
A C T A  U N I V E R S I  T A T I S  L 0 D Z I E N 8 I S  

___________________ FOLIA OECUNOMICA 48, 19PS____________________

Andrzej Tomaszewiczu, M njld Hamza A l-N aefiir

AN EVALUATION OF EFFIC IEN CY OF SOME ESTIMATORS 

FOR THE F IR ST  ORDER AUTOREGRESSIVE MODELS

1. In t ro d u c t io n

A Monte-Cerlo study we9 done In  response to  c a l l s  of

C h a n d a  [ 6 ] .  H e n d r y ,  T r l v l d l  [ 9 ] ,  A i  g- 

n • r [ 2 ] .  and D e n t ,  M i  n [ f l ]  to compare and eva

lu a te  the e f f i c ie n c i e s  of the proposed e s t im a to r»  of unknown pa

ram eters u s in g :

1) o rd in a ry  le a s t  squares (O LS ),

2 ) m odified  le a s t  squares (MOO. L S ) ,

3) approxim ate maximum lik o lih o o d  (A PR .M L),

4 ) exact maximum lik e l ih o o d  (EXACT M L), 

fo r  the s ta t io n a ry  Markov model.

Mont» C a r lo  experim ents were conducted fo r  N - 100, 200 and 

1000 sam ples. The r » » u lt s  ore p resented  In  10 Table® and 10 F i 

gures and the correspond ing  comment».

2. E s t im a t ion Procedure«
n u  11xi � i �ni i n O T m r r ,M"

The a u to re g re s s iv e  »cheme uaad In  th is  paper in  the d l f  

t e ,  t im e - » ta t lo n a ry , f i r s t  o rd er a u to re g re s s iv e  p rocess  w ith

*e ro  mean, i . e .

* D ^ ,  L e c tu r» r  a t  the In e t i t u t e  of Econom etric» and s t a t i 

s t i c s .  U n iv e r s i t y  o f t$d±.
*  " L e c t u r e r  a t  the U n iv e r s i t y  o f Baghdad.
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( 2 . 1 )  Z ( t )  - (^ jZ it - l )  a ( t ),

where a ( t )  la  a random shock w ith  mean zero end v a r ia n c e  and 

the param eter <AJ  s a t i s f i e s  the s to t lo n a r l t y  c o n d it io n  (-1<0j < l ) .  

G iven T o b se rva tio n s  on Z ( t ) ,  i t  i s  v e ry  w e ll known that

( i )  the o rd in a ry  le a s t  squares estim ate  0* of the param eter 

<t>i cen be determ ined by n ln la lz ln g  o2 ( t )  so th a t

T
y^zit) z(t-i)

(2. 2 ) ^  -------- --------

V  z 2 ( t - i )  

t« a

( l l )  The M od ified  le a s t  squares e s t la s t s  0* can be d a ts rn ln -  

ed by d iv id in g  a time s e r ie s  in to  two h a lv e s ,  and e s t im a tin g  the 

a u to re g re s s iv e  parameter fo r  the whole s e r ie s  fo r  tha f i r s t

h a lf  $ x) and for tha second h a lf  S J  e e p a ra te ly  and so

(2 .3 )  0 7 - 2  (0  1 1  2

(see  Q u e n o u i l l e  [ 14 ])«

( i l l )  When a ( t )  i s  d is t r ib u te d  n o rm a lly , than ths p rocess 

(2 .1 )  is  c a l le d  a G auss ian , and i t  i s  p o e s ib la  to co n s id e r  Maxi

mum l ik e l ih o o d  o f the param eter 0 ^ , where the exsct l ik e l ih o o d  

L can be w r it te n  as

- I  1 f ^  !)
( 2 . 4 )  L - ( 2110*2) 2 ( l- 0 2 ) 2 expl— Z2 ( l > 2 ( z ( t > ^ Z ( t - l ) ) 2] j .

a y ■’ j.

