

2. None of the paradoxes of strict implication is valid for —o.

3. The negation of (SI1) is valid for —o; the negation of (SI2) is valid for
>.

4. The connexive principles (AT1 & AT2) and (BT1 & BT2) are valid
for SSI.
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5. Strong Boethius’ thesis: (A — B) — =(A — —B) is not valid.
6. SSI are not reflexive: in general A — A is not valid.

7. Contraposition is valid for » (A » B = —-B » —A) but not for >
(A> Bl —-B > —A).

PROOF: The proof of items 1, 2, 5, 6, and 7 is left to the reader. Example
4.1 gives a syntactic proof of some of the claims made in items 3 and 4. O

We finish this section by presenting the relationship between SSI and
modal operators. It is immediate to notice that O and ¢ can be defined in
terms of weak SSI as follows:

0A=A>T OA=—(-ApT) (Def. 00/90)

Moreover, since A 3 B = (A D B), we can express strict implication in
terms of weak SSI as follows:

A3B = -(AN-B)>T) (Def. 3)
Finally, we can define strong SSI in terms of the weak one as follows:
Aw» B = (A>B)A(-BD>T)) (Def. »)

Neither the unary modalities, nor strict/weak SSI can be expressed in terms
of strong SSI. This can be seen as a reason to prefer > over » despite the
fact that > does not validate the negation of the paradox (SI2). Observe
also that over serial frames the translation of [JA can be simplified into
T A

It is also possible to express SSI in terms of the standard modal language
LY: A Bisexpressed by OAAD(A D B) and A » Bby QAAO(A D B)A
O—B. Thus, the logics of SSI are embeddable in the corresponding modal
logics. Formally, we have the following translation t mapping L-formulas
into £P-formulas.

DEFINITION 3.2. Let A be an L-formula, the £5-formula t(A) is thus
defined:
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t(A) = A iff A is a propositional variable or L
t(BoC) = t(B)ot(C) iff o€ {A,V,D}
t(Br>C) = O0t(B) AO(t(B) D t(C))

t(Bw» C) = 0t(B) AO(t(B) D t(C)) AO(—t(C))
It is immediate to see that the following theorem holds.

THEOREM 3.3. Let C be a class of frames. The L-formula A is valid in C
if and only if the LO-formula t(A) is valid in C (w.r.t. C-models for the
modal language).

This entails that all the logics of SSI we consider are decidable. In par-
ticular, [3] shows that the satisfiability problem is NP-complete for the
modal logics S5 and KD45 and PSPACE-complete for the logics K, D, T,
and S4. In translating an £-formula A into the corresponding £5-formula
t(A) we have an exponential blowup in the weight of the formula since, e.g.,
t(B) occurs twice in t(B > C). Nevertheless, if |A| stands for the num-
ber of subformulas of A, the translation t has linear complexity. Given
that the complexity algorithms in [3] depend on |A| rather than on w(A),
we conclude that the satisfiability problem is PSPACE-complete for the K-,
D-, T-, and S4-based logics of SSI and it is NP-complete for the S5- and
KD45-based ones.*

4. Labelled calculi

We introduce G3-style labelled calculi for logics of SSI. We assume the
reader is familiar with labelled calculi for modal logics, see [12, Chapter
11]. First of all, we introduce a set LAB of fresh variables, called labels.
Labels will be denoted by w, v, u, ... and will be used to represent worlds.
Then, we extend the set of formulas by adding relational atoms of shape
wRv — expressing that v is accessible from w. Moreover, we replace each
L-formula A with the labelled formulas w : A — expressing that A holds
at w. Finally, in analogy with [10, 11], we add (ezistential and universal)
forcing formulas of shape I A and IFY A (A € £) — expressing that A
holds at some/all worlds accessible from w.> The weight of a formula E

4Thanks are due to an anonymous reviewer for spotting a mistake in our original
argument.

5As is explained in Fn.6, forcing formulas are needed to obtain complete rules for ».
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of the extended language, w(E), is a pair (n,¢) (ordered lexicographically)
where n is the weight of the L-formula used to construct E or 0 if E is
a relational atom and ¢ is 1 if E is a forcing formula, else it is 0. This
definition is designed to have w(w : Ay » Ay) > w(w IF/Y A;) > w(w : 4;),
see the proof of Lemma 5.1. Given a formula E of this extended language,
Efw/v] is the formula obtained by substituting each occurrence of v in E
with an occurrence of w. A labelled sequent is an expression:

I'=A

where I' is a finite multiset composed of labelled formulas, forcing formulas,
and relational atoms, and A is a finite multiset of labelled and forcing
formulas only. Substitution of labels is extended to sequents by applying
it componentwise.

The rules of the calculus G3SS.L for the logic of SSI over frames for the
normal modal logic L are given in Table 3. The calculus G3SS.K contains
all the rules in Table 3 but the non-logical ones. If L is an extension of
K from Table 2, the calculus G3SS.L extends G3SS.K with the non-logical
rules expressing the semantic properties of frames for L (a calculus contains
the contracted rule instance Euclid® iff it contains Fuclid). To illustrate,
the calculus G35S5.54 contains all rules of Table 3 but the non-logical rules
Ser, Sym, Euclid, and Fuclid®. Observe that in a derivation there can be at
most one instance of one of the rules L " and L »’ (some relational atom
will occur in all nodes of the tree above this rule instance); moreover, as
will be shown in Corollary 5.4, these rules are eliminable from calculi where
rule Ser is admissible. We allow ourselves to use the following admissible
rules:

' Aw:A w:AT=A

w:ﬁA,FéALﬂ and T = A w:-A "7 and FéA,w:TRT

A G3SS.L-derivation of a sequent I' = A is a tree of sequents, whose
leaves are initial sequents, whose root is I' = A, and which grows according
to the rules of G3SS.L. The height of a G3SS.L-derivation is the number of
nodes of its longest branch. We say that I' = A is G3SS.L-derivable (with
height n), and we write G3SS.L () T' = A, if there is a G3SS.L-derivation
(of height at most n) of I' = A. A rule is said to be (height-preserving)
admissible in G3SS.L, if, whenever its premisses are G3SS.L-derivable (with
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Table 3. Rules of the calculi for logics of SSI

initial sequents: w:p,I'= A, w: p, with p atomic

logical rules:

w:l,I'=A b

w:A,w:B,F:AL I'=Aw:A I'=s>Aw:B
w:AANBT=A T=Auw:ANB fin
w: A=A w:BTI'=A I'=sAw:Aw:B
w:AV BT =A kv '=Aw:AVEB frv
F'=Aw:A w:B,F:AL w:A,F:A,w:BR
w:ADBT=A N I'sAw:ADB -
wRu, wRv,u: Ayw: A> B, T = Ajv: A meva,v:B,u:A,w:ADB,F#AL frest
wRv,w:A> B, I'= A B fresh
wRu,u:A,w:ADB,F:SAL/ . ntional -
wA\>B7I‘:>A >, u fresh, no relational atom in
wRu,wRv,u: AT = Au:B va,F:>A,w:AI>B,1):ARD et

wRv,I'= Aw:Ar> B

wlF A, wRv,w: Aw B,T = Av: AwlFY B wRv,v:B,wlF? Ajw: A» BT = Awl-’ B B
wRv,w:Aw B,I'= A >

w3 Aw:Ap» BT = Awl-’' B
w:Aw» BI'=A

wRu,u: AT = Au:B T'=AwlF A wlF" B,T = A

L»’, no relational atom in I'

Rw», u fresh
I'=sAw:Aw» B > e
forcing rules:
wRu,u: A, = A wRv, T = A wlF Av: A
S LIF3, u fresh 3 RIF3
wlF= AT = A wRu,I' = AjwlF= A
v:AwRv,wlFY AT = A wRu,I' = Aju: A
v LIFY v LH—V, u fresh
wRv,wlF” AT = A I'=Awlk A
non-logical rules:
wRu,I' = A s et wRw, ' = A e wRu, wRv, vRu, ' = A
r=A e '=A ° wRv, vRul' = A Trans
vRw, wRv,[' = A s vRu, wRv, wRu,[' = A ) vRu, wRv, ' = A .
wRv, T'= A o wRv, wRu, T’ = A Buctid wRv, ' = A Buctid
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height at most n), also its conclusion is G3SS.L-derivable (with height at
most n). In each rule depicted in Table 3, I' and A are called contezts,
the formulas occurring in the conclusion are called principal, and those
occurring in the premisses only are called active.

Ezxample 4.1. The following sequents are G3SS.L-derivable:
1. The negation of (SI1): = w: (L — A)
2. The negation of (SI2): = w:—(A» T)
3. First Aristotle’s Thesis (AT1): = w: (A — —A)
4. Second Aristotle’s Thesis (AT2): = w: (-4 — A)
5. First Boethius’ Thesis (BT1): = w: (A — B) D ~(A — —B)
6. Second Boethius’ Thesis (BT2): = w: (A — —-B) D> (A — B)

PRrROOF: For simplicity, we assume —o is [>.

1.
wRu,u: Liw: 1L > A= LLI
w:l>A= ke
B e e
=w:-(L> A)
2.
RT
wRu,wlF A w:Aw T=u:T .
RIF
wiF Aw: A T=2>wlH' T )
w:Aw T = e
_weaAk = L
=sw:—(Aw»T)
3.

wRv,v: A, wRu,u: Aw: A>—A=u: A L.5.1
wRv,v: A, wRu,u:Aw: A>-A=u:A Lot wRv,v : Aju: ~AwRu,u: Ajw: A> —A= L=
wRu,u: Ayw: A>-A= L

_wiApoAds
= w:(A>-A)

L'
R

4. Analogous to the derivation of AT1.
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D.
————— 5.1
- u:B=u:B
: 71,:/1:>71,:AL"'1 'U:B.,“,:‘\Bifﬁ
B u:A:>u:AL”'l u:BAwRuAu:A,w:ADﬁBﬁL i
’UJR’LLA,U:A,‘U_‘:AD“B.‘U1141U1114DB:>’U:AL‘dvl wRu,u: Ajv:Bw:A>-Bv:Aw: A> B= . e
wRv,v: Aw:A> -Bw:A>B= -
w:A> -Buw:A>B= e
w:A>B=w:—(A>-B) Rﬁ
Swi(A>B)o—~(A>-B)
6. Analogous to the derivation of BT1. O

5. Structural rules of inference

In this section we prove the admissibility of the structural rules of inference:
weakening and contraction will be shown to be height-preserving admissible
and cut will be shown to be admissible. Moreover, we’ll show that all rules
are height-preserving invertible. All proofs of this section will be based
on (the non-modal fragment of) those in [10, 12] for the labelled calculi
for normal and non-normal modal logics. In particular, in the proof of all
lemmas/theorems we will not consider the propositional and non-logical
cases since their proof can be found in [12] nor the forcing ones whose
proof is in [10].

LEMMA 5.1. w: AT = Aw: A and wF3/Y AT = AwIF3/Y A - with
A arbitrary L-formula — are derivable in G3SS.L.

