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SOME PROBLEMS OF ROBUST ESTIMATION 

IN  THE CASE OF UNEAR MODELS 

PART I s  CHARACTERIZATION OF ROBUSTNESS

1. In tro d u c t io n

We l im it  our a t te n t io n  to the robustness of p o in t estim a­

t io n  methods fo r  the fo llo w in g  l in e a r  models

t m 0 - ( * n,,kt 8 , Y - X(S ♦ S  , k0 - k, n0 - n, <Py - J r y ( X ( i ,  d 2 I ) ) ,

¿Triu, » ( a 0**, a , y - xp + s , k0- k, n0 - n, $>y - ¿^ C x p , n ) ) ,

where t

^nxk _ the 9#t o i ro a i  nxk m a tr ic e s , Q

S ■ ( ‘U ,*F ,ł>) - a p r o b a b i l i t y  space w ith  the com plete measure

1 T  - B o re l- t f- f ie ld  of subsets of se t U,1i. - an elemen­

ta r y  set o f e ve n ts ,

k » r a n k (X ),  n • rank f> (Y ), X € Rn
o o ... .

Jb(Y) - d is p e rs io n  o f random v e c to r  Y , i . e .

t  - ex p e c ta tio n  o p e ra to r ,

“ f  "  t)P (X fy if  - "n-d lm enslona l random v e c to r  has n-d lm enslonel 

normal d is t r ib u t io n  w ith  8 (Y ) • X(3 and & (Y ) ■ A*.

The concept of robustness was in troduced  in to  s t a t i s t i c s  by 

B o x ,  A n d e r s o n  [ 5 ]  and i t  was concerned w ith  the robu- ł 

s tn ess  o f t e s t s .  A more form al p re s e n ta tio n  o f the robustness

* D r . ,  L e c tu re r  a t the In s t i t u t e  of Econom etrics  and S ta ­

t i s t i c s ,  U n iv e r s it y  of Łódź.
* * S e n io r  A s s is ta n t  a t  the In s t i t u t e  of Econom etrics  and S ta ­

t i s t i c s ,  U n iv e r s i t y  of Łódź.



ic łjna  waa In troduced  by H u b e r  [9 ,  10, 111, H a m p e l  

[ &,  7 ] ,  B i  c k e 1 [ 4 ] ,  B e r g e r  [ 3 ] ,  B a r t o -  

s z y ń s k i ,  P l e s z c z y r t s k o  [ * ]•  Z i e l i ń ­

s k i  [ 20] .  H u b e r ,  C a r o l  [ l 2 ] ,  and R o u s-

3 e o u w [1 8 ].

i

2. flobustnyjsoj In t u i t i v e  and H®urlat^lc^hean£njj|

The* broad and in t u i t i v e  meaning of robustness should be cha­

r a c te r iz e d  moro fo rm a lly  in  o rd er to ach iove  g re a te r  p r e c is io n .  

Posing the fo llo w in g  q u es tion s  should help  in  i t .

Q l)  What la  ro b u st?

Q2) A ga in st what something is  ro b u s t?  (a g a in s t  what kind  of 

changes (d e v ia t io n ,  p e r tu rb a t io n , d is tu rb an ces«  tra n s fo rm a tio n s ) 

th i3  sûmething is  ro b u s t )?

Q3) In  what p ro p e r t ie s  of t h is  something the robustness is  

m an ifes ted ? (w ith  resp ec t to which p ro p e r t ie s  the robustness is  

m a n ife s te d ? )

Q4) W ith  resp ect to which q u a l i t a t iv e  measures of perform an­

ce th is  something Is  ro b u s t?

Q5) How to measure ro b u stn ess?

Q6) What do we loose  In  re tu rn  to ro b u stn ess?

Q7) To what degree something I s  ro b u s t?

Q8) whether the concepts " s t a b i l i t y  of som ething" and " ro ­

bustness of something* a re  d i f f e r e n t  In  meaning?

B r ie f  q u a l i t a t iv e  answers a re  as fo llo w s :

Ad Q l) Robust i s :

a ) a s t a t i s t i c a l  (e co n o m etr ic ) method of e s t im a tio n , p re d ic ­

t io n ,  te s t in g  (an e s t im a to r , a t e s t ,  a p r e d ic t o r ) ,

b) a s t a t i s t i c a l  model,

c )  a n u n e r ic a l a lg o rith m  o f a g iven  method.

Ad Q2) IVe p o s tu la te  the robustness of a g iven  method (o r  an

a lg o r ith m ) a g a in s t the changes o f :

c h i)  assum ptions of s to c h a s t ic  s t ru c tu re  o f the g iven  s t a t i ­

stic:.* 1 model,

cb2) assum ptions of n o n s to ch ae tlc  s t ru c tu re  of the g iven  mo­

d e l,

ch3) assum ptions of both s t ru c tu re s .



