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THE POWER OF TESTS BASED ON THE LENGTH OF RUNS

1. In t ro d u c t io n

The paper le  a co n tin u a tio n  of the research  concern ing  the 

fo llo w in g  te s te  based on the leng th  of runs (see  [ 2 ] ) :

- a te s t  based on the maximum leng th  of runs on one of the 

median (S A ) ,

a te s t  based on a sm a lle r  among the maximum leng ths  of 

runs above and below the median (S ^ ) ,

a te s t  based on a b igger among the maximum len g th s  of runs

above and below the median (S ^ ) .

These te s ts  cou ld  be ap p lie d  In  v e r i f i c a t io n  of hypotheses 

on independence of the sequence of o b s e rv a t io n s , In  determ ina­

t io n  of the trend  In  the time s e r ie s ,  in  v e r i f i c a t io n  of the 

h yp o th es is  on the l i n e a r i t y  of the econom etric model w ith  one 

or more Independent v a r ia b le s .

The aim of th is  paper is  to fo rm u late  some co n c lu s io n s  con­

ce rn in g  the power of te a ts  based on the leng th  of 

runs which are ap p lied  in  v e r i f i c a t io n  of the h yp o th es is  on in ­

dependence of subsequent elem ents in  a sample.

I Ye s h a l l  co n fin e  our c o n s id e ra t io n  to  the case of s ta t io n a ­

ry  Markov chain  w ith  two s ta te s  which are  t r a d i t io n a l l y  denoted 
' * 

as A and B and the t r a n s it io n  m atrix
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* 0 r . , L o c tu re r  a t the In s t i t u t e  of Econom etrics  and St8' 

t l s t i c s .  U n iv e r s i t y  of Łódź.



t.pt Pn ^  be a d is t r ib u t io n  of th is  choin  fo r  each ^  e ft «

* { ‘ V V ’ 0 < %  < 1 * 0 < ql  < 1 i  and le t  An "  { A ' B } n be a
se t of a ll-n-o lem ont sequences formed from elem ents A and 13. Thus, 

wo s h a l l  co n s id e r the p r o b a b i l i t y  spaces

(1 )  M„ v - ( a  .2 Pm a )  fo r  * e  e .
n ,J- "  * n ,^

The form ulated  co n c lu s io n s  are based on the n u m e r ic a lly  de­

term ined power of te s te  basing on the d is t r ib u t io n  o f the 

length- of runs fo r  n * 1 ,2 , . . . .  100 and on e eve ro l dozen 

p a ir s  chosen from the se t ft. The co m b in a to ria l form ulae of 

p r o b a b i l i t y  connected w ith  runs d is t r ib u t io n  presented  in  the 

l i t e r a t u r e  ( c f .  [ 3 ] , [ 4 ] )  are in con ven ien t fo r  n um erica l c a lc u la ­

t io n s .  I t  i s  more e f f i c i e n t  to use re c u rs iv e  form ulae e s p e c ia l ­

ly  in  the caso when the c a lc u la t io n s  are  made fo r  subsequent 

v a lu e s  of n,

2. R ecu rs ive  Form ulae fo r  U n iv a r ia te  Runs D is t r ib u t io n s

Wo s h a l l  a ss ig n  to each sequence 

u  *  ( xA , Xg# . . . .

the fo llo w in g  numbers:

Na ( u ) - number of e lem ents A in  sequence u ,

La ( l >) number of rune c o n s is t in g  of elem ents A,

L ( u  ) - t o t a l  number.of runs.

Assume th a t sequences u  e ^  are  the r e a l iz a t io n s  of the

s ta t io n a ry  Markov cha in  w ith  the t r a n s it io n  m atrix

p p 
AA BA

P P
AB BB

where 0 < PA B , P ^  < 1. Hence, the s ta t io n a ry  p r o b a b i l i t ie s

are g iven  by the form ulae „

P P

(2 )  pA « R (X  « A ) - p---v V ~ *  PB “  P ^X 1 "  B )  “  P--- + ~W~
A J  AB BA a J  AB + BA

fo r j  » 1 , 2 , . . . .  n.



Under these assum ptions the p r o b a b i l i t y  d is t r ib u t io n  on the 

ae t can be p resented  by the form ula

1 (Na  - L ) L (L  - L ) (n  - N - L ♦ La ),

AB BA

where n denotea sample s iz e ,  ”  the number of A-type o-

lem ents in  the sample, l ( w ) - t o t a l  number of runa, l a ^  ' 

number of runs c o n s is t in g  of A-type elem ents.