D if f e r e n t ia t in g  log L w ith  re9pect to 0 A and s e t t in g  the re 

s u lt s  equal to  zero g iv e s  a cu b ic  equation  in  0 j .  T h e re fo re ,

a ) the exsct maximum l ik e l ih o o d  e s tim a to r o f ie  the so-

1 'H lon  o f the cu b ic  eq u a tlo n t

"� ,” v. ' ' . 1 ' ' ' 5 •

( 2. 5)  9(^1 -̂ *  0 j  -  * %  “ °>



where

y ] 2 ( t ) 2 ( t - l )

T-2 t-2____________ _

u2 "  f = T " X  2 r i  
> 2  (t-1 )

tjNt

1 ♦ t h ( 1 + -t 1
£  22 ( t - l ) J

t-3

and

Z
T t-2

2 ( t ) 2 ( t - l )

J "  T
O T-

1 ¿ 2 2  (t- 1 ) 

t«3

®o, in  equation  ( 2 .5 )  can be re w r it te n  aa

(2.6) gC*^ - *1 * ¿kg (l ’ T̂ l) *» "

- [ *  ♦ ( *  * T ^ ) t =i ] * 1 "  2 ^  ( J  + T-“ l )  "  °»

where

T T J L

K - y  22 ( t ) ,  K - -2 ] T  2 ( t ) 2 ( t - l )  and K2 - / _ / 2 ( t - l )

(see A b d a 1-R a z e k [ l ] ) .

The th ree  ro o t*  o f the po lynom ia l g(<f>j) “  0 ®aY btt °c » t e

by co n s id e rin g  

( i ) q ( c*> )»00 ,

( l l )  g(-oo) « -coi .

( i l l )  g (0 )-  - ♦ t ^ ) '  T

k  ♦ K, ♦ K- 

d y )  g ( i ) ----- “ - K ^ T ^ iT ^  “  "

Y * [ Z ( t > '-  2 ( t - l ) ] i
/■I-' J •
t-2

(T-1 ) £  Z2 (t- 1 ) 

t-3

< 0 , and
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¿[z<t) - Z(t-l)]2

( v )  g ( - l )  ■ —^ --- y --------------> 0 ,

(T-i)Z z2 (t-1) 
t-3

e o ,th e re  te one zero roo t I f  - 0 , one roo t between -1 and ze

ro i f  Kj I s  p o s i t iv e ,  end one roo t between zero  end 1 I f  

I s  n e g a t iv e . Thu* g ( ^ )  • 0 has th ree  ro o ts , n ao e ly  * L . 

end such th a t

(2 .7 )  < -1 < 4>x < 1 <

m
and the exact naxlmua l ik e lih o o d  e a t iw a to r  o f <t>x i s  <*>1# the 

unique roo t between >1 and * ls

b ) fo r  la rg e  v a lu e s  o f T , equetlon  (2 .3 )  converges to

T t
2 2  z ( t ) z ( t - i )  ] T  z ( t ) z ( t - i )

g C ^ )  - ------------ *>?-<*>. ♦ -------------- o

t»3 t*2

o r

J " 1 z ( t ) z ( t - l ) s 

• U 2 -  i)( 9 X  -  -----------------j -  o .

...........: x  *•<«-»>
t»3

So , we way w r ite  fo r  le rg e  ve lu e e  of T  the epprox iisate  M * l* u a  

l ik e l ih o o d  e s t U e t o r

J
X *  Z (t )z ( t- 1 )

(2.8) — ---- - .
. 1 & # < * * *

F rp »  (2 * 2 )  end ( 2 .8 )  i f / l e  o le e r  th a t  the two e s t im a to rs  o r«  ssyv 

■ p to t lo o l iy  the



3. Low Order Moments 

The le a s t  aquares e s t im a to r  ^  In  (2 ,2 )  oen bo

•s

where

X 50*

i x - Z '^ 2  and | 0 z'cnz

m Z 'C ^Z/Z 'C qZ . z * - { z 0 ........... z^.}.

0 £  . .  . 0 0  

I  0 . . .  0 0

♦ •

• m

• ‘ • 

0 0

j x  0 , . . 0 

0 1 . . .  o

end CQ •

1 °
l o o  . . .  I  
\o 0 . . . o

Using theorem 6 .7 .3 .  of A n d e r s o n  [ 3 ] ,  I t  

shown th a t the Jo in t  moment g en e ra tin g  fu n c tio n  o f

(3 .1 )

1
*2

where E  is  the co ve r ie n ce  m atrix  of Z w ith  ( i » j ) “ tl 

•ent g iven  by

^s®s

E - l V1 -4>X

X e * «  V I

.T-2
0 .  1 . * .

m t -2 ,

r e w r it te n

: /
can bo

, S* *•

e le-



Assuming cr̂  » 1 we o b ta in

1. 1

M (to ' t i ) ■ ( i  “  * i>  2 ° 7 •

whore i

1 - 2 to - ( ^  * t j ) 0

- ( ^  ♦ t j )  1 - 2 tQ ♦ <t>x - ( « j  + t j ) ,

0 - (0 j  ♦ t*> 1 - 2 t0 ♦ <t>\

� tt > 1 - 2t0+ 0̂  -(01»t1)

- ( V V

Th ere fo re

(3 .2 )
dH (t , t J
_____ 9.__L

at.