P o s s ib le  changes (c h i )  concorn : 

c h l . l )  p r o b a b i l i t y  measures,

c h i . 2) s h i f t s  in  the pernmoter va lu e  of p r o b a b i l i t y  . ¡ is t r ib u -  

t io n ,

c h l .3 )  re p la c in g  standard d is t r ib u t io n  by a su p e rp o s it io n  of 

d is t r ib u t io n s  belonging to d if fe r e n t  c la s s e s ,  

c h i . 4 ) d is ta n ce s  botween d is t r ib u t io n s .

P o s s ib le  changes (ch2 ) concern :

c h 2 . l )  le v e ls  of bod-cond ition ing  of dr»to m a tr ix , 

ch 2 .2 ) shapes of r e la t io n s h ip s  (e .g .  from l in o o r  in to  n on- li-  

n e a r ).

P o s s ib le  chonges (ch3 ) concorn tho elem ents of c ro n s- c le aa i-  

f ic a t io n  o f (c h i )  and (c h c ).

Ad Q3) Wo p o s tu la te  th a t the robustness should m anifest in  tha 

in va r lo n co  (ag o ino t changes ( c h l )- (c h 3 j )  of one or moro of the 

fo llo w in g  p ro p e r t ie s :  

p i )  unb iasedness, 

p2) e f f i c ie n c y ,  

p3) p r e c is io n ,  

p4) c o n s is te n cy , 

p5) s u f f ic ie n c y ,  

p6) s t a b i l i t y ,  

p 7 )  shape of d is t r ib u t io n .

Confirm ing o r n o t-con firw in g  the in v a r ia n c e  of some anumarat- 

ed p ro p e r t ie s  is  noth ing  more than e q u a l i t a t iv e  a n a ly s is .  I t  

h e lp s  to soy th a t something is  o r ie  not robu9t in  a sense and no­

th ing  moro.

Ad Q4) We p o s tu la te  th a t tho robustness w i l l  m an ifest in  the 

r e la t iv e  s t a b i l i t y  of the range fo r  tho fo llo w in g  fu n c tio n s  of 

s t a t i s t i c a l  p ro ced u res:

f l )  t o t a l  b io3 ,

f2 ) e f f i c ie n c y ,

f3 ) t o t a l  mean square e r r o r ,

f 4) s tandard  e r r o r ,

f5 ) average r e la t i v e  a b so lu te  p re d ic t io n  e r r o r ,

f6 ) weighted t o t a l  sum of p re d ic t io n  e r r o r s ,

f 7) speed of convergence o f i t e r a t i v e  s t a t i s t i c a l  p rocedures,

f 0 ) d e v ia t io n  between the p-th q u a n t i le s  of d is t r ib u t io n s  of 

s t a t i s t i c s .



f o ) d is tan ce  s botween p r o b a b i l i t y  d is t r ib u t io n s  of s t a t i s t i c s  

(measured by d is ta n ce s  between d is t r ib u t io n  fu n c tio n s  o r ch arac ­

t e r i s t i c  fu n c tio n s  or moment qcnrjr.n ing fu n c t io n s ) ,

f lO ) v a lu e s  of GSteaux d o n v a t iv e  oi s t a t i s t i c a l  procedure or 

lo g arithm s of s t a t i s t i c s '  v a r ia n c e .

Ad Q5) Robustness measures w i l l  be d e fin ed  by using ( f l ) -  

- ( f lO ) .  There a re , among o th e rs , the fo llo w in g  o p t io n s :

- a robustness measure is  tho d iam eter of one of the func­

t io n s  ( f l ) - ( f l O )  ranging fo r  tho g iven  v a r ia n t  of changes (chl)- 

- (ch 3 ) or t h e ir  m ix tu res ,

- a robustness measure is  the r a t io  of thp d lum oter of one of 

tho ranges of fu n c tio n s  ( f l ) - ( f l O )  and changes v e rs io n s  (c h i)-  