Eq uation  ( 3 )  r e s u lts  im m ediate ly  from the id e n t i t y

(4 )  P (u )-  PC X j-X j) p C X jj- X jJX j.X j) . . .  p ( xn^ n l xn- l " xn - i)

a f t e r  tak ing  in to  account equation  (2 ) ,

Determ ine fo r  g iven  n the fo llo w in g  rundom v a r ia b le s ;

f>A - the maximum leng th  of run» c o n s is t in g  of A-typo e le ­

ments,

S_ - the maximum leng th  of runs c o n s is t in g  of e-type e le-  
D

ments,

so * min { sa* sa í*
SG - max { s A . S Q} .

Having th is  n o ta t io n  we can fo rm u late  the fo llo w in g  theorems 

whose p ro o fs , as of l i t t l e  in t e r e s t ,  are  om itted .

T h e o r e m  1. The d is t r ib u t io n  of v e r ia b le  SA determ in ­

ed on M » i s  expreasod by the re c u rs iv e  form ula 
n | v

(5 )  P (S A-s) - Q ^ in .s ) ♦ Q ^ tn .s ), 

where

n-e

Q^Cn.s) - Y ]  Q j(n - v ,s )  q0 ( l- q 1) v " 1, 

v-1

8-1 8

Q i(n ,8 )  • /..J (n - s ,v )  qA ( l- q 0) a_1 ♦
1 v »0 w«l

' '
under i n i t i a l  co n d it io n s

q£(0 .0> .  Qj(O.O) .  - - Í - .

In  the same way the d is t r ib u t io n  of s t a t i s t i c  is  o b ta in ed .



T h e o r e m  2. The d is t r ib u t io n  of v a r ia b le  S „  determ ln-
6

ed on ^  la  exprossed by the re c u rs iv e  form ula

( 6 )  P (S G-s ) - Q ® (n ,s ) ♦ Q j (n .s ) ,

where s

Q ® (n ,s ) - X j  Q? h (n - s ,v )  qh ( l- q 4 h) 8" 1 
v «0 "  i “ n

* X  Ql- h (n “ w' 8^
w«l

fo r  h ■ 0 ,1 ,  a t i n i t i a l  co n d it io n s

■fi/n \ _ nG/
Q“ (0 ,0 )  - Q^(O.O)

*0**1

The d is t r ib u t io n  of v a r ia b le  S0 can be determ ined on the ba­

s is  of the fo llo w in g  r e la t io n

(7 )  P (s  < s )  - P (S A < s )  ♦ P (S _  < s )  - P (s _  c  s ) .

3. Power E v a lu a t io n

On the b as is  of the re c u rs iv e  form ulae p resen ted  in  § 2 the 

power of randomized te s t s  was determ ined n u m e r ic a lly  fo r  n « 1 ,

2 , . . . »  100 end fo r  some p a ir s  (p . jo ) ,  where

(8 )  p - pa ^ - ^ q ^  » e m 1 - *0 *  V

The procedure was as fo llo w s t  

A A
- i f  S < ea - 1, then HQ »• g » 0 is  accep ted ,

- i f  S > Ba , then Hq I s  r e je c te d  in  favo u r o f Hj i j  > 0,

- i f  S* ■ » £ - ! ,  then H0 is  accepted  w ith  p r o b a b i l i t y  r „ .

Let fo r  the determ ined n, p , s ig n if ic a n c e  le v e l  a  and g * o

C'9) Fa ( b ) "  P ^SA < 8 »̂ 8 “  ° »  1 *



The c r i t i c a l  v a lu e  of the te s t  based on SA s t a t i s t i c  w i l l  be 

th e re fo re

(1 0 ) s^ • min |  s j Fa ( » )  > 1 - a }  •

To th is  v a lu e  the random izing p r o b a b i l i t y  corresponds

which was p resented  in  [ 2 ] .

In  the same way randomized te s t s  based on s t a t i s t i c s  Sg, Sp 

and SG were determ ined.

The r e s u l t s  of power c a lc u la t io n  fo r  the te s ts  S^ , SQ ( v e ­

r i f y in g  the h yp o th es is  HQ : £ « 0 )  fo r  a  ■ 0 .0 5 , p * 0 .5 ,

0 .7 , 0 .9 . and £ - 0 .1 , 0 .3 , 0 .5 , 0 .7 , 0 .9  end n - 5, 10, . . . ,  

100, as w e ll  as fo r  a s im ple a l t e r n a t iv e  h yp o th es is  Hj i g ■ ^  

p resented  in  Tab les  1-4, a llo w  to fo rm u la te  the fo llo w in g  con­

c lu s io n s .