V T T i f

<CT

* 1 * °

- i acT 
; ~ S tT

t i- o t

and

(3 .3 )

at

v T T  0 f

v °

№
t .- 0  1 

I *
V 0

4(c Í̂ /¿Srf 2\l 
Vo г.щ I 4-°/ J *

Using equations ( 3 .2 )  and (3 .3 ) ,  the low er o rd e r moments o f 3^

О ' O rtf x i
Г aM(t . t J  , î>v Г РайИ^в-»*1̂

( 3 .4 )  E & ¿  « J  —  аг ~ - d*o an*  £(ф1 }  j — Tj5  à ta Щ

-CÓ *«*P -00 -00 1 r i »0
• -*V • ‘



4. S im u la tio n

Monte-Carlo experim ents were designed to compare end e va lu 

a te  the e f f ic ie n c ie s  of the e s t im a to rs  proposed in  s e c t io n  2. 

The experim ents were conducted (on 00RA-1304 computer w ith  the 

use o f 41 MAR 2 own program), fo r  N » 100 , 200 end 1000 sam

p le s  fo r  the fo llo w in g  va lu e s  of sample s ize

T - 15, 20, 25, 30, 50 and 100 

and a u to c o r re la t io n  c o e f f ic ie n t  va lu e s

<f>̂ • 0 .0 , ¿0 .5  and +0.9.

Param eter ch o ices  a re  mado In  on attem pt to p rov id e  rep re sen ta 

t io n  throughout s t a t io n a r i t y  reg ions and the v a r ia n c e  o f no iee 

Is  f ix e d  a t u n ity .  Our f in d in g s  ore repo rted  in  10 Tab les  (4 .1- 

•4 .10 ) and 16 F ig u re s  (4 .1 - 4 .1 6 ).

5. R e s u lts  and C onclusions

G e n e ra lly ,  we can make the fo llo w in g  o b se rva tio n »  from the* 

ta b le s  and f ig u re s .

a . W ith  resp ect to the b ia s  of the e s t im a te :

( i )  o rd in a ry  le a s t  squares eo tlm otor c le a r l y  e x h ib its  le a s t  

abso lu te  b ia s  even fo r  samples as omoll os 15 (excep t when $  ̂ ■

• 0 . 0 ) . /

( i i )  The m odified  le a s t  squares estim ate  based on Quenoull- 

l e ' s  form ula [1 4 ] w i l l  improve the s itu a t io n  s ig n i f i c a n t l y  (e x 

cept when • 0 .0  and 0 .5 ) .

( i l l )  The approxim ate maximum lik e l ih o o d  and exact maximum 

lik e l ih o o d  e s t im a to rs  e x h ib it  app rox im ate ly  the same b ia s  espe

c i a l l y  fo r  in te rm ed ia te  and la rg e  v a lu e s  of T.

( l v )  Fo r <(>̂ ■ 0 .0  and la rg e  v a lu e s  of T ■ 100, the OLS, ap

proxim ate and exact maximum l ik e l ih o o d  e s t im a to r»  e x h ib it  the 

•ame b ia s .

(v )  The ab so lu te  b ia s  fo r  the o rd in a ry  le a B t  squares , m o d ifi

ed le a s t  sq uares , approxim ate and maximum lik e l ih o o d  e s tim a to r«



decreases and In c re a se s  w ith  | '£ j| and decreases  as T in c re a s e s ; 

or we can say th a t the e stim a te  has a b ia s  which in c reeso s

. l in e a r ly  w ith  the param eters Ф  ̂ end |  ( c f .  T ab les  4 .1 , 4 .3 , 

4 .5 , 4 ,7 , 4 .9  and F ig u re s  4 .1 , 4 .2 , 4 .3 , 4 .7 , 4 .8 , 4 .9 , 4 .10 , 

4 .1 1 ).

b. W ith  resp ect to the mean square e r ro r  of the estim ates

( i )  The mean square e r ro rs  (M SE) fo r  the OLS e stim a tes  are  

c o n s id e ra b ly  o& ia lle r than those fo r the m od ified  ones.

