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ON THE NUMERICAL PROPERTIES OP THE M-P GENERALIZED 

INVERSE ALGORITHMS

1 . I n tfo d u ctlo n

A la rg o  number of a lg o rithm s fo r  the c a lc u la t io n  of a ge­

n e ra liz e d  in ve rse  he3 been suggested in  rocent y e a rs . In  th if i pa­

per we s h a l l  con fino  our a t te n t io n  to the a lg o rithm s of the 

Hooro-Ponroso g en e ra liz ed  in ve rse  (th e  f’V-P g e n e ra liz e d  in v e r s e ) .  

These a lg o rith m s  in  tu rn  can be d iv id e d  in to  two c la s 3 c s t  non- i­

t e r a t iv e  and i t e r a t i v e  a lg o rith m s.

In  fo rm u la tin g  n o n - ite ra t iv e  a lgo rithm s fo r  the c a lc u la t io n  

of the M»P g e n e ra liz e d  in vo rse  A* of the r e a l m atrix  A w ith  m 

rows and n columns, i . e .  A «  Rr (whore A is  such a m atrix  

th a t A*AA* - A * ; AA*A - A; (A A * )' « AA+; CA+A ) ' » A+A ) the fa c ­

to r iz a t io n  p r in c ip le  i s  used. Th is  p r in c ip lo  c o n s is ts  in  the 

f a c to r iz a t io n  of g iven  m atrix  A w ith  ran k (A ) ■ in to  the pro­

duct o f two (o r  m ore), i . e .

mxk k xn
( l . l )  A » OF, C « R ° ,  F «  R °  , ran k (D ) * ra n k (F ) » kQ.

Oue to the p ro p e r t ie s  of the M*P g en e ra liz ed  in ve rse  and tho 

d e f in i t io n s  of D, F we have

*  D r . , L e c tu re r  a t the In s t i t u t e  of M athem atics, U n iv e r s i t y

of Łódź. . _
# i f D r. , L e c tu re r  a t  the In s t i t u t e  of Econom etrics and S ta ­

t i s t i c s .  U n iv e r s i t y  of Lódź.
# * 'S e n i o r  A s s is ta n t  a t the In e t i t u t e  of Econom etrics  and 

S t a t i s t i c s ,  U n iv e r s i t y  o f Lódż.
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(1 .2 )  A* - F*D+.

(1 .3 )  F* - F ' ( F F ' ) “ 1 , D+ - (D 'O )“ 1p ' ,

Throo types of f a c to r iz a t io n »  aro v e ry  w e ll known. Tha f i r s t  

typo has the form

( f l )  A - LU,

mxk
where L « R la  a low er tra p e z o id a l m atrix  w ith  u n its  on the

L XII
d iag on a l and zeros above the d ia g o n a l, U <a R o tp the upper 

t ra p e z o id a l.  T h e re fo re , due to ( l , 2 ) ,  (1 .3 )  i t  is

( 1 .4 )  A* - U V  - U ' ( U U 'T 1 ( L ' L r V .

The second type has the form

< f2 ) A • QS,

mxk
Q * R ° ,  Q'Q ■ I^ k y  S i s  the upper t r ia n g u la r ,  and

(1 .5 )  A* « S ' ( S S ' ) " V  - S“ 1^ '

(th e  decom position ( f 2 )  can be done by the use of Housholder tran­

s fo rm ations o r the n o d lf ie d  Gram -Schaldt p ro ce d u re ).

The th ird  type has the fo re

< fl>  A - U Л V ',

mxk , nxk к л хк
U  e R  ° ,  V - R , Л. ■ d iag  ( X j ,  . . . .  \  )  « R °  U ' U  •

О

■ V 'V  *  1 ^  y ,  la  the d iag on a l m atrix  o f nonzero square roo ts  of 

e ig e n v a lu e s  o f A 'A  (o r  A A * ), and

(1 .6 )  A* • V A mlU .
'■ Л  ' /V '■■■• - "" 4 •■V's

The f a c to r iz e t io n  ( f l )  ie  used, among o th e rs . In  c a lc u la t in g  tbe 

М-Р g en e ra liz ed  in v e rs e , when the Gaues e lim in a t io n  method w ith  

complete p iv o t in g ,  la  used («ее  the d e s c r ip t io n  of the a lgo-

rithm s AV/m el  and GEI№ V). . .