PROOF: By simultaneous induction on the weight of w : A and w IF3/¥ A.
We consider only the case when A = B > C' and, without loss of generality,
we assume I' = wRwv (if no relational atom is in T, we use L 1>’ instead of
L >) and A = ). We have the following derivation (omitting all formulas
that, bottom-up, become useless):

1H 1H 1H IH
wW:B=u:B Wi C=u:C . . vW:B=u:B u/:Ciu’:CLD P
wRu', v : BwRu,u: Byw:B>C=u:C u:B=u:B " wRu v/ : Byw:B>C=u:C u:B=u:B N
> >
wRu,u:B,w:B>C=w:B>C,v:B wRu,v:C,u:B,w:B>C=w:B>C .
>

wRv,w: B> C=w:B>C

To prove the lemma for w : Ay » A, I' = A, w : Ay » A, it is essential that
w(w : Ay » Ap) > u(IF7/3 Ay); to prove it for w IF7/3 AT = A w /3 A
it is essential that w(IF¥/3 A) > w(w : A). O
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LEMMA 5.2. If G3SS.LF"T'= A then G3SS.LF" T[ug/u1] = Alua/u1].

PRrROOF: The proof is by induction on height h of the derivation D of I =
A. Suppose the last step of D is by the following instance of R >:

wRvg, wRvy, vy : AT = Ajvy: B wRv, I'= AjwAr> Byv : A
wRv, ' = Aw: A> B

R>>, vy fresh

Let us consider a label vz that is new to D and not in {uj,us}. We
transform D into the following derivation Dlus/u;] having same height
as D:

wRvy, wRv1,v9 : A, T = Ajvy : B
wRvs, wRvy,v3 : A,T' = Ajvg : B wRv, ' = AjwA> Byv; : A
o TH[us /us]
wluz/u1|Rus, vz : A, (wRv1, T = A)us/ui],vs : B (wRv1, I = AjwA > B, vy : A)us/uq) B
(wRv1,I' = Ajw: A B)lug/ui) "

IH[vs /vs)

The transformations for rules L (), L »(), and R » are similar and can
thus be omitted. O

Next is height-preserving admissibility of weakening.

THEOREM 5.3 (Weakening). If G3SS.LF* T' = A then G3SS.LF"
ILT = A%,

PrOOF: By induction on the height h of D. If the last step of D is by a rule
Rule for weak or strong SSI, then we start by applying Lemma 5.2 to the
derivation of its premisses in order to replace its eigenvariable, if any, with
variables new to II, X and to D. Next, we apply the inductive hypothesis,
and an instance of Rule. O

The following corollary of Theorem 5.3 shows that rules L >’ and L »’
are needed only for logics of SSI defined by non-serial classes of frames.

COROLLARY 5.4. Rules L >’ and L »' are eliminable from G3SS.L when
LD>D.

PROOF: Suppose the last step of D is by the following instance of L >’

wRu,u:Aw: A> B,T' = A
w:A> BT =A

’

L>

We transform D into the following L >'-free derivation (v new to D):
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wRu,u: A,w: A B,T = A . wRu,u: Ajw: Ar> B,I' = A .
wRv,wRu,u: A,w: A> BT = Av:A hm.5.3 wRv,v: BywRu,u: Ayw: A> B,T = A th'o'i
wRv,w: A> B,T' = A e

w:A> BT = A

Ser

The transformation for rule L »' is analogous. O

To prove that contraction is height-preserving admissible, we need
height-preserving invertibility of each rule — i.e., the derivability (with
height n) of a sequent that can be the conclusion of a rule instance en-
tails the derivability (with height n) of the premisses of that rule instance.

LEMMA 5.5 (Inversion). Fach rule of G3SS.L is height-preserving invertible.

PrOOF: The height-preserving invertibility of the rules for SSI with respect
to premisses with repetition of all principal formulas follows from Theorem
5.3 (we have cases of ‘Kleene-invertibility’). Hence, we have to consider only
the invertibility of rule R > with respect to its leftmost premiss, and that
of R » with respect to each one of its premisses. Let’s consider inversion
or R > w.r.t. its leftmost premiss (the proof is similar for the leftmost
premiss of R »). Suppose the conclusion of D is:

wRv, = Aw: A> B

If the last step of D is by an instance of R > there is nothing to prove.
Else, the last step of D is by a rule Rule with either one or two premisses
wRv, IV = A'w : A > B and wRv,I” = A", w: A > B. Let u be
some fresh variable, we apply the inductive hypothesis to the derivations
of the premisses in order to obtain derivations (having same height) of the
sequents wRu, wRv,u : A,TV = A’ u : B and wRu,wRv,u : A,T" =
A" u: B. By applying an instance of Rule we obtain a derivation (having
same height of D) of:

wRu, wRv,u: A,T = A,u:B

Next, we prove hp-inversion of R » w.r.t. its second premiss (the proof
is similar for the third one). Let’s suppose w : A » B is not principal in the
last step of D, which is by Rule and has premiss(es) IV = A, w: A » B
(and T = A” w : A » B). We apply the inductive hypothesis to the
premiss(es) and then an instance of Rule to conclude I' = A, w IF A. [

Now we can prove height-preserving admissibility of contraction.
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THEOREM 5.6 (Contraction). If G3SS.LF" T',T = A, A then G3SS.LFH"
I'=s A.