( i i )  On the b a s is  of USE the OLS e s t in a to r  i s  best o n ly  fo r  

<f>x • *ptQt w h ile  fo r  o th e r v a lu e s  of the l ik e l ih o o d  e s t i-  

mote has sm a lle r  MSE than the le a s t  square«.

( i l l )  Fo r in te rm ed ia te  and la rg e  v a lu e *  o f T the HSE fo r  the 

approxim ate and exact l ik e l ih o o d  o s t ln e te a  a re  ap p ro x im ate ly  the 

ваяв .

( i v )  O rd in a ry , m odified  le a s t  sq uares , approxim ate end exact 

maximum l ik e l ih o o d  e s t im a to rs , each has a HSE which le  sm e lle r  

fo r  la rg e  va lu e s  of Ф  ̂ and T , i . e .  HSE 1» d ecreas ing  а» | I 

end T a re  in c re a s in g , ( c f .  T ab les  4 .2 ,  4 .4 , 4 .6 , 4 .8 , 4 .10 and 

F ig u re s  4 .4 , 4 .5 , 4 .6 , 4 .1 2 , 4 .1 3 , 4 . H ,  4 .1 5 , 4 .1 6 ).

c . The experim ent i s  re-conducted fo r  N • 100 and N • 200 

r e p l ic a t io n s .  We n o t ic e  th a t  new in fo rm a tio n  wee e l i c i t e d ,  w ith  

no changes in  r e la t i v e  perform ance o f the e s t im a to rs  on the c r i 

t e r ia  examined, and so the ranking  o f e e tlm e to ra  never v e r ie d  (c f . 

T ab les  4 .1 , 4 .2 , 4 ,3 , 4 .4 , 4 ,5  and 4 ,6 ) .

/



*1 0LS MOD. OLS APR. ML. EXACT ML•

r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s rep l ic a t io n s

100 200 1000 100 200 1000 100 200 1000 lOO 200 1000

0 .5 0.0439 0.0207 0.0357 0.1706 0.0733 0.0554 0.0051 0.0550 0.0689 0.0029 0.0760 0.0802

0 .9 0.0724 0.1159 0.1229 0.048S 0.0198 0.0219 ¡0.1315 0.1719 0.1784 0.2015 0.1926 I 0.1967
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*%

T <* 15 (s w e l l )

0LS MOO. OLS APS, ML. EXACT ML.

r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s

100 200 lOOO 100 200 1000 100 200 iOOO lOO 200 1000

-0 .9 0.1369 0.1621 0.1542 0.1663 0.1930 0.1892 0.1679 0.1947 0.1862
.

0.1743 0.2016 0.2068

-0 .5 0.1929 0.2109 0.2071 0.2376 0.2663 0.2855 0.1861 0.2071 0.1945 0.1864 0.2080 0.1934

0 .0 0.2129 0.2549 0.2261 0.2680 0.3158 0.2875 0.1977 0 .236? 0.2099 0.1970 0.2364 0.2092

0 .5 0.2039 0.2270 0.2070 0.2991 0.3083 0.2816 0.1853
!

0.2137?0.1961 0.1842 0.2128 0.1953

0 .9 0.1415 0.1519 0.1539 0.2075 0.1740 0.1872 0.1606 0 .1 7 9 9 i0 .ie 7 5 0.2110 0.1989 0.2019

i

149 
A

n
d
rz

e
j 

T
o

m
a
s
;o

»
Ic

a
, 

M
a
jid

 
H
am

za 
A

l-
N

a
s
s
ir



T - 30 ( in te rm e d ia te )

i
| B IA S  |

* 1 OLS MOO. OLS APR. ML. EXACT ML.

r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s rep l t c a t io r s

100 200 1000 100 200 1000 100 200 1000 100 200 lOOO

-0 .9 0.0707 0.0791 0.0622 0 .0 0 °4 0.0173 ' 0.0006 0.0992 0.1074 0.0911 0.0967 0.1156 0.0900

-0 .5 0.0273 0.0381 0.0250 0.0192 0.0110 0.0243 0.0436 0.0541 0.0414 0.0434 0.0540 0.0412

0 .0 0.0211 0.0206 0.0066 0.0282 0.0269 0.0063 0.0203 0.0201 0.0064 0.0204 0.0201 0.0064