- (c h 3 ) fo r  a g iven  set of standard  model neighbourhoods to the 

d iam eter of tho set of ranges of d is ta n ce s  between neighbour­

hoods of a standard  model (o r  a robustness measure i s  the l im i t  

of th is  r a t io  when the denominator approaches to z e ro ),

- a robustnass measure ia  tho d if fe re n c e  between the supre- 

Mun of one of tho ranges c f  fu n c tio n s  ( r l ) - ( f l O )  end the co r­

responding infimum d efined  on elem ents of p a r t ic u la r  neighbour­

hood of standard model,

- a robustness measure is  the d is ta n ce  between u va lu e  of 

one o f the fu n c tio n s  ( f l ) - ( f l O )  c a lc u la te d  fo r  tho g ivon  s tan ­

dard model ond the range o f the correspond ing fu n c tio n  c a lc u la t ­

ed . fo r  the elem ents of p a r t ic u la r  neighbourhood of tho s tan ­

dard model,

- a robustness measure is  the d is ta n ce  between the so t of 

j l l  ranges of fu n c tio n s  ( f l ) - ( f i O )  c a lc u ln t« d  fo r  the g iven  s tan ­

dard model and the se t of a l l  ranges of fu n c tio n s  ( f l ) - ( f l O )  c a l-

lila te d  fo r  the se t of neighbourhoods of standard  model (s e t  of 

auperm odels).

Ad Q6) Robust msthods a re , in  g e n e ra l,  more n u m e r ic a lly  

complex than non-rcbust onus. I t  means tha t the num erica l co s t 

i f  using them (a s  measured by e .g . computer tim e usage) i s  g rea­

t e r .  We are not in  a p o s it io n  to g ive  reasonab lo  com parisons ©f 

o e n e f lts  and lo sse s  when using robust methods.

Ad Q7) A degree of robustness should be f ix ed  on the grounds 

in d ic a t io n s  g iven  by the measures proposed in  Ad Q5.

Ad Q8) The concept of " s t a b i l i t y "  was d e fin ed  p r e c is e ly  

i t h in  mechanics by Po in csr®  and next by Lap un o ff. U 1 a m [1 9 ]



d iscu sses  I t  In  a more g en e ra l con tex t of s t a b i l i t y  of mathemati­

c a l theorems. He understands by i t  the p ro p e rty  th a t w h ile  chang­

ing assumption» of a thooren "a  l i t t l e " ,  the t ru th  of the the ­

orem Is  f u l l y  p reserved  o r ''ap p ro x im ate ly " p rese rved .

In te re s t in g  p ro p o s it io n s  of d e fin in g  s t a b i l i t y  wore g iven  by 

Z o l o t o r o v  [22 , 23] and extended by B e d n a r e k -  

*K o z e k,  K o z e k [ 2 ] ,  and B a r t o s z y r t s k l ,

P l e s z c z y r t s k o  [ l ] .

Here we are  t ry in g  to maka the concept of s t a b i l i t y  more 

co n cre te . P ro p o s it io n s  of c h a ra c te r iz a t io n s  and robustness moa- 

ourea p resented  In  <j 3 and 4 were f i r s t  form ulotod by M ilo  In  

the work o f M i l o ,  W a s l l u w s k l  115]. A s p e c if ie d  

kind of g iven  m ethod's robustness a g a in s t eotne changes of s tan ­

dard modol would be d e fin ed  by using the concept of s t a b i l i t y  of 

measures belonging to the measures types (M 1 )- (M 5).

3. A C h a ra c te r iz a t io n
mmmmmmmmmmftaaCaa ■ — bb— b —  — — i

of L in e a r  Standard  M ode l's  Neighbourhoods
— Tr •• a 1 n 'nw i ini ■'imaaaMBCTaaa—

F i r s t  we need to d e fin e  neighbourhoods of Y . They can bo de­

f in ed  In  terms of L e v y 's ,  P ro c h e ro v 's ,  M e e h a lk ln 's , Kolmogo­

r o v 's  or t o t a l  v a r ia t io n  m e tr ic s .

Duo to the d e f in i t io n  of random v e c to r  Y as

Y 1 (11, 7 ,  *>) ---► (<ftn . 7 n , <Py )

9.

we w i l l  use fu r th e r  the p r o b a b i l i t y  spac* (9.n , rf n, $>y ) .  We w i l l

ro« t r lz e  the space Rn. ®

A f te r  m etrlz ln g  the space R ° becomes the m e tr ic  space (R 0, £ n )

(o r s h o r t ly ,  i f  p o s s ib le ,  w r it in g  Rn ,£> ). . ®

Le t ^2 ke two r.on-negatlve f i n i t e  measures d e fin ed  on

^  „  ( 7  i s  d - f ie ld  of B o re l subnets o f (R n ,p ) ) .  Then we con 
*n ' -r. u

d e fin e  the above mentioned m etr ic s  os fo llo w s

a ) M e sh a lk ln 'e  m e tr ic s  [ l 3 ] i

e M ( f i *  f,2) “  9“ p {1 ** t, 2 ( A ) f}-



1 1 0  WiadyuUiwMl i.j,  Zblcpl ew Wusi l ew-ki

wboro: A - an In te r s e c t io n  of a t moat n h o lf- sp aco e , a ha lf-epa- 

ce to an a r b i t r a r y  sot of p o in ts  In  Rn determ ined by

n

{ ( y j ,  y n ) ' « Rn ! < b | ;  « i t  b « R1 }

1»1

b) L e v y 's  m etr ics

£ L C*»4 . \>2) - "»ox [ e *  ( fJ 1 . H2) .  { J j ) } ,

«

«
where i

£ *  ( * V  tl2 ) *  ln f  {5 : ^1 { ( " ° °»  V î }  <^2 O “ 90* V i 6 }  * S • VY e R"  ] *  
5>0