The fa c to r iz a t io n  ( f 2 ) la  used, among o th e rs , In  the con­

s t ru c t io n  of the a lg o rith m  of I  u a c k e [3 ] .

Th* f a c to r iz a t io n  ( f 3 )  i s  used, among o th e rs , in  tha fo r ­

m ulation  of ths a lg o rith m  SVDZ describ ed  in  th is  paper.

I t e r a t i v e  a lgo rithm s (to  which the stud ied  a lg o rithm  AB I be­

lo n g s ) ora baaed on tha Id e a  of l t o r a t lv o  monotonlc two-sided op- 

p rox lm atione of S c h u ltz .

Tha ex is ten ce  of tha g rea t number of the a lgorithm s fo r  c a l ­

c u la t io n  o f the Moore-Penrose g e n e ra liz e d  In v e rse  of the m atrix  

im p lie s  tha need of the com parative study of t h e i r  p ro p e rt ie s . In  

the paper the au tho rs g ive  a d e s c r ip t io n  of four such a lgo rithm s 

and t r y  to compare them by use o f the Monre-Carlo experim ents. 

Tha measures of a lg o rithm  p r e c is io n ,  used in  the experim ents, 

ware based on fou r co n d it io n s  which d e fin e  the Moore-Penrose 

g en e ra liz ed  in v e rs e . They are  of the form«

I A * >  - A II II A?AA* - At |

■ •> .... i * T  »>

c )

II A* H

l ( A A * r - A A ? |  H (aTA )* - A* A 8 
---- ------ — A—  a )  —  1-,------1—

I a a * I  | a J a |

whore A* denotes, g iven  by the i- th  a lg o r ith m , estim ate  o f the 

M-P g en e ra lized  in v e rse  of the m atrix  A ( i  ■ i ,  4 ) ,  and de­

note«} Eu c lid e a n  norm.

Bes ides t h is ,  we t r y  to answer the queetlon  how much the 

chongea in  i l l  co n d it io n in g  o f the in v e r te d  m atrix  in f lu e n c e  

the form of the g en e ra liz ed  In ve rse  of t h is  m a tr ix , r e a liz e d  by 

aeons o f the 1-th a lg o rith m . Th is  has boon done by means o f a 

comparison o f the Eu c lid e a n  norms of the M-P g e n e ra liz e d  In v e r«  

i s «  a J ,  1 • 1 , 4 fo r  v a r io u s  degrees o f i l l- c o n d it io n in g

of the in v e rte d  m atrix  A.
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2. The D e s c r ip t io n  o f the M gorlthm e

Wo con fined  our a n a ly s is  to ona i t e r a t i v e  a lg o r ith m , narked 

here a* A B I,  and th roe  n o n - ite ra t iv e  AWMEL, GEIN 1V, SVOZ bas­

ed on the Idee  o f the f a c to r iz a t io n  of the g iven  m atr ix  A o f 

ronk kQ. A lgo rithm s AIWIEL and GEINW a re  based on the fac- 

t o r iz e t io n  o f the form t

A • LU, A «  R * *n , r a n k (A ) ■ kfl < « in  (■ , n ) ,

•xk
where L e R i s  lo n e r  t re p e z o id e l m atrix  w ith  u n it s  in  main

d iag o n a l and ze ros  above i t ,  U «  r?ko *“  1 q upper t ra p e z o ld e l 

m a trix  and A* a ■ U '(U U * )~ * (L %L )" ‘* L * .

A lgo rithm  SVOZ ie  based on the Idea  o f the e p e e t r s l  fa c to ­

r iz a t io n  o f the form

mxk_ nxk k x k
O IJ '«/ _ i.'.É _A - U A .V ',  Ü «  R ° ,  V «  R A «  R °  ° ,  V 'V  • U 'U  - I

o

where A denotes the d iag o n a l m atrix  of nonzero square ro o ts  of
*  - A  \

the s in g u la r  v a lu e s  of the m atrix  A 'A , and A » V K~  U*.