0 .5 0.0085 0.0097 0.0190 0.0679 0.0468 0.0356 0.0090 0.0266 0.0355 0.0083 0.0265 0.0366

0 .9 0.0575 0.0€92 0.0720 0.0067 0.0017 0.0132 0.0665 0.0973 0.1005 0.0843 0.0962 0.1034
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. T - 30 (in te rm e d ia te )

v - , • ’v
. MSE y_ *■

* 1 OLS <■ MOO. OLS APR. ML. EXACT ML.

r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s

100 200 1000 100 200 1000 100 200 1000 100 200 1000

-0 .9 0.0894 0.1025 0.0866 0.1045 0.1100 0.1005 0.1034 0.1155 0.0986 0.1029 0.1238 0.0999

-0 .5 0.1303 0.1406 0.1327 0.1529 0.1682 0.1579 0.1278 0.1389 0.1297 0.1278 0.1389 0.1299

0 .0 0.1601 0.1551 0.1507 0.1854 0.1S09 0.1738 0.1545 0.1458 0.1455 0.1545 0.1497 0.1455

0 .5 0.1380 0.1390 0.1341 0.1716 0.1720 0.1645 0.1330 0.5346 0.1306 0.1335 0.1346 0.1306

0 .9 0.0849 0.0895 0.0967 0.0987 0.0996 0.1050 0.0954 0.1056 0.1091 0.0961 0.1056 0.1130

150 
A
n
d
rz

e
j 

T
o
m

a
sz

e
w

icz
, 

K
a
jid

 
H
am

za 
A

l-
U

a
s
s
ir



*1

T « 100 { la r g e )

| B IA S  |

OLS MOD. OLS APR. ML. EXACT ML.

repjL le a t lo r r e p l ic a t io n s r e p l ic a t io n s r e p l ic a t io n s

100 200 1000 100 200 100C 100 200 1000 100 200 ! lOOO

-0 .9 0.0196 0.0241 0.0235 0.0031 0.0020 0.0023 0.0285 0.0330 0.0323 0.0283 0 .0 32 610.0320

-0 .5 0.0074 0 .008? 0.0034 0.0093

•

0.0081 0.0148 0.0123 0.0131 0.0084 0.0123
...  " f f  -

0.0131 jo .0084 

------- i—------
0 .0 0.0054 0.0000 0.0027 0.0063 0.0012 0.0022 0.0054 0.0000 0.0027 0.0054 0 .0000 i0.0027

0 .5 0.0007 0.0025 0.0067 0.0158 0.0176 0.0107 0.0058 0.0076 0.0117 0.0058

--------i

0.0076

---------

0.0117

0 .9 0.0227 0.0215 0.0199 0.0028 0.0020 0.0018 0.0315 0.0304 0.0238 0.0314 0.0301 0.0285
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T-.a b l «  4.6

*1

T -* 100 (large)

MSE

OLS MOD. OLS APR. ML. EXACT ML.

r e p lic a t io n s re p lic a t io n s re p lic a t io n s r e p l ic a t io n s

100 200 1000 100 200 iOOO 100 200 1000 100 200 IOOO

-0 .9 0.0364 0.0445 0.04*0 0.0407 0.0484 0.0445 0.0393 0.0471 0.0436 0.0395 0.0472 0.0437

-0 .5 0.0683 0.0766 0.0696 0.0731 0.0800 C.C760 0.0679 0.0761 0.0690 0.0680 0.0761 0.0690

0.0 0.0820 0.0841 0.0823 0.0862 0.0871 0.0864 0.0812 0.0832 0.0815 0.0812 0.0832 0.0815

0 .5 0.0732 0.0749 0.0709 0.0798 0.0830 0.0766 0.0727 0.0737 0.0704 0.0727 0.0737 0.0704

0 .9 0.0995 0.0409 0.0381 0.0413 0.0466 0.0408 0.0425 0.0430 0.0407 0.0426 0.0430 0.0408

t
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|B IA S |  (s t a ndard e r r o r ) -
1

*1 OLS MOO. OLS APR. ML. EXACT ML.