**1* "  in f { 8s **2 f 1" 00» ***1 { ( “ ® . y ] 5 } + 5 ,  Vy e Rn },
5>o

( - 00, y f  - I  z « Rn : |0̂ n (z  , (-CJO, y ] ) <£ |

c )  P ro ch o ro v 's  m etrics

eP h2) • max { e j ( t v  h 2>» e p * ( ij 2 ‘ tJ i ) }

.»hare

Sp ( I V  <J 2 ) *  ln f  * lJ l (A ) < H2( a 5 )  + S » VA e 9= I ,
5>0 R J

B p *  ( t*2* ¥%> "  in f f S : Ï 2 ( A )  < 1*1 (a5)+ S > VA * 7  n}>
5=0 R

A5 - |  y  € Rn I A  n ( y ,  A)< 5 j-

d ) Kolm ogorov's m e tr ic s

£k ^ 1 *  ^  * 8up "  P2^A ) l 1 A " f -00' y]* y  6 R °  }>
•. • A , :V  ...



e) t o t e l  v a r ia t io n  m etr ics

e ™  ( P l '  t12) "  3Up - i*2< A )l}-
A « y

R

In  fo rm u la ting  experim ents schemes one can rep la ce  p j ,  j j 2 

w ith  the correspond ing  d is t r ib u t io n  fu n c tio n s  F^ , F 0 (o r  ch arac ­

t e r i s t i c  fu n c tio n s  ( ^ ( t ) ,  < p „(t )) . The enumeratud m etr ics  d id  

not exhaust the l i s t  of e l l  p o s s ib le  m c tr ic s  of p r o b a b i l i t y

space ( Rn, 7  n , i>y ) .  They enab le  us, however, to d e fln o r j^ , 
R

i . e .  the 1-th neighbourhood o f measure ■ P y  ■ ctfy. w ith  re ­

spect to the m etr ic s  1 (where i  - fo r  o g iven  m etr ic s  1 de­

notes the indox number a ttach ed  to the g iver. 1-th va lu e  of n .«
■■ m ■ i Q  ■§

e .g . ,  fo r  1 • 1, 3 ■ 1 , 2, 3 we have n ._  ■ 3 • 10 , V . • 
•1 „o  »11 *21

• 3 • i o  , «  • 3 « 10  z ) .

Thua.

D e f i n i t i o n  1, By i jA1 - neighbourhood of mea­

sure f>Y m ■ JPy (X(3, <J2I)  we understand ouch se t o f d i s t r i ­

bu tions th a t the elem ents of U a re  d is ta n t  from the moaaureo 

^2  bY the va lu e  *>•••

U^ » {^2  * ^1 ^ 1 *  ¿*2^ ^ ^11 }  ’ 1 ■ M, L , P, K, TV.

Using D e f. 1 we can d e fln o  - neighbourhood of tho s tan ­

dard model c*VM.0 as fo llo w s  t

D e f i n i t i o n  2. By - neighbourhood o f model 

<̂ cU.0 we understand such a sot t *10t f ^ o ln  s jw nxl\  * ,  Y -

X f l+ 2 ,  k0 - k , n0 - n , ♦ 11 11

W h ile  using the name of jdfcM.0j ^ i n  d e fin in g  the robustness me­

asures  Is  v o ry  f r u i t f u l  In  co n s tru c t in g  schemes o f experim ents, 

I t  tu rns out on the o th e r  hand, th a t o th e r names are  a lco  con­

v e n ie n t  (e .g .  ,,T2j2 - se t o f superm odels w ith  resp ec t to tho s tan ­

dard model o r - se t  of p r o b a b i l i s t ic  ex ten s ions  of 

the standard  model JTcU.0" ) .

N ote i I f  i  ■ 1 ,1 0 , than under D e f. 1 ,2  the re  a re  10 x 5 

va lu e s  of 12A1 th e ro fo re  I t  I s  50 seta  of supermodels fo r  the oP<M.0. 

Denoting * P y  ■ <#*y (X(3, ft) wo can o b ta in



{ W ^ i l  "  (RnXl<’ * ,Y  "  X (J* S ' ko - k * " o » " .  ^ u )»

th a t 13 - neighbourhood o f w tde l .K’ iM.j.