Below  we g iv e  a cone lse  d e s c r ip t io n  of the su cce ss iv e  steps 

of the Hoore-Penrose in v e rse  com putation by means o f each from 

the ana lysed  a lg o r ith m s .
» -V ’ • . • •

2 .1 , A lgo rithm  A8 I ( c f .  B e n - I s r  a e 1 [ 2 ]  )

S l :  Using  one o f the  a lg o rithm e  fo r  d e a lin g  w ith  e ig en va lu e  

problem (e .g .  the method o f 3 e c o b l) f in d  the g re a te s t  e ig en va lu e  

o f the m atrix  A*A and denote I t  by ^ BX.

S2t f in d  such a v a lu e  a  th e t 

0  " »  <

S3t Porm - o A * .  i
o

S4 i For J  • 1 , 2 . . .  compute

/



u n t t l

lx  - x A  
— i  ± < r^,

whero ^ denotea tho rank of the accu racy  of tho i t e r a t i v e  pro­

ce ss . I f  the convergence c r i t e r io n  le  s a t is f ie d  fo r  J  • J z thon 

put A+ j ■ X jz .

2 .2 . A lg o r i t hm AWMEL ( c f . __XI i l l  e r [9 .] )

S ix  Using the row e lem entary  tran sfo rm atio n s  reduce tho in ­

v e rte d  m atrix  A e Rnxn to the normal Hormltoon form , i . e .  f in d  

the m atrix  H - (•£•). H e Rm*n , G e Rko*n , kQ «* rank ( A )  - rank

(H ) ,  where:

. f i r s t  k rows of m atrix  H a re  nonzero rows and elem ents
o

of the rows kQ ♦ 1, . . . .  n ara  a l l  equal ze ro ,

. .  the f i r s t  nonzero element of the i- th  row of the m atrix  

H ( i  ■ 1, . . . .  kQ) i s  equal 1 and belongs to column n^, nx < n2 <

< • • ><n. i
o

. . .  the o n ly  nonzero element in  column n^ of the m atrix  H is  

1 in  the i- th  row. (nx|<.

S 2 i Uclng the m atrices  A and H from m atrix  P e R 0 accord ­

ing to the schome

P ^ î  * *=» H ^ )  - 1 ^
J  * 1» *••*

1 * I f  •••# •

where P ^ ,  denote r e s p e c t iv e ly  the i- th  and J- th

columns o f the ir a t r ic e s  P . A and Hj denotes the u n it  v e c to r

w ith  1-th component eq ua l 1.

S J j  Compute A+ ■ G ' ( P 'A G ' ) " * P ' .



2.3 . Alg o r i t hm GEINW ( c f .  W a r m u s [ 7 ] )

S is  Using row nnd column e lem enta ry  tran sfo rm a tio n s  reduce

the in v e r te d  r a t r lx  A e Rl,xn of rank k s£ mln (m, n ) to the mo»
o

t r ix  of the form

0 \

ranking re s p e c t iv e  row trono fo rm atlone  on tho m atrix  G t ■ I  and

column t r i  '•.uforumtlone on the m atrix  F : « I  .n
S 2 : Using tra n s f ore.ed M t r l c e s  G end F , ob ta ined  In  S I ,  com-

pute

G~1 " (rm n : « n)! V m (V'r )’lr'A.v m, n • m « w- n / *

F "1 ®( “  •"•■•I •• Y U » 'V t f 't y fT 1 , 
y^n-m.n J

W - UV

and forra the-m atrix

n-ko 'ko

ko*m-ko

W
n-kO*l"“ kO;

S 3 : Compute A* » FYG,

2 .4 . A lgorithm  SVÜZ ( c f . __ Ĝ  o 1 u b ,___  R e i n  e _c_h _  [6 ]

M l  1_ W a e 1 1 e w s k 1 _  1.5] )

31; Using one of the a lg o rith m s fo r  d e a lin g  w ith  e igenva lu e  

¡>robie® (e .g .  the method of O^cobi) f in d  the e ig en va lu es  

md r js p e c t iv e  e ig e n ve c to rs  v x of the m atrix  A#A of rank ko .