1. The power of t e s t s  being considered  le  the h ig h es t fo r  p ■

0 .5 . (T h is  io  conflrraod by a lre a d y  quoted re s u lt  ob ta ined  by 

B a t e m a n  [ l ] ) .

2. The te a t  based on SA s t a t i s t i c  proved to  be s tro n g er than 

the te s t  based on S0 s t a t i s t i c  fo r  p > 0 ,5 , exc lud ing  the cases 

o f v e ry  s trong  c o r r e la t io n  ( g > 0 .7 ) .

3. Among the te s ts  of the runs leng th  the most f re q u e n t ly  

used te s t  SG proved to be s tro n g er than te s t s  SA and S B , exc lu d ­

ing the cases of b ig  asymmetry (g  > 0 .6 )  and of v e ry  strong au­

to c o r r e la t io n  ( f  > 0 .7 ) .

4 . The te s t  SG is  s tro n g e r than the t e s t  SQ o n ly  fo r  ;p c lo se  

to 0 .5  and fo r  not v e ry  strong  a u to c o r re la t io n  a t a r e l a t i v e l y  

sm all s iz e  of sam ples.

5. W ith  the in c re a se  of p the d if fe re n c e  between the power 

of te a ts  SA and Sq , and S0 and SQ decreases r a p id ly  (e x c lu d ­

ing the casee of v e ry  sm a ll n (n  < 1 5 ) ) .  These d if fe re n c e s  re ­

main s ig n i f ic a n t  o n ly  in  the case of s trong  a u to c o r re la t io n  > 

> 0 .5 ) .



Power of te s t»  of runs S^ 
fo r  soma p a ir s  ( p . £ )  and a  ■ 0.05

n

p - 0 ,5 p ■ C>.7 p - 0 .9

e e 6

0.1 0 .3 0 .5 0 .7 0 .9 0.1 0 .3 0 .5 0 .7 0 .9 0.1 0 .3 0 .5 0 .7 0 .9

5 68 118 190 289 420 59 81 109 148 184 52 57 62 67 73

10 74 145 243 360 467 69 124 214 353 562 55 67 81 98 118

15 78 165 292 436 524 71 134 236 386 586 58 79 107 143 190

20 02 184 336 505 583 73 146 265 432 625 62 93 140 207 306

25 84 197 371 560 634 75 157 294 485 668 65 110 183 302 492

30 87 212 406 613 682 77 168 320 532 712 68 123 221 391 683

40 90 232 455 686 756 80 183 363 605 785 69 127 229 404 694

50 93 250 500 746 814 82 197 400 664 839 70 133 243 428 714

60 95 268 542 795 859 84 208 431 711 879 71 139 260 458 741

60 98 290 593 853 916 87 227 482 781 932 73 152 295 526 807

100 101 313 644 898 950 89 242 522 830 961 75 163 327 588 872

N o t e s  A l l  p r o b a b i l i t ie s  have been m u lt ip lie d  by 1000.

T a b l e  2

Power o f te s ta  of runs S B 
fo r  some p a lr a  (p,£>) and a  «■ 0.05

p - 0 .5 p - 0 .7 p - 0 .9

n
e 4*

0.1 0 .3 0 .5 0 .7 0 .9 0.1 o • 0 .5 o • N
l

0 .9 0 .1 0 .3 0 .5 0 .7 0 .9

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

5 68 118 190 289 420 73 127 185 241 285 76 114 133 134 116

10 74 145 243 360 467 82 167 263 338 344 90 154 191 193 146

15 78 165 292 436 524 88 194 319 415 401 96 180 238 246 178

20 82 184 335 505 583 91 214 365 482 455 102 207 284 299 209



Table 2 (co n td .)

1 2 3 1 4
1

5 6 7 8 9 10 11 12 13 14 15 16

25 04

— —1 

197 371 560 634 95 236 411 545 507 108 234 32fl 349 240

30 87 212 406 613 682 100 259 456 602 556 115 260 370 395 270

40 90 232 455 686 756 104 286 512 678 633 126 311 447 479 327

50 93 250 500 746 814 107 303 553 734 696 142 360 515 552 380

60 95 268 542 795 B59 110 322 593 782 749 155 401 571 612 427

80 98 290 593 853 916 116 361 667 856 830 150 421 616 682 504

100 301 313 644 898 950 122 401 731 906 885 161 442 659 741 572

N o t a :  A l l  p r o b a b i l i t ie s  have boon m u lt ip liâ t )  by 1000.