PrOOF: The proof is by induction on the height n of the derivation D
of the premiss. We assume, w.l.o.g., we are contracting a single formula
(occurring in the antecedent or in the consequent). We consider only the
cases where the last step of D is by a rule Rule for —o. If the contraction
formula is not principal in Rule, we apply the inductive hypothesis to the
premiss(es) of Rule and then an instance of the same rule. If, instead, the
contraction formula is principal in Rule then we apply Lemmas 5.5 and
5.2 to its premiss(es) without repetition of the principal formulas; next, we
apply the inductive hypothesis to each (modified) premiss and we conclude
by an instance of Rule. To illustrate, if the last step of D is:
wRu,wRv,u: A= Aw:A> B,u: B wRv,I'=Aw: A> Bjw: A> B,v: A
wRv, ' = Aw: A> B,w: A> B i

we transform D as follows:

wRu,wRv,u: AT = Aw: A> B,u:B
wRuy, wRu, wRv,uy : A,u: AT = Aju; : Bju: B
wRu, wRu, wRv,u: Ayu: AT = Aju:B,u:B wRu,I'=Aw:A>Bw:A>B,v: A
wRu,wRv,u: AT = Aju:B " wRu,T'= Aw:A>B,v: A "
wRv,I'= Aw: A> B fie

Lem.5.5

Lem.5.2 [u/u)

O
We are now ready to prove cut elimination.

THEOREM 5.7 (Cut). Let C be either a labelled or forcing formula.
IfG3SS.LFT = A,C and G3SS.L+ C 11 = X then G3SS.L+T, 1T = A, 3.

PROOF: As usual for G3-style calculi, see [12], the proof considers an up-
permost instance of Cut and proceeds by lexicographical induction on the
pair (weight of the cut formula, cut-height), where the cut-height is the
sum of the height of the derivations of the two premisses of cut.

It is useful to organise the proof in three cases: (i) at least one premiss
has a derivation of height 0; (ii) the cut formula is not principal in at least
one of the premisses; (iii) the cut formula is principal in both premisses.
We consider only cases (ii) and (iii) where the last step of the derivation of
some premiss is by a rule for —o.

In case (ii) we can permute the cut upwards in the derivation of a
premiss where the cut formula is not principal in the last step (if needed,
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we use Lemma 5.2 to replace eigenvariables with the appropriate labels).
Suppose, e.g., the cut formula C' is not principal in the last step of the left
premiss, which is by an instance of L >. We transform:

Dy ‘Do
wRu,wRv,u: Ayw:A> B, I'=A,C,v: A wRu,wRv,v:Bu: Aw:A> B, I'=AC B Dy
wRo,w:A> BT = A C R 1 =8>
wRv,w:A> B,I'NII= A%

into the following derivation (where w; is a fresh label):

:D. :D.
wRu, wRv,u: Aw: A BT =Av:AC D, wRu, wRv,v : B,u: Aw:As BT = AC iy
WRuy, R, Aw:As BT = Au:4C "7 o=y wRuy, wRv,v: Bui  Aw:As BT =A,C "% cll=x
wRuy, wRv,uy : A,w: A BTl = A, X,v: A Cut wRuy,wRv,v:Buy : Abw: A BT, II= A X ¢
wRv,w: A> B, = A% e

2

Jut

where we have two instances of Cut that are admissible having lesser cut-
height.

If we are in Case (iii) and the cut formula is not of shape w : A — B,
see [10, Theorem 4.9]. If, instead, the cut formula has shape w : A > B
and the right premiss is by rule L > we have the following derivation:

Dy D1y Dy Dy
wRu,I'= A,w: A> B w:ADB,wRu,HéZC
wRo, T, wRu, Il = A, % u

Where:

e Dy is: wRv, v : A,va;I‘ = A,v: B
e Dy, is: va,F:>A,u.J:A>B,v:A
e Dy is: wRul,ul:A7wRu,w:A>B,H:>E,u:A

o Dy, is: w’Rul,u:B,ul:A,w;Ru,w:ADB,HjE

We transform it into the following derivation containing some instances of
Cut that are admissible by inductive hypothesis (here and in the following
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derivations, instances of cut marked with () have lesser cut-height, and
those marked with (i) have a cut formula of lower weight; moreover T'¥
stands for k copies of I'):

D, ‘Dg
(wRv)?, (wRu)%, T2 112 = A2 %2 u: A u: A wRu,wRu, I, Il = A,
(wRv)*, (wRw)3, T3, 113 = A3, %3
wRv, wRu, [\ 1T = A%

Cut (f)

Thm.5.6

Where:

e D, is the following derivation:

1Dy
Diy ‘D, Dy w:A> By A, wRuy, wRu,IT= X, u: A
wRv,T = Av:Aw:A>B w:Ap> BwRu,Il =% wRv, ' = Aw:A>B w:Ap> Bv: A wRv,wRu, Il =X u: A ¢
wRu,wRv, T, II = A, X,v: A " v: A wRu, (wRv)2 T, I = A X, u: A .
(wRu)?, (WRv)? T2 1% = A%, 52 u: A

B

e Dy is the following derivation:

Dy
w:A> B,u: BywRuy,wRu,u; : A, Il =%

EDu EDl 3 L5.2
wRvy, wRv, vy : A,T = A,v, : B wRv,T'=Aw:A>B w:Ar B,u: B, (wRu) ,u:A.,l'TﬁEO
- - .5.2 2 1
wRu,wRv,u: AT = Au:B b0z w: BywRv, (wRu)?,u: A,T,TT = A8

Cut (3)

(u: A)?, (wRv)?, (wRu)?, T2 11 = A%, %
u: A, wRv, wRu, I 1T = A2

Thm.5.6

If the cut formula has shape w : A > B and the right premiss is by
rule L 1>/, we transform the following derivation (the conclusion of Dy; is
wRv,v1 : A, T = Ajv, : B):

Dyy Dio : Doy
S wRU,F:>A7w:AI>B,v:AR w:AD> Bu: A wRu =X
wRv, I’ = A,w: A> B > w:Ap> BIl=% e