SS. •. Order e ig e n v a lu e s , ob ta ined  in  S I ,  in  a d ecreas ing  man-
2 2 

n ar, i . e .  %_ , . . . .  X, and forsi m a trices



♦ - °  „ 
S3 : Compute A « V O  A

3. Num erical A n a ly s is  or tho A lg o rith m s ' P ro p e rt ie s
r--r--- — - -tct,;---—- . . . .  {a n « № r& u 'Jia sa a ^  - <- - ■ .a .- rjg < i.n»r.i»n , •- - ^cxra

The com parisons of tho p ro p e rt ie s  of tho fou r a lg o rith m s dov- 

c r ib ed  above, were conflnod to o n ly  one s p e c i f ic  num erical 

s tru c tu re  o f tho In v e rte d  m iit r ic e i,  Thu A n a ly s is  coir-prisos 

sym m etric and re c ta n g u la r  n o tr ico 's , and fo r  each type of 

m atrices  there  •.'»ere d is t in g u ish e d  v a r io u s  degrees of i l l- c o n d i ­

t io n in g  and c o l l l n e a i i t y .  Kach nuitrrx A was generated  in  two 

s tag es . At f i r s t  ttiore was generated  n ons in gu la r t r iii it tg o n a ! 

b as is  m atrix  w ith  u n its  on d iagon a ls  and zeros e lsew h ar? (deno ­

ted fu r th e r  as T I n  the next stage the m atrix  T war. en la rg ed .

I l l- c o n d it io n in g  was in troduced  through sym m etric enlargem ent of 

the m atrix  T by columna and rows d i f f e r in g  from re s p e c t iv e  co­

lumns and rows of the m atrix  T o n ly  in  m ain-diagonal elem ent by 

near zero va lu e  t. S in g u la r it y ,  in  tho caso o f sym m etric m a tr ic e s , 

woo in troduced  through enlargem ent of tho m atrix  l  by columns 

find rows being the l in e a r  com binations of tho succoso lvo  two co­

lumns and rows of t h is  m a trix . R ec tan g u la r m a tr ice s  were o b ta in ­

ed by adding to m atrix  T i t s  columns w ith  In c reased  by the con­

s ta n t v a lu e  (3 e lem ents of the la s t  row, and by adding columns 

being l in e a r  com bination  of the su cce ss ive  two columns of the 

m atrix  T. Such a g en e ra tio n  of the m atrix  A w i l l  f ix  in  on 

a r b i t r a r y  way the number of l l n e a r l l y  dependent columns (th e  de­

gree of the s in g u la r i t y  of tho m atrix  A ) as w e ll  as the number 

of columns being the c a r r io r  of i l l- c o n d lt lo n ln g  and i t s  magni­

tude. At the same time the g en e ra l s t ru c tu re  of the In v e rte d  ma­

t r ic e s  s t i l l  rem ains the some. D e sc r ib in g  the r e s u lt s  of the 

experim ents we t i i l l  use the fo llo w in g  p a ram e tr ic  note ch a ra c te ­

r iz in g  tho s tru c tu re  o f the in v e r te d  m atrix  A



w herej ,

a , n ,k - r e s p e c t iv e ly  th® dim ensions and rank of th« m atrix  A,

1 ,C  - ro-.*pertivoly th « number of columns which ore the c a r ­

r i e r  of I l l- c o n d it io n in g  and param eter d e fin in g  the degree of

th is  i 11-c o n d it io n in g ,

Cj .C j,  - c o e f f ic ie n t s  of the l in e a r  com bination of the 'oasis

columns of A,

|3 _ constan t v a lu e  used in  form ing ro c ta n g u la r  m otrices  

in  the ‘way doscribed  in  th« tex t above, ‘ .

At f i r s t  we conr.iderod th-» m atrix  of tho form

A. - A ( l l , 11, 0, 0 , O. 0 , 1, 0 )

i . e .  o s in g u la r  but w u ll- co n d it io n e d  sym m etrica l m a trix , f o r  such 

d efined  rnotrix A o i l  analyeed  a lgo rithm s c h a ra c te r iz e d  the same 

p ro c is io r i but i t e r a t i v e  a lg o rithm  ABI appeared the most tlme- 