1 2 3 4 5 6

-0 .9
0.1151 0.0034 0.1712 0.2013

0.012 0.014 0.013 0.013

-0 .5
0.0186 0.0793 0.0530 0.0613

0.014 0.017 0.017 0.014

15
0.0131 0.0168 0.0122 0.0119

U » U

0.015 0.017 0.015 0.015

0.0357 0.0554 0.0689 0.0002

0.014 0.017 0.014 0.014

0.1229 0.0219 0.1784 0.1967

0.012 0.014 0.013 0.013

0.0622 0.0006 0.0911 0.0900
•U# v

0.009 0.010 0.010 0.010

0.0250 0.0248 0.0414 0.0412
-0*5

0.012 0.013 0 . 0 1 1 0.011

30 0.0
0.0066 0.0063 0.0064 0.0064

0.012 0.013 0.013 0.012

0.0190 0.0356 0.0356 0.0366

0 .5
0.012 0.013 0 . 0 1 1 0 . 0 1 1

0.0720 0.0132 0.1005 0.1034

w# w

0.008 0.010 0.010 0.010

0.0235 0.0023 0.0323 0.0320

-0.9
0.006 0.006 0.007

*. '

0.006

T i b l t  4 .7

R e la t io n s h ip  between the ab so lu te  v a lu e  o f the b ias  
and v a lu e s  o f (1000 r e p l i c a t io n s )



Tab le  4 .7 . (contfll.)

1 2 3 4 5 6

-0 .5
0.0034 0.0148 0.0084 0.0084

0.008 0.009 0.008 0.008

100 n n
0.0027 0.0022 0.0027 0.0027

0.009 0.009 0.009 0.009

0.0067 0.0107 0.0117 . 0.0117
U * D

0.008 0.009 0.008 0.008

Ci Q
0.0199 0.0018 0.0288 0.0285

0.006 0.006 0.006 0.006

T a b l e  4. 8

R e la t io n s h ip  between the м е п  squares e r ro r  
and the v a lu e s  of ф  ̂ <1000 r e p l ic a t io n « )

T
*1

MSE

OLS MOO. OLS APR. ML. EXACT ML.

15

-0.9 0.1542 0.1892 0.1862 0.2068

¿ • 1Л 0.2071 0.2855 0.1945 0.1934

0 .0 0.2261 ■ 0.2875 0.2099 0.2092

0 .5 0.2070 0.2816 0.1961 0.1953

0 .9 0.1539 0.1872 0.1875 0.2019

30

-0.9 0.0866 0.1005 0.0986 0.0999

-0.5 0.1327 0.1579 0.1297 0.1299

0 .0 0.1507 0.1738 0.1455 0.1455

0 .5 0.1341 0.1645 0.1306 0.1306

0 .9 0.0967 0.1050 0.1091 0.1130

100

i

-0.9 0.0410 0.0445 0.0436 0.0437

-0 .5 0.0696 0.0760 0.0690 0.0690

0 .0 0.0823 0.0864 0.0815 0.0815

0 .5 0.0709 0.0766 0.0704 0.0704

0 .9 0.0381 0.0408 0.0407 0.0408



R e la t io n s h ip  b e tw e n  the va lu o s  o f the ab so lu te  b ios 
and the va lu e s  o f T (10C0 r e p l ic a t io n s )

1 B IA S  t

*1
T

OLS KOO. OLS APR. ML. ¡¿XivCT ML.