T a b 1 o 3

Power of ten ts  of runo S q

fo r some p a ir s  (p,£>) and a  » 0.05

n
P ■ 0. 5 P - 0 .7 p - 0 .9

P S ______ ....*

0 .1 0.3] 0 .5 0 .7 0 .9 0 .1 0 .3 0 .5 0 .7 0.9 0 .1 0 .3 0 .5 0 .7 0 .9

5 54 59 56 43 18 58 67 66 51 21 71 90 102 81 34

10 70 120 175 202 124 75 135 192 211 122 90 153 106 176 90

15 78 159 261 335 234 87 189 304 366 239 96 100 237 241 14C

20 85 197 350 460 350 91 211 353 440 325 102 207 284 298 135

25 89 217 397 543 406 94 231 402 523 406 103 234 328 340 255

30 91 235 443 614 517 99 256 452 590 479 115 260 370 395 260

40 101 289 550 741 654 106 296 527 685 593 128 311 447 479 323

50 103 304 588 796 741 108 309 561 737 672 142 360 515 55? 378

60 107 333 646 053 812 111 326 598 759 735 155 401 571 612 427

80 116 385 730 917 899 116 364 669 020 825 158 .421 616 682 504

100 119 409 773 948 944 123 403 732 061 084 161 442 659 741 572

N o t e »  A l l  p r o b a b i l i t ie s  have boen m u lt ip lie d  by 1000.



T a b l e  4

Power of too ts  of rune Sg 
fo r  some p a ir s  ( p , £ )  and a • 0 .05

n

p * 0 .5 P ■ 0 . '7 P - 0 .9

S e

0 .1 0 .3 0 .5 0 .7 0 .9 0 .1 0 .3 0 .5 0 .7 0 .9 0.1 0.3 •0.5 0.7 0 .9

5 73 143 253 418 652 60 86 123 175 248 52 57 63 •70 79

10 80 179 344 579 862 69 126 226 406 739 55 67 81 99 124

15 85 209 419 701 954 71 135 247 443 778 58 79 107 143 196

20 89 233 480 780 980 73 147 276 497 838 62 93 140 208 313

25 92 249 519 827 991 75 158 304 551 900 65 110 183 302 500

30 95 267 562 869 996 77 167 329 594 926 68 123 221 391 691

40 98 292 618 914 999 80 183 371 663 963 69 127 229 404 702

50 101 313 665 944 1O00 82 197 407 717 980 70 133 243 428 722

60 104 337 711 966 1000 84 208 437 759 989 71 139 260 450 749

80 108 360 756 981 1000 87 227 487 820 997 73 152 295 526 815

100 111 387 802 991 1000 89 243 527 861 999 75 163 327 586 879

N a t e i  A l l  p r o b a b i l i t ie s  have been m u lt ip lie d  by 1000.
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Czesław  Domański, Andrzej Tomaszewlcz 

MOC TESTÓW OPARTYCH NA DŁUGOŚCI S E R I I

A r ty k u ł dotyczy a n a liz y  mocy testów  opartych  na maksymalnej 
d łu g o śc i a e r l l  z jed n e j s tro n y  mediany ( S . ) ,  m n ie jsze j z maksy­
malnych d łu g o śc i s e r i i  z każdej s tro n y  meolany (S  ) ,  w iększe j z 
maksymalnych d łu g o śc i s e r i i  z każdej s tro n y  mediany w e ry f i ­
ku jących  h ipo tezę  o n ie z a le ż n o śc i k o le jn ych  elemontów w p ró b ie . 
W ś w ie t le  przeprowadzonych badań uzyskano między innym i następu­
ją ce  w n io sk it  te s t  S G okaza ł s ię  m ocn ie jszy od testów  SA i  S r , 
wyjąwszy p rzypadk i dużej a s y m e tr ii  i  a u t o k o r e la c j i ; te s t  Sq 
J e s t m ocn iejszy od te s tu  S D ty lk o  w przypadku p b l is k ic h  0 ,5  i  
m ałsj a u to k o r e la c j i ;  moc rozważanych testów  Je s t  najw iększa  d la  
p ■ 0 ,5 .