-consuming and a lg o rith m  AWMEL the fa s te s t  of them. C onsid e ring  

m atrices  A? - A ( U ,  11, 0. 0 . 0 , O.OOOl, 1) and A^ - A ( l l ,  11 ,0 ,

0 , 3 , 0. ?X, l )  we 3totnd ra th e r  sm a ll changes in  the va lu e s  or 

|j/*H and f; A* |j in  comparison w ith  the va lu e  of II A^ II which 

in d ic a te s  the s ta b le  perform ance of tho a lg o rithm s w ith  regard 

to u n s iQ M fJc a n t  changes in  tho va lu e s  of e lem ent» in  nonbasis 

columns of the in v e r te d  m atrix  A. The next group of ana lysed  

m atrices  co n s is ted  of the s in g u la r  sym m etrica l m a tr ice s  which 

c h a ra c te r is e d  the v a r io u s  degree of i l l- c o n d it io n in g ,  I . e .  ma­

t r i c e s  o f the form

A (1 1 , 11, 8 , I ,  C , 2, 1, O ) - 

whore: 1 e 1 *2 ,3  and £ * 0 , 0 1 , 0 . 0 0 1 , 0 . 0001,

Fo r such a d e fln sd  group oi in v e r te d  m atr ice s  we observed sub­

s t a n t i a l  d if fe re n c e s  between re s p e c t iv e  a lg o rithm s in  dependence 

on the degree of I l l- c o n d it io n in g  of these m a tr ic e s . In  the 

care  of sm all le v e l  of i l l- c o n d it io n in g  (£ < 0 . 0 1 ) ,  d e sp ite  the 

number of columns being I t s  c a r r ie r  ( i  - 1 ,2 ,3 ) .  the r e s u lts  of 

iom putatlona fo r a l l  a lg o rithm s were, f o r each va lu e  of 1 , v e ry  

s im ila r  C !j A+ il computed by means of re s p e c t iv e  a lg o rith m s  d i f f e r s  

o n ly  in  the fo u rth  p la ce  a f t e r  p o in t ) .  The p re c is io n  measure«, we



had accep ted , in d ic a te  a b i t  le38 p re c is io n  of the conput 'io n ;; 

«■-•hich wer« done by SVDZ, Ju s t  in  the c<it»d of £ * 0.001 ai-J £

■ 0.0001 Conputptxons done by 'ronm of GVIJZ 1 ud to quit-: d i f f e ­

ren t form of I! A* S in  comparison w ith  these ob ta ined  by moony 

of a lg o rithm s AlVHEL, ADI and G£XN\V ( c f .  Tab le  t ) .  Tho v o l i  > of 

d e c lin ed  from 164.<ir.J5 to 2.92117 when tho va lu e  - of 

tho i l l- c o n d it io n in g  poromotwr £ d e c lin e d  from 0 .0 1  to 0 . 0 0 1  and 

remained s ta b le  d e sp ite  fu r th e r  d e c lin e  in  £ . Y e t, the valur>i.

and
« ♦ II

GEINWAWMEL
propor t io n a l ly  to the d e c lin e  in  C .

in creased  a l l  the time

T a b l e

The in flu e n ce  o£ 111-cond ition ing  on the va lu o  
of S A* 3 ob ta ined  by means 

of a lg o rith m s Al/t-iU , AL il, 6VDZ and GEINW

A lgo ­ The va lu e  of c o o f f ic ie n r  f

rithm
0 .1 0.01 0.001 0.0001

1 B 1

AWMEL ? 14.93664965 147. 4?73f!999 t 475.11192473 14 406.37441319

A6I 14.93065005 147.42794070 1 475.96259026 14 761.67377477

ASV0Z2 14.93865165 147.42873272 3. .51496101 3.31490505

GEINW 14.93865005 147. 4;> 794049 

I

1

1»

47b .06259010 

3

14 761.67157197

A.VMEL2 26.71292776 267.03145007 2 679.08125581 27 992.02097376

AOI 26.71292755 267.83201591 2 C0O.O35C5124 26 802.172163CS

A3VDZ2 26.71292739 26"/. 83226000 1.02713*58 1.82710446

GEINW 26.71292756 267.03201613 2 600.0 3567281 26 802.174054 31

D esp ite  such s u b s ta n t ia l  d if fe re n c e s  between the va lu e  of 

jA£VDi;i and the va lu e s  of I a *q][ | , | . II \ E IN i;L  accepted

measures of the com pu ta tions ' p ro c ie io n  In d ic o te  n s im ila r  and 

q u ite  good p re c is io n  of a l l  the a lg o rith m s ( c f .  Tab le  2 ).