A. Robu stn ess lionoures of E c t lm a to rs  A g a inst Chungee 

of__the Model Neighbourhoods

Let b ino ( B j )  • - (3 bo the b lae of t h e 'j- th  kind  of

e s t im a to r  B fo r the porsm oter v e c to r  (3 from JC<M,0 or a model be­

long ing  to the se t {ji’cW.J .Thus e t o t a l  b ia s  la  to b ia s  ( )

* 8 £ (B . )  - P 1 where |* | denotes e u c lid ea n  v e c to r  n o n » /
J  ( j )

Lot °V i l  donot6 the range of to b laa  (B ^ ) » tob iae

c a lc u la te d  fo r  the p a r t ic u la r  d is t r ib u t io n s  be long ing  to the U,

- neighbourhood of ^ ) and the correepondlng models be­

long ing  to the se t {«v*cM.0}-̂

In  o rder to be more p re c is e  we need to in tro d u ce  one wore 

index ” d" connected w ith  counting  the co n secu tive  numbor of "pu­

re "  o r “ con tam inated ’' d is t r ib u t io n  (b e long in g  to the U„ ) fo r

example : d - i -- ► (1  - v)JCy (X (l,d 2I )  ♦ vJTy (X|3 ♦ V ^ .d ^ D ^ w h e r e

mcN
u CH
Vra is  an a t y p i c a l i t y  q u a n t ity  of the ra-th component of v e c to r  Y,

j n denotes the u n it  v e c to r  of the ro-th co o rd in a te  a x is .  i s

the ce t of a t y p ic a l  r e s u lt s  o f o b s e rv a t io n s ' in d ic e s .  Let the

range of d ba d - 1, . . . .  d . Then
0

j to b ia s  j ,  d - X , d,(

Under the above n o ta t io n s  and d e f in i t io n s  we have

D e f i n i t i o n  3. The e s tim a to r  B (;,) o f (3 from ,ICM0 

w i l l  be c a l le d  b iao-robust in  the ^-neighbourhood o f th®

standc-rd r.cdel c/ftU0 i f  the fo llo w in g  im p lic a t io n

(d)

T i l

<y(| ) n,</P( b ( i j . - 0) ) .

VEXD 3_ > 0 Vl Vd : ( u . e  U*d) ) — *• £> (0 '^ d)ff(i >)<  t, 
^ i i  2 r 2 ^ ^

i l l

h o ld s . ♦



No to : the abovo im p lic a t io n  con be rop locod , o .g . by

V £ >0 > 0  Vu Vd : ( u  e  l / d )  ) — ► (diom ) <  0 »
H i

fo r diam A ■ oup £ (ô . , a2^'

Oj .  02 e A

Aa b ia3~robu9tnaas mensuros fo r  the e s tim a to r ono con

propoca

a ) DROMOjl

b) BROM 0^2

(j ,d)
diem ,

11

diam
-------- S lL _ ,

diom
M l

dinm O'.
(j.d)

c ) SwOH B .3  - lim
J  .... .. . n d ian  U 

diam Un — ►O 1
M l

d )  BROM B..4 « 3 u p  -{Tobias (B

(i l

,0

^11;,‘ v) in f

d

Tobias (o,9

e) BROM B .5  - in f  p
J  d u v ^ i l  '

f )  BROM 8^6
aup
-iL_

(j.d )

9UP
d

- inf 
A

K “ }

r a .d) 

Ix L .

V/a s a y  t h a t  t h e  e s t i m a t o r  B ^  i ‘- m o re  b i a a - r o b u 3 t  t h a n  t h o  c o -  

t i m a t o r  B g  i f

BROM B^r < BROM B2r ,  r • 1 ,6  .

I f  someone i s  in te re s te d  in  tho p ro c is io n  of e s tim p to rs  he should 

study the perform ance of B^ w ith  resp ect to the mean-aquare-er- 

ro r M SE(B . ) ,  th a t i s  the c h a ra c te r iz a t io n  of M SE(O j) » t \ B^ - (311 .

VJe would be in te re s te d  in  tho behoviour of M SE (B j) w ith in  the 

p r o b a b i l is t ic  neighbourhood of eAfcW.0 , i*®.* { * ’***■ o } ^  •

Let denote the rango of M S E iB ^ ^ ) c a lc u la te d  fo r the

d is t r ib u t io n s  of Y belong ing  to the neighbourhood of the

d is t r ib u t io n  c^ yU fi, d 2l ) .  (¿ j

Fo r the g iven  d is t r ib u t io n  moasure H2e U l2ii,d  “  l f  da

from th is  neighbourhood the e s t im a to r  0  ̂ correspond ing  to

w i l l  be denoted by 6 ^ * .  Then
M l



Ф  f / ( b«J>\ . , 1
•K - \ MSEVB« d - 1 ........... d f .