Cut

wRy, [T = A%
into the following one where we have some admissible cuts:

Dy
Dy Dy ‘D w:A> Bu: A wRu, Il =X
wRu,I' = Aw:A>Bwv:A w:A>BI=Y% wRv,' = Ajw:A>B w:Ap> B,v: A wRv,Il=3%
wRu, T, I = A, 3, v: A m v A (wR)AE T, = A%
(wRw)3, T2, 112 = A2, %2 ®

L.5.2
()

Thm.5.6
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If the cut formula has shape w : A » B and the right premiss is by rule
L », we have the following derivation:

Dy ‘D12 ‘D13
u: A, wRu, I’ = A,u: B I'=Awl A wH—VB,F=>AR
» .
I'=sAw:Aw» B :ch
t
wRu,T,II= A, % “
Where D, is the following derivation:
1 Doy Dy

wiF Aw: Aw ByuRv, 1= S, wliF Bv: A v:BwlF? Aw: Aw BywRv, 1= X, wlt’ B .
»

w:Aw» BywRv, Il =%

We transform it into the following derivation containing some admissible
instances of cut:

1D, EDB
(WRv)2,TH I = A S v: B v:BwRv, I3 1= A3 % @
(wRv)?,T7, 112 = A7, %2

Thm.5.6
wRu, 1T = A%
Where:
e D, is the following derivation:
Dy Dy
Dis F=Aw:A»B w:Ar Buwlk? AwRvlI=Sv:Awlk' B o
I=Awlk A wik AwRy D= ASv:Awk B Dy .
( N - . 11
wRv, T2, M= A2 %,v: AwlF’ B wiF’ B,T = A PE AwRuT = Au:B
WRu, T 11 = A% S, v: A viAwRv, T = A0 B (’0 ?

(wRv)2, T4 T = A %, v: B

e Dy is the following derivation:

D, Dao
“Dia T=Aw:A» B w:Aw» Bwl> Av: BjwRv, 1= X, wl’ B (*)
I'=AwlF A wlF? A B,wRv, T, I = A, %, wl-' B @ ' “Dis
wRv,v: B,T2, 11 = A2, 3, wlFY B wlFY B, = A @

v: B,wRv, T3 1= A3 %
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Finally, if the cut formula has shape w : A » B and the right premiss is
by rule L »’, we transform the following derivation (the conclusion of Dqq
is wRu,u: A, T = A ju: B):

‘D Di» Di3 Doy
S T'=AwlhHA wIFvBF:&AR w:Aw» BiwlF All=% wlt B ,
T=Aw:AwB > w:Aw BII=3 >
= A, ut

into the following derivation containing some admissible instances of cut:

Dy Do
“Dia P'=Aw:A» B w: A»Bu\l—aAH:ZwH-VBL
= Awl3 A w3 AT, = A%, wlFY B v Dy
o= A%3 wl’ B @ wlFY B, T = A
311 = A%, % ®
Tiho=a4ayxn 7

6. Soundness and completeness

In this section it is proved that the calculus G3SS.L is sound and complete
with respect to L-frames. In particular, the proof of completeness will be
a modular Tait-Shiitte-Takeuti style proof: we define an exhaustive proof-
search procedure that either outputs a G3SS.L-derivation or allows to build
a countermodel based on an L-frame.

6.1. Soundness

In order to show that G3SS.L is sound with respect to L-frames we ex-
tend the notion of validity to sequents. We begin with some preliminary
definitions.

Let M = (W, R,V) be a model and let 0 : LAB — W be a function
mapping labels to worlds of the model M. We say that:

o M, o satisfies the relational atom wRwv iff o(w)Ro(v);

o M, o satisfies the forcing formula w IFY/3 A iff each/some v such that
o(w)Ro(v) is such that =M

o(v)



Super-strict Implications 23

e M, o satisfies the labelled formula w : A iff I:?E‘w) A.

A sequent T' = A is (L-)valid iff each pair M,o (with M based on an
L-frame) satisfying all formulas in T" satisfies some formula in A.

THEOREM 6.1 (Soundness). If a sequent S is derivable in G3SS.L, then it
is L-valid.

PROOF: The proof is by induction on the height of the derivation D of S.
The base cases hold trivially. For the inductive steps, we have to check
that each rule of G3SS.L preserves validity over L-frames. First, we prove
that the logical rules preserve validity. We consider only rules for > and
for » (the other cases are as in [10, Theorem 5.3]).

For rule L 1>, assume the last step of D has shape (u not in the conclu-
sion):

wRu,wRv,u:A,w: Ar> B,I' = Ajv: A wRu,wRv,v:Bu: Ajw: A> B,T'= A B
wRv,w: A> B,I'= A >

We need prove that each pair M, o satisfying (all formulas in) wRv,w :
A > B,T (11, for short) satisfies some formula in A. Let M, ¢’ be a generic
pair satisfying all of wRwu,u : A,II. By induction on the left premiss, we
know that M, ¢’ satisfies also some formula in A or v : A. In the first case
we are done (u is not in II, A and, hence, M, ¢’ is a generic pair satisfying
IT). In the second case M, o’ satisfies v : A D B, and, hence, it satisfies
v : B. By induction on the second premiss, we obtain that M, o’ satisfies
some formula in A and we are done.