The comparison of vu luoo of the p re c is io n  measures fo r  va ­

r io u s  va lu e s  of £ in d ic a te  a s n a i l  decline- in  p re c is io n  when the 

va lu e  of £ d e c l in e s .  The most s ig n i f ic a n t  d e c lin e  appeared in  

tho case of the a lg o r ith m  AvVMEL. On the o th e r  hand, the beat



r  o b l  o a

Tho In f lu e n c e  o f i l l- c o n d it io n in g  
of the in v e r te d  a o t r ix  A on the com putationa l p re c is io n  

of the re s p e c t iv e  a lgo rithm s

P re c is io n measures

A lgo­
rithm

1 AA+A-A| |A +AA+-A*| 1 (a a +) t -aa+U l i A +A )T._A+A l

I A I 1 A+ l| I a a 4 I I a +a8

e ■ 0.1

AVJMEL2 O.OOOOOOOl 0.00000003 0.00000001 0.0000000fi

ABI 0.00000000 0.00000001 0.00000000 0.00000000

ASVDZ2 0.00000001 0.00000011 0.00000000 0.00000011

GEINW 0.00000000 0.00000000 0.00000000 0.00000000

E - 0.01

AWMEL2 0.00000634 0.00000379 0.00000102 0.00001191

ABI 0.00000000 0.00000013 0.00000000 0.00000030

ASV0Z2 0.00000174 0.00000532 0.00000073 0.00001077

GEINW 0.00000000 0.00000000 0.00000001 0.00000000

• E • 0.001

AWHEL2 0.00027984 0.00057636 0.00013251 0.00045671

AB I O.0OOOOOO2 0.00000118 0.00000004 0.00000712

ASVDZ2 0.00004995 O.OO'OOOOOO 0.00000000 0.00000000

GEINW 0.00000005 0.00000001 0.00000004 0.00000004

E - 0.0001

AWMEL2 0.01744044 0.02406894 0.00361627 0.04149807

AB I 0.00000012 0.00000987 0.00000027 0.00257619

ASVDZ2 0.00000499 0.00000000 0.00000000 0.00000000

GEXNY7 0.00000032 0.00000014 0.00000050 0.00000028

p re c is io n  c h a ra c te r iz e d  a lg o rith m  GEINW. A lgo rithm  A B I was, ae 

compared vuith o th e rs , n e a r ly  6-8 tim es more timo-consuming, but 

i t s  p re c is io n  was ra th e r  h igh .

The la s t  group o f in v e r te d  m atr ice s  c o n s is ts  of re c ta n g u la r  

m a tr ice s  w ith  d i f f e r e n t  degro© of i l l- c o n d it io n in g .  We con s id ­

ered n ine m a tr ice s  o f the form

\



A (6 , 1 1 ,4 + 1 ,1 ,£ ,2 ,1 ,1 ) » A liC

where« I  - 1 ,2 ,3 :  E - O .O l, 0 .001 , 0,0001.

In  the caso when o n ly  one column wos the c a r r ie r  of I l l- c o n ­

d it io n in g ,  «11 the a lg o rithm s were ch n ro c te r lz o d  by h igh p r e c i ­

s ion  and a l l  o f then led  to M-P g e n e ra liz e d  in v e rs e s  of s ln l-  

U r  norms. In  the case when two or th roe columna wore* the c a r ­

r ie r s  of i l l- c o n d it io n in g ,  the s itu a t io n  was s im ila r  to thnt 

concern ing  sym m etrica l m a tr ic e s . The h ig h es t p re c is io n  was cho- 

r a c t e r i e t i c  of a lg o rith m  GEINIV and the wor3t one of a lg o rithm  

AVJMEL.

4. F ln o l  RemarksM g m ~ ri-a x.'.aa

Our in v e s t ig a t io n s  a llo w  uo, d e sp ite  t h e ir  v e ry  l im ite d  sco­

pe, to fo rm u late  some remarks concern ing  the ana lysed  a lg o rith m s 

fo r com putation of M-P in v e rs e s .

