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REMARKS ON THE GENERALIZED DOUBLY
TRUNCATED GAMMA DISTRIBUTION

Abstract. In the present paper we discuss a doubly truncated generalized gamma
distribution and give formulae for the moments of this distribution and special cases
together with examples of calculations.
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1. INTRODUCTION

After introducing the generalized gamma distribution to the literature
by Stacy (1962), the investigations of this distribution were carried out
by many authors such as Srodka (1964, 1966, 1967, 1970), Stacy and
Mihran (1965), Malik (1967), Wasilewski (1967), Harter (1967),
Lienhard and Meyer (1967), Rostonek (1968), Hager and Bain
(1970), Podolski (1972), Krolikowska (1973), Jakuszenkow
(1973, 1974, 1976), Lajk 6 (1977), Lawless (1980), Achcar and Bol-
farine (1986), Maswadah (1991).

The importance of this distribution lies in the fact it is a generalization
of the gamma, Weibull, Rayleigh and X distributions significant in many
technical and economic applications.

In the present paper we deal with a generalized doubly truncated
gamma distribution and give formulae for the moments of this distribution
together with examples of calculations. This will enable us to apply the
distribution and its special cases whenever the range of the variable is
essentially bounded to some interval of values. In the practice of operation
researches, these may be the cases quite frequently encountered.
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2. THE RESULTS

The density function of random variable X with the generalized gamma
distribution is given by

oAl ~1,—Axa ’
() {mx" e for x>0; a, p, 1> 0, (1
0 for x<0.

Apart from many articles in journals, distribution (1) is also easy to
find in the lexicon Miiller et al. 1975 and handbook Gerstenkorn,
Srodka (1983) listed in the references.

As some special cases of (1) we have:

1) gamma distribution if a =1,
2) Weibull distribution if a = p,
3) Rayleigh distribution if a = p = 2,
4) x distribution if =2, p=n,
(most frequently, « = 1/2, see Miiller et al. 1975, p. 34),

a) « =2, p=n=2 - the Maxwell distribution with 2 components (most
frequently, 1 = 1/202).

b) @ =2, p =n =13 — the Maxwell distribution with 3 components (most
frequently, 1 = 1/202).

We assume that f(x) is a positive density function of random variable
X with P(Xe(c, d)) = 1. The density function f,(u) of random variable U,
given by

S (u)/ff (x)dx for a<u<b,
Jiw) = a )

0 for u<aoru>b

is called the density of a doubly truncated distribution of random variable
X. We consider a truncated distribution if the values of random variable
have to be limited to interval [a, b].

Distributions 1-4 are well known and have been investigated in many
papers.

For distribution (1), we have from (2)

b
Wi Wl X e~ A AR RN S e B
a

Ji(w) = { 3)

0 of u<aor u>b.
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Denote
b
W= faend e gyl i ) IAQAE )
a
Lemma. For (4), we have
1 .
% la[aphu ep=Aa' __ pptn—a,—2a +(p+n—a)W,,_.]. (5)
Proof. We can write
W, = ——l—f—lav“"le"“v"*""“dv
4 Ao ?

After integration by parts, we have
b

W,= — Il&[(v‘”"‘“e"”') b= (p+n—a)fve-ttr %4 g = (5)
a

We denote by m, the moment of order » of random variable U with
density function (3), that is,

b
m, = E(U") = [uf; (u)du. ©)

From (6) and (4) we immediately have

Theorem. If random variable U has density function (3) of the truncated
generalized gamma distribution (1), then, for n > 1,

= W,|W, )
where W, is given by (4).

Examples.
We calculate m, in the case of truncated generalized gamma distribution

(3). From (7) and (5) we have

1

p+2 a - Aa* pt2-— a - Ab®
m; = AaWo[ =0 +(p+2—a)W;-.]

We consider the following special cases:
1. Let « =1, A=1; then (gamma distribution)

my = (@*e = bt e+ (p + DWW, =
_(ap+1 —bP* e+ (p+ 1)(aPe™ " — bPe " + pW )l W,
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We notice that
b
W, = [v*~te "dv = I(p, b) — I'(p, a) . (8)

where I'(p, x) represents the so-called incomplete gamma function

I'(p, a) = [v*~ e "av,

0

which means that one can calculate (8) with the aid e.g. K. Pearson’s Tables.
2. If p=1=u (special case of the Weibull distribution), then
Wo=e"—e?,

therefore

m, ={a?e 2 —b*e +2[(a+1)e *—(b+ e}/l *—e?) =
={(@®+2a+2)e “—(b*>+2b+2)e}(e™*—e).

3. Let a = p =2 (Rayleigh distribution). In this case

l - 2 S 2
however,
W, = }ve““’dv = — —l—(e“") b=- —l—(e"””—e"“")
§ i 2 i 2 ’
therefore
1 1
2 2N,~2a _ (p2 2y, Ab?
(a* + l)e (b* + A)e
Tty S ey 1 1

e —e
4, Let « =2, p=3 (Maxwell distribution with 3 components, then

___l“ 3,—-Ad* _ p3,—Ab?
m, = 2AW()(a e b’e™" +3W,)

where, in this case

b
Wo = [vie *dy.
a
After integration by parts, we have

b

2 2 3 1 2 2 2
W= ——2!'3v[ve“‘v [5—[e *av] = ot 1) be™ %' —ae=*" — (e~ *dv)
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and, further,

b J21b 5.4 s
fe~™dy = 712:_1 me-;:/zdt = \/—_:1; [D(/24b) — B(/2Aa)].

Using the tables of the normal distribution ®(¢), we obtain the required
result.
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Tadeusz Gerstenkorn, Joanna Gerstenkorn
UWAGI O UOGOLNIONYM PODWOJNIE UCIETYM ROZKLADZIE GAMMA

W pracy przedstawiony jest podwojnie ucigty uogélniony rozkiad gamma i podane sg
wzory na momenty tego rozkladu oraz jego przypadkow szczegolnych wraz z przykladami ich
wyliczen.