•11 v  u  >

Thus

D e f i n i t i o n  4. The e s t im a to r  B^ of v e c to r  (3 from

jTcM. w i l l  he c o lle d  MSE-robust In  the neighbourhood {Uf(tt0}  i f  the 
°  1 J ‘l l  

fo llo w in g  im p lic a t io n

, (d>4 / (i,d ) O K  ,
V O O  S i j ^ O V ^ V d  : (t»2 6 )-->e ' * * ц '  *  ) < l  •

* • 
h o ld s . ♦

Note i ano ther op tion  la

V O O  a ^ O V ^ V d  « ( J i2 « )  — ► (d .om i-K^) < С ) .

On the ground of O ef. 4 we can d e fin e  MSE-robuetneea measure», e .

g. as fo llo w ?

•1 ) MSERll B^ l ■ d la e  »

d la®

Ы> H3ERH 0 j2 - O T T D j f  •

d la .r ic

c l )  HSERM В 3 .  l l n  m a i n j r 1-  •

3 diem uj—
*11

d l )  MSERM B 44 - eup ( ’K(1̂ #d )|- in f  }  d • 1 ........... d ,
J  d t ¿ i l  J d *- * 11 

e l )  HtfcRM B j5  • in f  g {* K ^ ,d ) , i

f l )  MSERM B fi - 5 Д  .

J * UP
a m

A r e l a t i v e l y  s y n th e t ic  robustness measure la  в robuetneee 

л е зsure of B j a g a in s t the changes of d is ta n ce  between the d i s t r i ­

b u tio n  ¿ Jj - P Y end o th er d is t r ib u t io n s  of Y w ith  resp ec t to

the changes of d is ta n ce s  between correspond ing  d is t r ib u t io n s  of

fe , Wo need (B j )

D e f i n i t i o n  5. By the neighbourhood U.-̂  of ¿j 3 •

- P r ►«« understand such a se t of p r o b a b i l i t y  d is t r ib u t io n s  of



Dj which a re  not moro d is ta n t  from f*pj thnn by 0 q u a n tity

i  j f 1«6*

uf  J  - \ i»4: e ( f3» ^4 < Ei  }• ♦
1 *■ 4

Hence

D e f i n i t i o n  6. The e s tim a to r B^ w i l l  be c a l le d  d i-  

s t r ib u t io n a lly - ro b u a t  ag a in s t changes of d is t r ib u t io n s  of ( w ith ­

in  the neighbourhood u j ? '  i f  the im p lic a t io n
M l

(Y1 i \
v E ^ o  3 , ^ » ^  vd  , ( t . 2 « \ { ) ~ e \  V»

h o ld s . ♦

Under the D ef. 0 we con fo rm u la te , among o th e rs , tho fo llo w ­

ing d is t r ib u t io n  robustness moasuros:
(B  )

82) DIRM B . l  - dium Uj- J  , 
j  X

dlam U ^ J 5
b2) DIRM B .2  --------- f ty -  ,

J  diom U „ '
H I

c2 ) DIRM D.3 » lira DIRM B j 2,

J  I « ,  № +  0 J  
^ il

d2) DIRM B j4  - sup [<0 ( ^ 3* ^4 ) }  “  1^ f { d ^ 3 »  **4,d^ }  *

(B  )

1*3 ■ V j *  t)4 ,d ’< P 3 ' ^ . d  a U £1 •

/ \
o2) DIRM B .5  - in f  ) ,

J  d 1

DIRM 0 4 

f 2 ) DIRM D.6 » -------- *
J ru n  f  /

In  the above d e f in i t io n s  the sample s iz e  n was f ix e d . H a m ­

p e l  [ 6 ]  propose« to v a ry  n and con s id e r the robustness of 

sequence of sample e s t im a to rs  w ith  the v a ry in g  sample s iz e .  Be­

fo re  p resen tin g  h is  idea l e t  us In tro d u ce  tha f o l lo wing n o ta t io n : 

•f « { f ,  G, . . . ,  P . Q }  - the set o f a l l  d is t r ib u t io n s  mea­

sures d e fin ed  on ( <U ,'5 F ){



*V., *» |i-n , Gn , . . . .  P(1, Qn , n > 1 | - tho sot of o i l  d i s t r i ­

bu tions -fjaoures d e fin ed  on 7  n ) ;
n

{ B ( n ) ,  n > l j  - tha soquonce of 8 ^  t (U ,  V )-*(S tn ,

Fo r ouch sequence of n-olement sample generated  from F e *V 

i t  corresponds to tho e m p ir ic a l d is t r ib u t io n  from cVn.