1 ° I t  I s  supposed th a t from the num erica l p o in t of v ie w , mea­

sures of a lg o r ith m 's  p re c is io n  boned on fou r Moore-Penrose con­

d it io n s  which were accepted  In  the paper do not a llo w  to in d ic a ­

te  u n iq u e ly  the best num erica l approxim ation  of tho g e n e ra liz e d  

M-P in v e rse  of the I l l- c o n d it io n e d  m a tr ix .

2 ° A l l  a lg o rith m s which were ana lysed  except SVDZ were cha­

r a c te r iz e d  by sm all robustness on h igh i l l- c o n d it io n in g  of th ' 

in v e r te d  m atrix .

3 ° From the com p u ta tion s ' p re c is io n  p o in t o f v ie w  a lg o rith m  

GEIN'.*/ was the best and a lg o rith m  AIVMEL wao the w o rs t, but a t 

the same time the f a s t e s t  among the fo u r a lg o rith m s  boing a n a ly s ­

ed.

4 ° The i l l- c o n d it io n in g  of h igh degree caused a d e c lin e  in  

the a lg o r ith m s ' p r e c is io n ,  except in  the case o f SVDZ.

5 ° From Tablo 1 ,2  I t  i s  seen th a t the SVDZ i s  s ta b le  both in  

the sense of II A* I as w o ll as In  the sense of the degree of f u l ­

f ilm e n t o f the fou r co n d it io n s  d e fin in g  the M-P g e n e ra liz e d  In ­

ve rse  A+ when the i l l- c o n d it io n in g  is  in c re a s in g  (th a t  i s  when 

E i s  d e c lin in g  from C * 0.001 to £ ■ 0 .0 0 0 1 ). I t  i s  coused, 

p ro b ab ly , by the in h e re n t p ro p e r t ie s  of Dacobl procedure and the



assumption th a t U  ̂ ■ AVj/v"* , where U ■ (U^ 5 Ug ),  U 'U  * U U 'a l ^ y

u; ui  ■ ■<!<„)■v  ■ ( v i  i v z >- v ' u ■ w '  • • (»)■  v i v i  • j ( k o)- F " r 

draw ing d e c is iv e  co n c lu s io n s  about i n s t a b i l i t y  and I t s  cause* we 

a re  c a r ry in g  out more s t r u c tu r a l  experim ents.
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Jó z e f B ia ła » ,  Włady M ilo , Zbigniew  Wsailews!< 1

O WŁASNOŚCIACH NUMERYCZNYCH ALGORYTMÓW MOO«E'A-Pł.NRPSH'A 
UOGÓLNIONYCH ODWROTNOŚCI MACIERZY

Praca  zaw iera  k r ó tk i oo la  trz ech  n le ito ra c y jn y c h  i  jedneyo 1- 
te racy jn eg o  algorytm u o b lic z a n ia  uogóln ionych odwrótnofici "d an e j 
m acierzy oraz rez u lta tó w  eksperymentów numerycznych zm ierza­
ją cych  do u s ta le n ia  n iek tó ry ch  numerycznych w łasn o śc i tych  a lg o ­
rytmów. u tw ierdzono , iż

a ) w ezystk io  analizowano a lgo ry tm y, oprócz bazującego na zm°~  
dyfikow arte j dekom pozycji w a rto śc i w łn i;na j, wykazywały mołsj od­
porność na z ł«  uwarunkowanie odwracanej m acie rzy;

b) na jszybszy  a lgorytm  W llln a ro  b v ł na jm n ie j p re cy z y jn y ;
c ) a lgorytm  GEINW Warmuaa b y ł n a jb a rd z ie j p re cyz y jn y  pod 

względem spohn ien ia  cz te re ch  warunków o k re ś la ją c y ch  uogóln iony 
odwrotność m acierzy A*-;

d ) w przypadku w zrasta jącego  z łego  uwarunkowania n a jb a rd z ie j 
s ta b i ln y  okazał Bi<j (w e s n iie  <£ 1 s p e łn ia n ia  d o f ln l c j i  A ) a lg o ­
rytm o p a rty  na zmodyflkowanej dekom pozycji w a rto ś c i w ła sn e j.