For rule L >/, assume the last step of D has shape (u not in the con-
clusion):

wRu,u:A,w:A> B, I = A
w:A> BT =A

>’

Let us consider a generic pair M, o satisfying w : A > B and all formulas
in I'. Since w : A > B is satisfied, we know there is a world of the
model M accessible from o(w) where A is true. Let o’ be like o except
for the label w that is mapped on that world. The pair M, ¢’ satisfies
wRu,u : A,w : A > B,T' and, by inductive hypothesis, it satisfies also
some formula in A. We conclude that M, o satisfies some formula in A
(since w is not in w: A> B, ' = A).
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For rule R t>, assume the last step of D has shape (u not in the conclu-
sion):

wRu, wRv,u: A, T = Aju:B wRv, I = Ajw: A> B,v: A
wRv, ' = Ajw: A> B

R>, u fresh

We have to prove that each pair M, o satisfying all formulas in wRv, T’
(I, for short) satisfies the formula w : A > B or some formula in A. By
induction hypothesis applied to the second premiss, we know that M, o
satisfies some formula in A or w: A > B or v : A. The non trivial case
happens when M, ¢ satisfies no formula in A but it satisfies v : A. In this
case, we know that for the world o(v) both o(w)Ro(v) and |:£Elv) A hold,
and hence there exists a pair M, ¢’ such that ¢’ differs from o possibly
only on u and such that it satisfies wRu,u : A,II. Let us consider then
any generic pair of this kind. Observe that also M, ¢’ satisfies no formula
in A, since u does not occur in A. Hence, by induction on the left premiss,
M, o’ satisfies u : B. Therefore, we have seen that A is true in some world
related to o(w) and, by genericity of ¢/, that any world related to o(w)
satisfies A D B. We conclude that every pair M, o satisfying all of IT but
none of A must satisfy w: A > B.
For rule L », assume the last step of D has shape:

wlF A, wRv,w: Aw» B,T = Av: AwlY B wRv,v:Bywl Ajw: Aw BT = A wlF’ B .
wRv,w:Aw B,I'= A

>

We have to prove that each pair M, o satisfying all formulas in wRv,w :
A » B satisfies some formula in A. The satisfaction of w : A » B guaran-
tees the satisfaction of w IF7 A and the non satisfaction of w IFY B. Finally,
it guarantees that bé%v) A or ’:(/7\/(11)) B. In the second case, the induction
hypothesis applied to the second premiss will show that M, o satisfies some
formula in A. In the first case, the induction hypothesis applied to the first
premiss will show again that M, o satisfies some formula in A.

The proof for rule L »’ is straightforward. Assume the last step of D
has shape (no relational atom in I'):

wlF? A,w: Aw» BT = Awl-’ B
w:Aw» B,T'=A

Ly’
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Suppose that M, o satisfies all of w : A » B,I". The satisfiability of
w : A » B entails that there is a world accessible from w where A is true.
Thanks to the inductive hypothesis the pair M, ¢ satisfies some formula in
A or w IFY B. The latter is impossible since M contains a world accessible
from w where B is false (otherwise M, o would not satisfy w : A » B). We
conclude that M, o satisfies some formula in A.

For rule R », assume the last step of D has shape (u not in the conclu-
sion):

wRu,u: AT = Au:B '=Awl A wlFY B,T = A n
I'=sAw:A» B

>

We have to prove that each pair M, o satisfying all formulas in I" satisfies
the formula w : A » B or some formula in A. By applying the induction
hypothesis to the second premiss, we know that M, o satisfies some for-
mula in A or w IF7 A. In the first case we are done. Otherwise, suppose
that M, o satisfies no formula in A but it satisfies w IF? A. There exists
then a world related to o(w) in which A is true. Moreover, the induction
hypothesis applied to the third premiss will show that M, ¢ cannot satisfy
w IFY B, for otherwise we would infer the satisfaction of some formula in
A. Therefore there must exist some world related to o(w) that falsifies B.
Finally, an argument analogous to that used for R > will show that every
world related to o(w) satisfies A D B. Overall, we conclude that M, o
satifies w: A » B.

Each non-logical rule preserves validity over frames satisfying the cor-
responding semantic properties; cf. [12, Thm. 12.13]. O

6.2. Completeness

DEFINITION 6.2 (Saturation). A branch B of a G3SS.L-proof-search tree
for a sequent S (see procedure 6.5) is L-saturated if it satisfies the follow-
ing conditions, where I' (A) is the union of the antecedents (succedents)
occurring in that branch,

1. no w: poccurs in I' N A;

2. no w: L occurs in T
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ifw: AABisinT (w: AVB € A/w:AD B € A), then bothw : A
andw:BareinT (w: Aw:Bel/w:AeTandw: B € A,

resp.);
ifw: AABisin A (w: AVBisinI'/w: A D BisinT'), then at least

oneof w: Aandw:Bisin A (w:AeTorw:BeT/w:Aec A
or w: B €T, resp.);

ifw: A Bisin T, then

(a) for some u, both wRu and u : A are in T'; and

(b) v:Aisin A orv: Bisin T, for any v such that wRwv is in T
ifw:Ap> Bisin A, then,

(a) for some u, both wRwu and u: A are in ' and w : B is in A; or
(b) v: Aisin A for any v such that wRwv is in T}
ifw: Aw Bisin T, then

(a) for some uq, ug, all of wRu; and wRug and u; : A are in T,

moreover us : B is in A; and

(b) v: Aisin A or v: Bisin I', for any v such that wRwv is in T’
ifw: Aw» Bisin A, then

(a) for some u, u: Ain I" and w: B is in A; or

(b) v: Aisin A for any v such that wRwv is in I'; or

(¢) v: Bisin T, for any v such that wRw is in T}
if Rule is a non-logical rule of G3SS.L, then for any set of principal

formulas of Rule that are in T" also the corresponding active formulas
are in I'.

DEFINITION 6.3. Let B be L-saturated. The model M5 = (W, R, V) is
thus defined:

1.
2.
3.