The mapping G ^  Induces the c o n d it io n a l d is t r ib u t io n

th a t i s ,  the d is t r ib u t io n  of e s tim a to r  R ,_v under tho co n d it io n
(n J

tha t the sample was goneratod from the d is t r ib u t io n  F .

D o . f l n l t l o n  7. Tho sequence { ° ( n )»  n > 1 }  w i l l  

be c a lle d  robust w ith  resp ect to changes In  e m p ir ic a l d is t r ib u ­

t io n s  i f  the fo llo w in g  im p lic a t io n

VCn >03T2nVOVn , ( e ( F ,  0) < TLn ) - + ( l i <xF ( B (n ) ) ,  -cG( B (n ) ) )  < 

h o ld c . ♦

D e f in it io n s  6 and 7 determ ine the robustness w ith  rospect to 

tho e s t im a to r 's  d is t r ib u t io n  os such a p ro p e rty  which cnusos 

th a t the c o n d it io n a l d is t r ib u t io n  of th is  e s t im a to r  i s  changing 

” u l i t t l e "  I f  we change the d is t r ib u t io n  g enera tin g  the sample 

u n d a rly in g  i t .  These fa c t3  a lso  determ ine p o s tu la te s  th a t should 

ba addressed to robust e s t im a tio n  methods. Due to space l im it a ­

t io n  and a homogeneity roqulrem ont we w i l l  not cover th is  to p ic .

5, F in a l  Remarks

The paper co n ta in s  some o rd e rin g  o f the known s t a t i s t i c a l  

concepts connected w ith  the p ro p o s it io n s  of d e f in i t io n s  of ro- 

w u itness measures fo r  the e s t im a to rs . We have not p resented  re ­

s u lt s  of experim ents c a r r ie d  out by Z . IV as llew sk i connected w ith  

be performance of chosen e s t im a tio n  methods th a t would be pre- 

icnted  in  the next paper. We have not d e sc r ib e d , among o th e rs , 

icuaures o f ;

- o ff ic ie n c y - ro b u s tn a s s  of e s t im a to rs ,

- fo re c a s t in g  povjer-robuotness of e s t im a to rs ,

- num erica l bad con d ltlon ln g - ro b u stn oss  of e s t im a tio n .



BIBLIOGRAPHY

[1 ]  B a r t o s z y r i s k i  R. ,  P l e s z c z y r i e k a  E . 

(1 9 8 0 ), R e d u c ib i l i t y  of S t a t i s t i c a l  S tru c tu re s  ond D e c i­

s ion  Problem s, M athem atica l S t a t i s t i c s  Danach Conter P-ubll~ 

c a t io n a . V o l. 6 , Warsaw, PWN, p. 29-38,

[2 ]  B o d n a r e k-K o z e k  B . , K o z o k  A. (i9 6 0 ), S ta ­

b i l i t y ,  S e n s i t i v i t y  and S e n s i t i v i t y  o f C h a ra c te r iz a t io n s ,  

M athem atica l S t a t i s t i c s  Banach Centor P u b l ic a t io n s ,  V o l. 6, 

Warsaw, PiVN, p. 39-64.

[3 ]  B o r g e r  D. (1980 ), S t a t i s t i c a l  D e c is io n  Theory, B e r­

l i n ,  S p r in g e r- V e r la g .

[4 ]  B i c k e l  P. (1 97 6 ), Another Look a t Robustness, Scan- 

d ln . J .  of S t a t i s t i c s ,  p . 145-168.

[ 5 ]  B o x  G .,  A n d e r s o n  S. (1955 ), Perm utation  The­

o ry  In  the D e r iv a t io n  of Robust C r i t e r ia  and the S tudy of 

D epartu res  from Assum ptions, D. Roy. S t a t i s t .  S o c . , S e r . B, 

P . 1-34.

[6 ]  H a m p e l  F ,  (1971 ), A Gonera l Q u a l i t a t iv e  D e f in it io n  

o f Robustness, Ann. Math. S t a t i s t . ,  p . 1887-1896.

[7 ]  H a m p e l  F .  (1973 ), Robust E c t im n tio n , Z e i t .  fü r  

Wahrsch. und Verwandte G e b ie te , p. 87-104.

TB ] H o g g R. V. (1 97 9 ), An In tro d u c t io n  to  Robust Es tim a ­

t io n ,  [ in s ]  Robuotnoss in  S t a t i s t i c s ,  ed. L a u n e r R. 

L . ,  N. Y. Academic P re s s , p . 1-18.

[9 ]  H u b e r P . (1964 ), Robust e s t im a tio n  of a Lo ca tio n  Pa­

ram eter, Ann. Math. S t a t i s t . ,  p. 73-101.

r 103 H u b e r  P . (1 9 7 2 ), Robust S t a t i s t i c s :  a Xoview , Ann, 

Math. S t a t i s t . ,  p . 1041-1067.