15 0.1151 0.0034 0.1712 0.2013

20 0.0996 0.0156 0.1417 0.1488

—П Q 25 0.0779 0.0103 0,1121 0.1152

•v*?
30 0.0622 0.0006 0.0911 0.0900

50 0.0423 0.0015 0.0598 0.0588

100 0.0235 0.0023 0.0323 0.0320

15 0.0186 0.0793 0.0530 0.0613

20 0.0260 0.0484 0.0510 0.0532

25 0.0183 0.0433 0.0304 0.0385

-0.5
30 0.0250 0.0248 0.0414 0.0412

50 0.0146 0 .0 ie 4 0.0245 0.0244

100 0.0034 0.0148 0.0084 0.0084

15 0.0131 0.0168 0.0122 0.0119

20 0.0136 0.0153 0.0129 0.0130

25 0.0003 0.0044 0.0003 0.0003

0 .0
30 0.0066 0.0063 0.0064 0.0064

50 0.0012 0.0025 0.0011 0.0011

100 0.0027 0.0022 0.0027 0.0027

15 0.0357 0.0554 0.0689 0.0802

20 0.0152 0.0577 0.0408 0.0452

25 0.0318 0.0262 0.0513 0.0512

0 .5
30 0.0190 0.0356 0.0356 0.0366

50 0.0020 0.0329 0.0121 0.0121

100 0.0067 0.0107 0.0117 0.0117

15 0.1229 0.0219 0.1784 0.1967

20 0.0898 0.0030 0-1324 0.1424

25 0.0844 0.0175 0.1183 0.1198

0 .9
30 0.0720 0.0132 0.1005 0.1034

50 0.0435 0.0026 0.0610 0.0600

100 0.0199 0.0018 0.0288 0.0285



T a b l e  4.10

R e la t io n s h ip  between the moon squares e r ro r  
end the va lu e s  of T (1000 r e p l i c a t io n » )

*x
T

MSE

OLS MOD. OLS APR. ML. EXACT ML.

15 0.1542 0.1892 0.1862 0.2068

20 0.1239 0.1412 0.1477 0.1555

. 25 0.1043 0.1174 0.1211 0.1250

-0.9
30 0.0966 0.1005 0.0986 0.0999

50 0.0622 0.0675 0.0693 0.0696

100 0.0410 0.0445 0.0436 0.0437

15 0.2071 0.2055 0.1945 0.1934

20 0.1698 0.2194 0.1634 0.1631

25 0.1466 0.1829 0.1418 0.1420

-0.5
30 0.1327 0.1579 0.1297 0.1299

50 0.1018 0.1151 0.1003 0.1004

100 0.0696 0.0760 0.0690 0,0690

15 0.2261 0.2875 0.2099 0.2092

20 0.1878 0.2302 0.178Q 0,1779

25 0.1658 0.1923 0.1588 0.1588

0.0
30 0.1507 0.1738 0.1455 0.1455

50 0.1160 0.1282 0.1136 0.1136

100 0.0023 0.0864 0.0815 0.0815

15 0.2070 0.2816 0.1961 0.1953

20 0.1693 ' 0.2214 0.1614 0.1613

25 0.1531 0.1868 0.1488 0.1489

0 .5
30 0.1341 0.1645 0.1306 0.1306

50 0.0984 0.1151 0.0962 0.0962

100 0.0709 0.0766 0.0704 0.0704

15 0.3 539 0.1872 0.1875 0.2019

20 0.1186 0.1415 0.1398 0.1503

• ? S 0.1060 0.1167 0.1246 0.1276

0 .9
30 0.0967. 0.1050 0.1091 0.1130

50 0.0626 0.0672 0.0695 0.0697

100 0.0381 0.0408 0.0407 0.0408
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Andrzej Tomaszewlcz, M a jid  Hemza A l- N a s s lr

OCENA EFEKTYWNOŚCI PEWNYCH ESTYMATORÓW 
DLA MOOELJ.AUTOREGRESai PIERWSZEGO RZęOU

• A r ty k u ł p rzed staw ia  porównanie e fek tyw n o śc i następu jących  me
tod e s ty m a c ji d la  param etrów m odeli a u to r e g re s j i  p ierwszego rzę 
du: -

1) zwykła- metoda n a jm n ie jszych  kwadratów (zm nk),
2) zmodyfikowana metodą n a jm n ie jszych  kwadratów (mod mnk),
3 ) p rz yb liż o n a  metoda n a jw ię k sz e j w ia ryg o d n o śc i,
4 ) dokładne metoda n a jw ię k sz e j w ia rygod nośc i.
R e z u lta ty  eksperymentów M o n te iC a rlo , p rzedstaw ione w 10 te-* 

be lach  i  na 16 w ykresach , w skazu je, te
o ) o b c iążen ie  rozważanych estym atorów  ie s t  podobne w przypad

ku małych w a rto ś c i współczynników a u to k o r e la c j i  0^ : w przypadku 
j 0 , | 0, 5 zmodyfikowana netoda najm n ie jszych  kwadratów Quenou- 
i l l e ' a  je s t  le p sza ;

b) b łęd  średniokw adratow y Ja s t  zwykle m n ie jszy  d la  zank n i*  
d la  pod mnk. Es tym ato ry  zmnk 1 nod mnk maję jednakże m nie jszy 
b łęd  średniokwadratow y n iż  estym ato ry  p rz y b liż o n e j metody n a j
w iększe j w ia rygodności i  dokładnoj metody n a jw ię k sz e j w iarygodno
ś c i ,  k tó re j  efektywność J e s t  podoboa.
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