W is the set of labels occurring in T' U A,;
for each w, v € W, wRuv iff the formula wRwv is in T

V(p) is the set of all w such that w: pisin T

Moreover, o— denotes the identity function on LAB.

Observe that M5 is well-defined thanks to clauses 1 and 2 of Def. 6.2.



Super-strict Implications 27

LEMMA 6.4. Let B be an L-saturated branch. Then

1. for any L-formula A occurring in B we have that Izﬁ’zlzzw) Aiffw: A
is in T'; and

2. MPB is based on a frame for L.

PrOOF: Claim (2) follows by Definition 6.2.9z and by construction of M5
(Definition 6.3) and of o—.

The proof of claim (1) is by induction on the construction of A. The
base case holds by construction of M? and of o—, and the inductive cases
depend on Definition 6.2.3-8.

To illustrate, we consider the case when A has shape w: B > C and it
occurs in B.

If w: B > Cisin T, then we have to show that |:M w) B> C.
By Definition 6.2.5(a), we know that, for some wu, wRu and u : B are
in . Hence, o—(w)Ro—(u) and, by induction, =M ) B. Moreover, by
Definition 6.2.5(b), we have that all v such that va 1s in I' are such that
either v : B € Aorwv:C €eT. In both cases we have that if o—(w)Ro=(v)
then |:U (vy B2 C. We conclude that =M 7(w)

If, instead, w : B > C is in A, then we have to show that
%Mﬁw) B D C. By Definition 6.2.6, we know that, either for some u,
wRuand u: AareinT and v : C € A, or v : B € A for all v such that
wRv € T'. In the first case we have that o—(w)Ro—(u ) and, by induction,
%Msu) B D C. In the latter case we have that %M B for all v such

that o—(w)Ro=(v). In both cases we conclude that béMB w) B> C.

The case w : B » C' € T is analogous to the corresponding one for >
with the only further requirement of proving the existence of some world
related to o—(w) that falsifies B. But this is guaranteed by Definition
6.2.7(a), according to which there is some ug such that wRusg is in T' and

2 ¢ Bis in A. This means that o(w)Ro(uz) and, by induction, that
béﬁ/_tzsug) B.

For w: B » C € A, to prove that bé ) B » C one has to prove
that at least one of the following conditions holds: (i) the existence of a
world related to w that falsifies B D C, (ii) the falsity of B in every world
related to o(w), (iii) the truth of C' in every world related to o(w). For
(i), we argue analogously to the case w : B > C' € A. For (ii), one has
to consider Definition 6.2.8(b), according to which for every v such that
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wRv € T, it holds v : B € A. By induction, this means béﬁ’jv) B. Since by
construction of M3, all worlds related to w are of type o(v) for wRwv € T,
we are done. The proof for (iii) runs analogously to (ii) through Definition

6.2.8(c). O

PROCEDURE 6.5. A G3SS.L-proof-search tree for a sequent S is a tree of
sequents that has S as root and whose branches grow according to the
following procedure: if the leaf is an initial sequent or an instance of rule
L1 the branch stops growing, else either no instance of rules of G3SS.L
is applicable root first to it, or k instances are (where rules Ser and Ref
are applied once w.r.t. each label occurring in the branch). In the first
case, the branch stops growing; in this case it is immediate to see that we
have a finite L-saturated branch. In the second case, we apply the k rule
instances that are applicable in some order (each one will be applied to all
end-sequents that are generated at the previous step). If the tree never
stops growing then, by Konig’s Lemma, it has an infinite branch which, as
the reader can easily check, is L-saturated.®

THEOREM 6.6 (Completeness). If a sequent S is L-valid then it is derivable
in G3SS.L.

PROOF: The proof is in three steps. First, in Def. 6.2, we define a notion
of L-saturated branch of a proof-search for a sequent S, where, intuitively,
a branch is L-saturated when all applicable instances of G3SS.L-rules have
been applied. Then, with Def. 6.3 and Lemma 6.4, we show that an L-
saturated branch allows us to define a countermodel for S that is based on
a frame for L. Finally, we give a root first G3SS.L-proof-search procedure,
Prop. 6.5, that either outputs a G3SS.L-derivation of S — and, by Thm.
6.1, S is L-valid — or it outputs an L-saturated branch — and, therefore, S
has a countermodel based on an appropriate frame. O

COROLLARY 6.7. The structural rules of inference — i.e., (left) weakening,
(left) contraction, and cut — are semantically admissible in G3SS.L.

6 Forcing formulas are needed to ensure that, when applying root-first all possible
instances of rule R » (see Table 3), we obtain a saturated branch (see Def. 6.2.8). If in
the second and third premisses of R » we had v : A and v : B (as it happens for rule
R ) in place of the forcing formulas, we would obtain a completed proof search with
an open branch that is not saturated because for each v such that wRv € T' we would
have that eitherv: A€ Aorv:BeT.
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7. Priest’s cancellation account of negation and SSI

In [16] G. Priest has considered the cancellation account of negation — i.e.
the idea that “—A deletes, neutralizes, erases, cancels A[...] so that =A
together with A leaves nothing” [19, p. 205] — and he modeled it by means
of a relational semantics that is almost identical to the one we gave for the
S5-based logic of SSI. If we represent Priest’s non-symmetric and symmetric
implication by > and », respectively, we have that a L-formula is valid in
Priest’s semantics if and only if it is valid in the class of S5-frames for logics
of SSI.