[1 1 ] H u b e r  P. (1977 ), Robust S t a t i s t i c a l  P roced ures , P h i­

la d e lp h ia :  S o c ie ty  fo r  In d u s t r ia l  and A p p lied  M athem atics.

[1 2 ] H u b e  r-C a r o 1 C. (1 9 7 8 ), Quelques problèm es de s ta ­

t is t iq u e  robuste e t non-param otrique. These le  grade da 

d octeu r en s c ie n c e s , U n iv e r s it é  de P a r is  Sud: Centre  d 'O rsay .

t l 3 ] M o s h a l k i n  L , (1 9 6 8 ), On the Robustness o f Some 

C h a ra c te r iz a t io n s  of the Normal D is t r ib u t io n ,  Ann. Moth. 

S t a t i s t . ,  p . 1747-1750.

[1 4 ]  M i l o  W. , K o n a r z e w s k a  I .  (1901 ), W lasnoâci



estymatorów obciążonych parametrów m odeli lin io w y c h . P . l :  Es ­

tym atory re g u la ry z u ję c e , Paper w ith in  the G rant R . I I I . 9 .3 .1 .

[1 5 ] M i l o  W, ,  W a s i l e w s k i  Z. (1900), Metody oa- 

tym o cji porametrów m odeli lin io w ych  w przypadku występowania 

ob se rw ac ji n ietypow ych . Paper w ith in  the G rant R . I I I . 9 .5 .

[1 6 ] P o l l o c k  K. (1970), In fo ro n co  Robustness v s .  C r i t e ­

r io n  Robustness: an Gxomple, The Amer. S t a t i s t . ,  November.

[1 7 ] R e y  '.V. (1 97 8 ), Robust S t a t i s t i c a l  Methods, L o c t. Notes 

in  Math. 690, B e r l in ,  S p rin g e r- V e r la g .

[1 8 ] R o u e s e u w  P . (1 9 8 1 ), New In i f l t e s im a l  Methods in  

Robust S t a t i s t i c s , P h .  0 . T h e s is , B ru s s e ls ,  F ree  U n iv e r s it y  

of B ru s s e ls .

[19 j  U 1 a m S . ( i9 6 0 ),  A C o l le c t io n  of M athem atica l Problems, 

V o l. 8 , N .Y. In te r s c ie n c e  P u b lis h e rs ,

[2 0 ] Z i e l i n s k i  R. (1977 ), Robustness: a Q u a n t ita t iv e  

Approach, B u l l .  Acad. Po lo n a ise  de S c ie n c e s , S e r ie  des S c i.  

Math. A s t r .  e t  P h y s . , V o l.  XXV, No. 12, p . 1281-1286.

[2 1 ] Z i e l i ń s k i  R. (1980 ), Robustness: a Q u a n t ita t iv e  

Approach, Bonach C en ter P u b l ic a t io n s ,  V o l.  6 , M athem atica l 

S t a t i s t i c s ,  Warsaw, PWN, p. 353-354.

[2 2 ] Z o l o t a r e v  V. (1 97 5 ), 0 n ie p re ry v n o s t i s to k h e s ti-  

chesk ikh  p o s le d o va te ln o s te y  porozhdayemykh rekurentnym i pro­

ceduram i, T e o ria  V e roy . i  yeyo P r im .,  V o l. 4 , p . 834-847.

[2 3 ] Z o l o t a r e v  V. (1 97 6 ), E fe k t  u e to y c h lv o e t i chrak- 

t e r lz a y l  ra sp re d e le n lty t  Zap. Nauch. Sea. LOMI AN SSSR, p. 38-55. •

a • .

i • ■ • * . . .  . x .. « 

W ładysław  M ilo , Zb ign iew  W a s ile w sk i

WYBRANE PROBLEMY 00P0RNYCH METOO ESTYMACJI 
PARAMETRÓW MOOELI LINIOWYCH.

CZ. I l  CHARAKTERYSTYKA ODPORNOŚCI

Praca  z a w ie ra :
1) o p is  in tu ic y jn e g o  i  heurystycznego znaczen ia  odpornośc i,
2) o p is  Jakościow y m iar od p o rn ośc i,
3) forroalnę ch a ra k te ry s tyk ę  o to czen ia  standardowego aodelu

lin io w e g o ,
4 ) d e f in ic je  m iar odporności estym atorów  na zmiany oto ­

czen ia  danego modelu standardowego ( t j .  m iar odporności obcią-
żen ią  i  m iar odporności b łędu ś re d n ie g o ),

5) d e f in ic je  odporności w o d n ie s ie n iu  do empirycznego ro z k ła ­
du estym atora .