Priest considers a language containing one of > and ». Priest’s models
are relational models without an accessibility relation —i.e., M = (W, V) —
and truth of a formula in a world of a model is defined as in Section 3 save
that in the truth-clauses for > and » the quantifiers are not restricted to
accessible worlds. To illustrate, t> is thus defined:

EM A B iff Jue W(ED A) and Yo € W(E" A implies = B)

The notions of truth in a model and validity are defined as in Section 3,
but the definition of logical consequence differs since in Priest’s approach
it is a metatheoretical version of > or »: for A to be a consequence of T',
I' must have a model and, possibly, =A must have a model. This gives
an highly non-Tarskian consequence relation in that, in both cases, it is
neither reflexive, nor monotone, nor transitive.

This is not the place to discuss in full details the account of negation
as cancellation (see [23] for some criticisms) nor the way Priest models
it. We just note that Priest’s semantics is not apt to model the cancella-
tion account of negation since it adhere to a perfectly classical definition
of negation. The non-classical elements are only the definition of impli-
cation and that of logical consequence. It follows that Priest’s semantics
has only a partial overlap with the cancellation account of negation: they
share the claim that nothing follows from a contradiction (alone). But the
cancellation account of negation cannot be reduced to this claim. If —=A
deletes A so that T' is extensionally identical to T' U {A, - A}, then, if B
is a consequence of some set of sentences I'; it must be the case that B is
a consequence of the set I' U {4, 7A}. Nevertheless in Priest’s semantics
nothing follows from a set containing contradictory formulas.
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Priest’s notion of validity is easily seen to be equivalent to that for the
S5-based logic of super strict implication (analogously to what happens
in standard modal logics, an accessibility relation that is an equivalence
relation is equivalent to a universal accessibility relation). Formally we
have the following result:

ProroSITION 7.1. Let A be any L-formula containing only one of > and
», C™ the class of all Priest’s models and C>° the class of all frames from
Section 3 where R is an equivalence relation, then C™ = A iff C> = A.

We find this result interesting since it entails that the logics of SSI are
connexive logics having the same set of S5-validities of Priest’s one, that are
obtained without having to tamper with the Tarskian notion of consequence
relation nor with the classical explosion model of negation [19]. Moreover,
this entails that in Section 4 we have introduced a cut-free sequent calculus
that characterizes validity in Priest’s formal semantics.

All in all, the logics of SSI can be seen as modal extensions of classical
logic that satisfies

the central concern of connexive logic [which] consists of devel-
oping connexive systems that are naturally motivated concep-
tually or in terms of applications, that admit of a simple and
plausible semantics, and that can be equipped with proof sys-
tems possessing nice proof-theoretical properties, such as the
eliminability of the cut-rule. [14, p. 381]

8. Future works

For brevity, we have considered only the logics of SSI based on frames for
normal modal logics. It should be possible to consider also the logics of
SSI based on frames for C.I. Lewis’s non-normal systems S1, S2 and S3. In
particular, it would be interesting to present the S2-based logic of SSI since
C.I. Lewis believed it the more likely correct logic of strict implication. It
would also be interesting to see if for these weaker systems we can still use
labelled calculi like the one we gave in Section 4, or if we have to introduce
calculi more akin to those for non-normal modal logics presented in [10].
It might also be interesting to study some modifications of SSI, e.g., their
reflexivizations (which should be very similar to Pizzi’s consequential im-
plication) and their constructive analogous. It would also be interesting to
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see if it is possible to have a SSI validating strong Boethius’ Thesis with-
out making the implication commutative as for consequential implications.
Another problem that remains open is to give a complete axiomatisation
of logics of SSI; we conjecture that this can be done by using the trans-
fer methodology used in [17]. Finally, it would be extremely interesting
to check if it is possible to give a proof-theoretical characterisation of the
logics of SSI by means of some internal calculus such as hypersequents or
nested sequents.

In this paper we have argued that the logics of SSI are connexive logics.
In the future we plan to investigate whether SSI have some feature of
the other main family of implications that avoid the paradoxes of strict
implications, namely relevant implications. The philosophical motivation
behind the introduction of SSI is quite similar to that behind relevant
implications. Very roughly, we wanted ‘A implies B’ to be true just in case
the truth of B depends on the truth of A and relevant logicians just in case
the truth of A is relevant to the truth of B. It might well be that our
notion of dependance is nothing but some notion of relevance. It is difficult
to find a precise formal explication of what relevance is. Apart from the
falsification of the paradoxes of material and strict implication, one typical
condition for an implication being relevant is its having a variable-sharing
property: if ‘A implies B’ is true then there must be some (all) propositional
variables that are common to A and B [1, p. 33]. Hence, to see whether
SSI are relevant implications we have to check whether they satisfy some
variable-sharing property.

In the introduction we have claimed that the motivation for introducing
SSI is orthogonal to D. Lewis’ [7] and Stalnaker’s [20] one for introducing
variably strict implications. SSI are designed to avoid the paradoxes of
strict implication (SI1) and (SI2). Variably strict implications, instead,
are designed to avoid other properties of strict implications: monotonic-
ity, contraposition and, last but not least, transitivity. Even if there is a
partial overlap between them in that monotonicity fails also for SSI and
contraposition fails for weak SSI, no one of the two approaches can be seen
as a subsystem of the other in that SSI validate transitivity and variably
strict implications validate the paradoxes of strict implication. Just as we
tweaked strict implication to overcome its paradoxes, it should be possi-
ble to tweak variably strict implications in order to obtain variably SSI.
Weak variably SSI has been considered and discharged by D. Lewis under
the name of ‘would counterfactual’, cf [7, p. 25]; a connexive and variably
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strict implication has been considered in [22]. If variably strict implications
approximate the logic of counterfactual conditionals, it might well be that
variably SSI approximate the logic of indicative conditionals.
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